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Department of Computer Science,
University of California at Santa Barbara,
Santa Barbara, CA 93106, USA
toth@cs.ucsb.edu

Abstract. This paper considers binary space partitions (BSP for short) for disjoint line
segments in the plane. The BSP for a disjoint set of objects is a scheme dividing the space
recursively by hyperplanes until the resulting fragments of objects are separated. The size
of a BSP is the number of resulting fragments of the objects. We show that the minimal size
of a BSP for n disjoint line segments in the plane is �(n log n/log log n) in the worst case.

1. Introduction

The binary space partition (or BSP, as a shorthand) is a data structure introduced by Fuchs
et al. [3], based on ideas of Schumacker et al. [6], [7]. Originally it was designed to give an
efficient visibility algorithm for polygonal scenes using the “painter’s method.” Besides
hidden surface removal, applications of the BSP range through shadow generation, ray
tracing, solid modeling, surface approximation, and robot motion planning.

A BSP P for a set L of disjoint (d − 1)-dimensional objects in Rd is a rooted binary
tree defined as follows. Each node u ∈ P corresponds to a convex region Ru . The
root of P corresponds to Rd . If the interior of a region Ru is disjoint from the objects,
then u is a leaf of P . Otherwise Ru is partitioned along a hyperplane into two regions
Rv and Rw and the node u has two children v and w corresponding to Rv and Rw,
respectively.

The convex regions corresponding to the leaves of P give a partition of Rd . The size
of a BSP P is the number of its leaves. An important special class of BSPs is called an
autopartition: in an autopartition every region Ru whose interior intersects some of the
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objects is partitioned along the hyperplane spanned by one of the objects intersecting
int(Ru).

Many different BSPs and autopartitions may exist for the same set L . The size of a
BSP depends largely on the choice of the hyperplanes splitting the regions corresponding
to interior nodes. In fact, we consider a BSP for L as a recursive algorithm of building
the tree from the root where we choose a hyperplane whenever there is node u such that
int(Ru) intersects with objects and split Ru into two regions Rv and Rw.

Let pd(L)denote the minimal size of a BSP for the set L of convex (d−1)-dimensional
objects in Rd . Let pd(n) = max{pL : |L| = n}. Denote by rn(L) the minimal size of an
autopartition for L and let rd(n) = max{rL : |L| = n}. Clearly, pd(n) ≤ rd(n).

Paterson and Yao [4] showed that p3(n) = O(n2)matching the lower bound p3(n) =
�(n2) of Eppstein. In the same paper they proved r2(n) = O(n log n). The expected size
of an autopartition, where the line segments are chosen in random order, is O(n log n).
The authors conjectured p2(n) = O(n). The present paper disproves their conjecture.

Theorem 1.

p2(n) = �
(

n · log n

log log n

)
.

The size of a BSP affects substantially the complexity of the algorithms using this data
structure. Extensive efforts have been made to find effectively small BSPs for certain
types of polygonal scenes. Linear bounds were found to BSPs for line segments which
have only two different directions by Paterson and Yao [5], and for line segments where
the ratio between the lengths of the longest and shortest segment is bounded by a constant

by de Berg et al. [2]. Agarwal et al. [1] constructed a BSP of size n2O(
√

log n) for n fat

orthogonal rectangles in R3 in n2O(
√

log n)-time.
Paterson and Yao conjectured that r2(Ln) = O(n) if the segments of Ln have a

constant number of distinct orientations, and proved a linear upper bound for axis-
parallel segments. It was recently shown [8] that there is a BSP of size O(n log t) and
an autopartition of size O(nt) for any set of n disjoint segments with at most t distinct
directions. In the presentation of our construction, we made special efforts to keep the
number of directions low: n = 2�(k log k) line segments have t = �(2k)distinct directions,
while the size of a minimum BSP is �(nk) = �(n log t).

The rest of the paper is organized as follows. In Section 2 we describe a recursive
construction of nk disjoint line segments with nk = 2�(k log k) for every k ∈ N. Section 3
contains the proof of Theorem 1. A crucial step of the proof, Lemma 5, is postponed to
Section 4.

2. Construction

We start with a brief overview of the construction before we give the precise description.
We define recursively Lk , a set of nk = 2�(k log k) disjoint line segments, for every k ∈ N.
Every set Lk is given together with a bounding box Bk . Every bounding box Bk is
partitioned by two horizontal lines into three parts. The upper part and the lower part are
called head-box and tail-box of Lk and denoted by Hk and Tk , respectively.
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Fig. 1. Two copies of L1 with their bounding boxes, head-boxes, and tail-boxes: (left) in the form as they
appear in our descriptions, and (right) in deformed form as they are used in the recursion.

The first construction, L1, consists of four line segments as shown in Fig. 1. Every
subsequent construction Lk , k > 1, is composed of congruent copies of Lk−1 and some
more line segments. The copies of Lk−1 are deformed before they are built into Lk in two
ways: on one hand, the bounding box Bk−1 is transformed by an affine transformation
to be long and skinny; on the other hand, the head-box and the tail-box of each copy is
very small compared with the height of the bounding box, which is achieved by setting
a free parameter of Lk−1 appropriately.

Most importantly, the intersection of any two lines spanned by segments in the same
copy of Lk−1 intersect in the head-box of this copy of Lk−1, therefore a BSP for the
segments clipped to the head-box of a copy of Lk−1 has the same size as a BSP for the
full Lk−1. The head-box, however, is very small compared with the full Lk−1 and most
of the line segments in Lk−1 connect the head-box and the tail-box. In the construction
Lk , we can regard each copy of Lk−1 as a bunch of almost parallel line segments and,
independently, a structure in the small head-box whose BSPs are just as complex as
that of Lk−1. A splitting line, which is useful for a partitioning of one copy of Lk−1,
will cut many other copies of Lk−1 between their head-boxes and tail-boxes. This will
allow us to consider k levels of Lk separately, where a level i , 1 ≤ i ≤ k, is formed
by the head-boxes of all copies of Li within Lk . Our theorem is established, essentially,
by showing that the size of the BSP is O(n) in each level and the number of levels is
k = �(log n/log log n).

To describe how the line segments and the copies of Lk−1 are arranged in Lk , we
use a common auxiliary construction A(m, f, δ). Here m and f denotes the number of
line segment and copies of a previous construction (each represented by a directed line
segment), and δ denotes the ratio of the height of the head-box H and its complement
B\H . The head-box and the tail-box will have the same height.

2.1. Auxiliary Construction

We define the auxiliary construction A(m, f, δ) for all m, f ∈ N, and δ, 0 < δ <

1. A(m, f, δ) is composed of m disjoint line segments and 3 f disjoint directed line
segments, which we call arrows. Let the bounding box of A(m, f, δ) be B = [(−1,−1),
(1,−1), (1, δ), (−1, δ)] where the head-box H is the part of B above the x-axis, and
the tail-box T is the part of B below the line y = −1 + δ. We introduce three new
parameters: γ = δ/(4 f + 6), and two very small parameters ε, 0 < ε ≤ γ /3, specified
later, and ϕ, 0 < ϕ ≤ γ /(2 f ) chosen arbitrarily in this interval. We define three skinny
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Fig. 2. The relative position of the boxes H , C , D, and S. The circles represent ε-disks around the heads of
the three arrows of an A(m, 1, δ). (The condition on the choice of ε is not enforced in this figure.)

rectangles in the head-box. Let

C = [(−γ, 0), (γ, 0), (γ, δ), (−γ, δ)],
D = [(−3ε, 0), (3ε, 0), (3ε, δ), (−3ε, δ)], and

S = [(−ε, 3γ ), (ε, 3γ ), (ε, δ), (−ε, δ)].
The relative position of H , C , D, and S is indicated in Fig. 2.

Place m vertical line segments of length δ−3γ in S. Place three branches of f parallel
arrows as follows. Every arrow has slope 1 or −1 and length

√
2(1 − 2ε). For every i ,

i = 1, . . . , f , let

ai = [(−1,−1+ (4i + 3)γ ), (−2ε, (4i + 3)γ − 2ε)],

bi = [(1,−1+ (4i + 5)γ ), (2ε, (4i + 5)γ − 2ε)], and

ci = [(1− 3γ − iϕ − 3ε,−1+ 3γ + 3ε), (−3γ − iϕ − ε, 3γ + ε)].
See Fig. 3 for an illustration.

We set two conditions on the size of ε, 0 < ε ≤ γ /3: let ε be so small that any line �
intersecting two ε-disks around heads of two arrows ai and bj must intersect both the top
and bottom sides of C ; and any line � intersecting an ε-disk around heads of arrows ai or
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Fig. 3. A(4, 4, δ) with four vertical line segments and 3 · 4 = 12 arrows.

bj and the top or the bottom side of D must intersect both the top and the bottom sides
of C . The choice of ϕ is arbitrarily within the bounds 0 < ϕ ≤ γ /(2 f ). The parameter
ϕ determines only the spacing between the arrows ci , which is used only in Remark 3
below. This completes the construction of A(m, f, δ).

Observe that the arrows and line segments are disjoint; the vertical line segments are
completely in the head-box; the head (resp., tail) of every arrow is located in the head-box
(resp., tail-box). Moreover, the head of every ci is above the line y = 3γ (i.e., the bottom
side of the box S) at length ε; and the head of every ai and bi enters D at length

√
2ε.

Note also that the intersection point of any two segments or arrows of A(m, f, δ) is
in the head-box. In particular, the intersection point of lines through ai and bi is on the
line x = γ (the right side of the box C) for every i , i = 0, . . . , f , and the intersection
point of lines through bi and ai+1 is on the line x = −γ (the left side of the box C) for
every i , i = 0, . . . , f − 1.

The following two remarks will be essential for the proof of Theorem 1.

Remark 2. Consider a construction A(m, f, δ). For a constant d, δ < d < 1, consider
the rectangle R = [(−d,−d+3γ +3ε), (d,−d+3γ +3ε), (d, δ), (−d, δ)] (see Fig. 4).
Observe that the (portions of) line segments and arrows in R form an A(m, f, δ/d) after
appropriate scaling. This implies that after partitioning A(m, f, δ) by a horizontal line
below y = −δ, the upper part has essentially the same structure as A(m, f, δ).

Remark 3. Consider a construction A(m, f, δ). For an integer g, 0 < g ≤ f , con-
sider the convex hexagon R(g) defined by the following six points: (−1,−1), (1,−1),
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Fig. 4. The rectangle R from Remark 2 and the hexagon R(g) from Remark 3 are drawn with bold dashed
lines.

(1,−1+ (6+4 f −4g)γ +ε), (3ε, (6+4 f −4g)γ −2ε), (−3ε, (6+4 f −4g)γ −2ε),
and (−1,−1 + (6 + 4 f − 4g)γ + ε). R(g) is shown in Fig. 4 as a dashed hexagon.
Now let Ag(m, f, δ) be the set of the (portions of) segments and arrows of A(m, f, δ) in
R(g) with the exception of cg+1, cg+2, . . . , cf . Observe that Ag(m, f, δ) = A(m, g, δ).
We note here that the only reason why we allow the parameter ϕ to vary between 0
and γ /(2 f ) is to establish this equality, thus the spacing between the arrows ci is not
determined by the total number of arrows in the construction.

2.2. Main Construction

In this subsection we describe recursively the constructions Lk for every k ∈ N. We leave
a free parameter δk in the definition of Lk which determines the ratio of the height of its
head-box and the complement of its head-box. For any δ1, 0 < δ1 < 1, the construction
L1 is obtained from A(1, 1, δ1) by replacing each arrow by a line segment as depicted
on the left of Fig. 1.

Suppose that Lk−1 is defined for every δk−1, 0 < δk−1 < 1. We construct Lk for any
δk , 0 < δk < 1. Let mk−1 denote the number of line segments of Lk−1 which intersect
both the head-box Hk−1 and the tail-box Tk−1. Clearly, m1 = 3.

Consider Ak := A(mk−1, k2, δk) together with its bounding box, head-box, and tail-
box. Place a long and narrow box along each arrow of Ak such that the boxes are
congruent, pairwise disjoint, and disjoint from the line segments in S. Place a copy of
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Lk−1 in each box corresponding to an arrow such that the head-box of Lk−1 is in the
(ε/3)-disk centered at the head of the arrow and the tail-box of Lk−1 is in the (ε/3)-disk
centered at the tail of the arrow. This can be done, since a copy of Lk−1 is determined
by two independent parameters: δk−1 and the aspect ratio of the bounding box. δk−1

can be arbitrarily small and, independently, the aspect ratio can be arbitrary by affine
transformation. Every copy has the same ratio δk−1 and the same aspect ratio. This
completes the description of the construction of Lk .

By construction, the head-boxes of the copies of Lk−1 in the arrows a1, a2, . . . , ak2

and in the arrows b1, b2, . . . , bk2 are in the interior of D, the head-boxes of the copies in
the arrows c1, c2, . . . , ck2 are above the line y = 3γ , and they are all disjoint from the
mk−1 vertical line segments in S.

We show by induction that mk = 3k(k!)2 for every k ∈ N. We know that m1 =
31(1!)2 = 3. By construction,

mk = 3k2 · mk−1 = 3k2 · 3k−1((k − 1)!)2 = 3k(k!)2.

The total number of line segments in Lk is

nk = mk−1 + 3k2 · nk−1.

nk − mk denotes the number of line segments fully in the head-box Hk . There are
mk−1 such vertical line segments in the box S, and nk−1 − mk−1 line segment in the
head-box of each of the 3k2 copies of Lk−1. This gives the recursion formula

nk − mk = mk−1 + 3k2 · (nk−1 − mk−1).

Induction with initial value n1 − m1 = 1 establishes

nk − mk = mk

3
·

k∑
i=1

1

i2
< mk .

That is, mk < nk < 2mk . Using the Stirling formula, we have

�(nk) = mk = 3k · (k!)2

= 2π

(
3

e2

)k

· k2k+1

(
1+ O

(
1

k

))2

= e�(k)+(2k+1) log k,

k = �

(
log nk

log log nk

)
.

Remark 4. Let tk denote the number of distinct directions of line segments in Lk .
Clearly, t1 = 3 (see Fig. 1). By construction, we have the recursion formula tk = 2tk−1+1.
Therefore,

tk =
k∑

i=0

2i = 2k+1 − 1 = 2�(log nk/ log log nk ) = exp

(
�

(
log nk

log log nk

))
.
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3. Autopartitions of Lk

In this section we prove Theorem 1. A crucial step of the proof, Lemma 5, is postponed
to the next section. The machinery introduced here is, however, sufficient for the analysis
of the autopartitions of the construction Lk . In our analysis, we consider the number of
occasions where a splitting line or line segments of P cuts a segment in L , and denote
this quantity by |P|. The size of a BSP P for a set L of line segments is |L| + |P|,
therefore a super-linear lower bound on |P| implies the same asymptotic lower bound
on the size of the BSP.

We study first the BSPs of the auxiliary construction. Fix an A(m, f, δ) and a BSP
P0. We say that a line (or line segment) �0 chosen by P0 cuts a line segment � if
�0 intersects �. We have to define very carefully what we call a cut of an arrow a,
because later we wish to say that a cut of a is equivalent to mk ′ cuts of line seg-
ments in the copy of Lk ′ placed along a. Let N (a) be the (ε/3)-neighborhood of
the arrow w (i.e., N (a) = {p ∈ R2 : dist(p, w) < ε/3}) where ε is the parame-
ter 0 < ε < δ/(3(4 f + 6)) used in the description of A(m, f, δ). A cut of an arrow
a is a polygonal path h along lines or segments chosen by P0 such that h traverses
N (a) but h does not intersect either of the two ε-disks assigned to the endpoints of a.
We consider two cuts of an arrow a distinct if they correspond to disjoint polygonal
paths.

For every line or line segment � chosen by P0 during the partitioning algorithm, let
w(�) (resp., s(�)) denote the maximum number of cuts on arrows (resp., on segments)
of A(m, f, δ) until and including the step where P0 chooses �. Denote by w(P0) (resp.,
s(P0)) the maximum number of cuts on arrows (resp., on segments) of A(m, f, δ) at the
end of the partitioning algorithm P0.

Lemma 5. Given an A(m, f, δ)and a BSP P0 for the m vertical segments of A(m, f, δ),
the following inequality holds:

w(P0) · m + s(P0) ≥ f · m. (1)

For the proof of Lemma 5, see the next section. We are now ready to prove Theorem 1.

Lemma 6. For any BSP P for Lk , we have |P| ≥ k · mk/3.

Proof. We proceed by induction on k. Let P be a BSP for Lk . In the case k = 1,
clearly, |P| ≥ 1 and 1 · m1/3 = 1

3 . Since P is a BSP also for the vertical line segments
of the auxiliary construction Ak , we may use Lemma 5. A cut of an arrow in Ak corre-
sponds to exactly mk−1 cuts of line segments in Lk . By Lemma 5, w(P)mk−1 + s(P) ≥
k2mk−1 = mk/3, where w(P) and s(P) denote the number of cuts of arrows and seg-
ments of Ak , respectively. Therefore, Ak contributes at least mk/3 cuts of line segments
of Lk .

By the definition of a cut of an arrow, we do not count the number of cuts in the
ε-disks around the heads of arrows. That is, we do not count the number of cuts within
the head-boxes of the copies of Lk−1 placed along the arrows in Ak . Using Remark 2,



A Note on Binary Plane Partitions 11

the segments clipped to the ε-disk around the head of each arrow is also an Lk−1. P is a
BSP for each of them, and each contributes at least (k − 1) · mk−1/3 cuts by induction.
In total, we have 3k2 · (k−1) ·mk−1/3+mk/3 = k ·mk/3 distinct cuts on line segments
of Lk .

Lemma 6 immediately implies Theorem 1, since mk = �(nk) and k = �(log nk/

log log nk). We prove here an analogue of Lemma 5 for autopartitions.

Lemma 7. For any autopartition P0 for A(m, f, δ), we have

w(P0) · m + s(P0) ≥ f · m. (2)

Proof. The proof is by induction on f . Fix a construction A(m, f, δ) and an auto-
partition P0 for it. Let � be the first segment or arrow chosen by P0.

If � is one of the vertical segments in S or if � = ci for some i , 1 ≤ i ≤ f , then �
cuts exactly f arrows. Therefore w(P0) ≥ w(�) = f and inequality (2) follows.

If � = ai for some i , 1 ≤ i ≤ f , then � cuts all m line segments in S and the arrows
bi , bi+1, . . . , bf . If � = bi for some i , 1 ≤ i ≤ f , then � cuts all m line segments in S
and the arrows ai+1, ai+2, . . . , af . In both cases, w(�) · m + s(�) ≥ ( f − i + 1) · m.

This implies inequality (2) for i = 1. If i > 1, then observe that � does not cut any line
segment or arrow in the hexagon R(i − 1). In particular, � does not cut the construction
Ai−1(m, f, δ). By Remark 3, Ai−1(m, f, δ) = A(m, i−1, δ) and we can use the induction
hypothesis for A(m, i−1, δ). We obtainw(P0)·m+s(P0) ≥ ( f −i+1)·m+(i−1)·m ≥
f · m.

If we notice that the line spanned by a line segment within a copy of Lk−1 along
an arrow a of A(m, f, δ) cuts the same segments and arrows of A(m, f, δ) as the line
through a, then we immediately conclude the following.

Corollary 8. Given an autopartition P for Lk , we have

w(P) · mk−1 + s(P) ≥ k2 · mk−1 = mk/3,

wherew(P) and s(P) denotes the maximum number of cuts on the segments and arrows
of the auxiliary construction Ak = A(mk−1, k2, δk).

Corollary 9.

r2(n) = �
(

n · log n

log log n

)
.

Remark 10. It is not difficult to see that in fact r2(Lk) = O(nk log nk/log log nk).
One possible autopartition Pk for Lk within this bound can be described recursively as
follows: First choose the leftmost vertical line segment in S. It cuts k2 copies of Lk−1

placed along c1, c2, . . . , ck2 , that is, it cuts mk−1 = mk/3 line segments. Second, if
k = 1, then choose the segment along a1 and c1. Otherwise apply the autopartition Pk−1
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(defined recursively) to the copies of Lk−1 along a1, a2, . . . , ak2 , then to the copies along
c1, c2, . . . , ck2 in this order. Third, choose consecutively the remaining mk−1−1 vertical
line segments in S. Finally, if k = 1, then choose b1; otherwise apply the autopartition
Pk−1 to the copies of Lk−1 along b1, b2, . . . , bk2 . In this way, line segments in copies of
Lk−1 do not cut any line segment in other copies of Lk−1 or line segments in S. The total
number of cuts is the sum of mk ′/3 for all copies Lk ′ ⊂ Lk , 1 ≤ k ′ ≤ k, which totals to
k · mk/3.

4. Binary Plane Partitions of Lk

The proof of Lemma 5 follows the lines of that of Lemma 7. When partitions along
arbitrary lines are allowed, we need to define and use polygonal curves along those
lines, since any single splitting line might fail to cut arrows in the sense described in the
beginning of the previous section.

The box D divides the head-box H into three rectangles D−, D, and D+. Fix a BSP
P0 for Lk . Consider a splitting line (or line segment) � chosen by P0 which intersects
the box D. We define an x-monotone polygonal curve α(�)within the box D and two y-
monotone polygonal curves β−(�) and β+(�)within the boxes D− and D+, respectively.
(A plane curve is x-monotone (y-monotone) if its intersection with every line orthogonal
to the x-axis (y-axis) is connected.)

Definition 11. Set a starting point p ∈ �, put j = 0, and �0 = �. We define separately
the curves α−(�) and α+(�) on the left and on the right of p. The full curve is α(�) :=
α−(�)∪α+(�). For every j ≥ 0, α±(�) follows �j until it reaches a line or segment �j+1

which was chosen by P0 prior to �j , or until it reaches the boundary of D. If it reaches
�j+1, then α−(�) (resp., α+(�)) continues along �j+1 in the right-to-left (resp., left-to-
right) direction when �j+1 is not vertical, and in the ascending (descending) direction
when �j+1 is vertical. (See Fig. 6.)

Definition 12. Ifα(�) intersect the left (resp., right) side of D, thenβ−(�) (resp.,β+(�))
is defined in D− (resp., D+) as follows. Put j = 0 and let �0 be the segment of α(�)
which intersects the left (resp., right) side of D at a point p− (resp., p+). Set the starting
point of β−(�) (resp., β+(�)) to be p− (resp., p+). For every j ≥ 0, β(�) follows �j until
it reaches a line or segment �j+1 which was chosen by P0 prior to �j , or until it reaches
the boundary of D− (resp., D+). If β±(�) followed �j in ascending (resp., descending)
direction, then it continues along �j+1 in ascending (resp., descending) direction. (See
Fig. 5 for an illustration.)

The x-monotone and y-monotone curves are well defined, because all faces are convex
in every step of the partitioning algorithm P0. Note that if α(�) intersects both the top
and the bottom sides of D, then β(�) is not defined. We distinguish five cases depending
on how � intersects D:

Type 1: the line through � intersects the lower and upper side of C .
Type 2: � is not of Type 1 and � intersects D below the line y = 3γ .
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Fig. 6. � is of Type 3, � does not intersect all m segments, but α(�) does.
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Type 3: � is not of Type 1 nor of Type 2; and α(�) intersects the left and the right
side of D.

Type 4: � is not of Type 1, 2, or 3; but � intersects D.
Type 5: � does not intersect D.

Let us rephrase the properties of a line � of Type 4: the line through � intersects
the left or the right side of C , � intersects the box D only above the line y = 3γ , and
α(�) does not intersect both the left and the right side of D. Finally, we introduce one
more important parameter, η = δ − γ − 2ε, which is the y-coordinate of the head of
the arrow bf . Observe that ε was chosen such that the line spanned by the segment
[(−3ε, η), (3ε, δ)] ⊂ D intersects the top and the bottom sides of C .

Lemma 13. Suppose that a BSP chooses lines and segments of Types 4 and 5 until (but
not necessarily including) the step when it chooses �.

(a) If � is of Type 4, then it intersects D only above the line y = η.
(b) If α(�) intersects the left (resp., right) side of D below the line y = η, then the

region between the y-axis and β−(�) (β+(�)) is convex below the line y = η.

Proof. (a) By induction, we may assume that no segment chosen by P0 prior to �
intersects D below y = η. If � is of Type 4, then the part of α(�) below the line y = η
coincides with �. Since α(�) cannot intersect D below y = 3γ (� is not of Type 2) and
cannot traverse D between its left and right side (� is not of Type 3), therefore α(�)must
have an endpoint on the top side of D.

We may assume without loss of generality that � has positive slope. Suppose, to the
contrary, that � intersects D below y = η. In this case it intersects the left side of D below
y = η. The slope of � is bigger than the slope of the line segment [(−3ε, η), (3ε, δ)].
Therefore, the line spanned by � intersects the top and bottom side of C . However, � is
not of Type 1: a contradiction. This proves (a).

(b) It suffices to show that, at every vertex of β−(�) (resp., β+(�)) below y = η, the
angle facing towards the y-axis is convex. Suppose without loss of generality that β+(�)
is y-monotone increasing and p is its first vertex below y = η where the angle facing
towards the y-axis is reflex. That means that β+(�) arrived at p along some �q in the
y-monotone increasing direction and it continues along �q+1 chosen by P0 prior to �q .
We define a y-monotone decreasing curve β∗ staring from p: Set u0 = �q+1 and j = 0;
for every j ≥ 0, β∗ follows uj until it reaches another line or segment uj+1 chosen by
P0 prior to uj , or until it reaches the boundary of D+. Notice that β∗ cannot intersect the
curve β+(�), because an intersection point p′ should be below p and, by the definition,
β+(�) should have followed β∗ from p′. Therefore, β+(p) must intersect the right side
of D+ below y = η contradicting part (a) of Lemma 13.

Proof of Lemma 5. Let P0 be a BSP for the vertical segments of A(m, f, δ). From
Lemma 13(a), we conclude that lines and segments of Types 4 and 5 cannot give a BSP
for the vertical line segments in S, hence P0 necessarily chooses a line or a segment of
Type 1, 2, or 3. Let � be the first line or segment chosen by P0 of Type 1, 2, or 3. We
distinguish three cases according to the type of �:
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Case 1: � is of Type 1. In this case we show that � ∪ β(�) cuts every ci , i = 1, 2, . . . , f .
This implies w(�) ≥ f and hence inequality (1). It is enough to show that � or β(�)
traverses the box E = [(−γ, 0), (γ, 0), (γ, 3γ ), (−γ, 3γ )] between its top and bottom
sides, because every ci , i = 1, 2, . . . , f , traverses E between its left and right sides.
Assuming, without loss of generality, that the slope of � is non-negative,α(�)∩E = �∩E ,
since by Lemma 13(a) the lines chosen by P0 prior to � intersect D only above the top side
of E . If � itself does not intersects the top or bottom side of E ∩ D, then it intersects the
left or right (or both) side of E∩D and the curve β±(�) is defined. The y-monotone curve
β−(�) (resp., β+(�)) intersects the line y = 0 (resp., y = 3γ ) and, by Lemma 13(b), the
intersection is closer to the y-axis than the intersection with the line spanned by �. Since
the line spanned by � traverses E between its top and bottom sides, �∪β(�) traverses E
between its top and bottom sides, too.

Case 2: � is of Type 2. We show that β(�) cuts every ai or every bi , i = 1, 2, . . . , f . This
implies that w(�) ≥ f and hence inequality (1). Assume first that the slope of � is non-
negative. � intersects the right side of D, because, by the choice of ε and Lemma 13(a), it
cannot intersect any line or segment chosen by P0 prior to �. Therefore the curve β+(�)
is defined in D+ and it is y-monotone increasing. The endpoint of β+(�) can be on the
top side of D+ or on the right side of d+ above the x-axis; it can also be on the right
side of D+, but then by Lemma 13(a) it must be above the head of the highest arrow
bf . By all means, β+(�) cuts all the arrows b1, b2, . . . , bf . Similarly, if the slope of � is
negative, β−(�) cuts all the arrows a1, a2, . . . , af .

Case 3: � is of Type 3. In this case α(�) cuts all m line segments of S.
First, assume that the slope of � is non-negative. Suppose that α(�) intersects the left

side of D at a height between (4i + 3)γ − 2ε and (4i + 7)γ − 2ε (i.e., the heights of
the heads of ai and ai+1). If i = f , then this implies w(�)b + s(�) ≥ b. If i < f , then
we follow the curves α(�) and β+(�). By the choice of ε and Lemma 13(a), α(�) = �
(this does not necessarily hold for i = f ). Hence the curve β+(�) is y-monotone
increasing, too. Possibly α(�) intersects an ε-disk around the head of bi . Similarly to the
argument in case 2, the curve β+(�)must cut all of bi+2, bi+3, . . . , bf in D+. Therefore,
w(�)b + s(�) ≥ ( f − i − 1)b + b = ( f − i)b.

The argument is only slightly different in the case that the slope of � is negative:
Suppose that α(�) intersects the right side of D at a height between (4i + 5)γ − 2ε
and (4i + 9)γ − 2ε (i.e., the heights of the heads of bi and bi+1). If i ≥ f − 1, then
this implies w(�)b + s(�) ≥ b. If i < f − 1, then we follow the curves α(�) and
β−(�). By the choice of ε and Lemma 13(a), α(�) = � (this does not necessarily hold
for i = f nor for i = f − 1). Hence the curve β−(�) is y-monotone ascending, too.
Possibly α(�) intersects an ε-disk around the head of ai+1, but the curve β−(�) must
cut all of ai+2, ai+3, . . . , af in D−. Therefore, w(�)b + s(�) ≥ ( f − i − 1)b + b =
( f − i)b.

This complete the proof if i = 0. Suppose that i > 1. Observe that α(�) and β±(�),
whose cuts on segments and arrows were counted so far, do not intersect the hexagon
R(i). By Remark 3, the hexagon R(i) contains Ai (m, f, δ) = A(m, i, δ). Moreover, R(i)
contains the (ε/3)-neighborhoods of every arrow in Ai (m, f, δ) except for the ε-disk
around the head of bi . Applying induction to A(m, i, δ), we obtain w(P0)b + s(P0) ≥
( f − i)b + ib = fb.
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