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In this Erratum, we correct an error in the representation formulas of the Riesz trans-
forms and a gap in the original proof of the L p-norm estimates of the Riesz transforms
obtained in the original paper. We would like to point out that, based on the correct
representation formulas of the Riesz transforms stated below, and using a new martin-
gale subordination inequality due to Bañuelos and Osekowski (Theorem 2.2 in [2]),
we can correct the gap in the original paper without major change in the line of our
original argument and to arrive at the original estimates obtained in the original paper.

As pointed out by [1], various formulas in the original paper of the form∫ τ

0 ea(s−τ)Mτ M−1
s αsd Bs need to be rewritten as e−aτ Mτ

∫ τ

0 eas M−1
s αsd Bs since

e−aτ Mτ is not Fs-measurable. In view of this, the correct representation formula
of the Riesz transforms in Theorem 3.2 in the original paper should be written as
follows

Ra(L) f (x) = −2 lim
y→+∞ Ey

⎡

⎣e−aτ Mτ

τ∫

0

eas M−1
s d Qa f (Xs,s )d Bs

∣
∣
∣
∣
∣
∣

Xτ = x

⎤

⎦ .

(1)

The online version of the original article can be found under doi:10.1007/s00440-007-0085-y.
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Indeed, a careful check of the original proof of Lemma 3.7 in the original paper
implies that the correct reformulation of Lemma 3.7 in the original paper should be
given by

η(Xτ ) = eaτ M∗,−1
τ ηa(X0, B0)

+ eaτ M∗
τ

τ∫

0

e−as M∗
s

(

∇,
∂

∂y

)

ηa(Xs, Bs) · (UsdWs, d Bs), (2)

and a small modification of the original proof of Theorem 3.8 given in the original
paper implies that the correct formulations of Theorem 3.8 in the original paper should
be given by

1

2
ω(x) = lim

y→∞ Ey

⎡

⎣e−aτ Mτ

τ∫

0

eas M−1
s

∂

∂y
ωa(Xs, Bs)d Bs

∣
∣
∣
∣
∣
∣

Xτ = x

⎤

⎦ . (3)

By the same argument as used in the original paper, one can derive that the correct
formulation of the Riesz transform should be given by (1).

The original statement and the original proof of Theorem 1.4 in the original paper
remain valid in the case of complete steady or expanding Ricci gradient solitons
Ric + ∇2φ = −a, where a ≥ 0 is a constant. In particular, on complete Riemannian
manifolds with Ric + ∇2φ = 0, it holds ‖R(L)‖p,p ≤ 2(p∗ − 1) for all p ∈ (1,∞).
This extends the known result from Euclidean spaces to complete steady gradient
Ricci solitons.

In general, the original proof of the L p-estimates in Theorem 1.4 in the original
paper contained a gap and need to be corrected. The reason, which was pointed out
by Bañuelos and Baudoin [1], is due to the fact that eaτ Mτ is not Fs-measurable, so
one cannot apply the Burkholder martingale subordinate inequality as was done in the
original paper. Based on (1) and the martingale inequality in Theorem 2.6 in Bañuelos
and Baudoin [1], we can revise the original argument in the original paper to prove
that, on any complete Riemannian manifold with Ric + ∇2φ ≥ −a, where a ≥ 0
is a constant, the L p-norm of the Riesz transform Ra(L) = ∇(a − L)−1/2 satisfies
‖Ra(L)‖p,p ≤ C(p∗ − 1)3/2, where C is a universal constant which is independent
of a and p. For the detail, see [3].

Recently, Bañuelos and Osekowski [2] proved a new martingale inequality which
improves Theorem 2.6 in [1] and derived that if Ric + ∇2φ ≥ 0, then for all
p ∈ (1,∞), the original estimate stated in the original paper remains valid, i.e.,
‖∇(−L)−1/2‖p,p ≤ 2(p∗ −1). In particular, ‖∇(−�)−1/2‖p,p ≤ 2(p∗ −1) holds on
complete Riemannian manifolds with Ric ≥ 0. We would like to point out, based on
the above correct representation formulas of the Riesz transforms, and using the new
martingale subordination inequality due to Banuelos and Osekowski (Theorem 2.2
in [2]), we can correct the gap in the original paper the original paper without major
change in the line of our original argument and to arrive at the original estimates
obtained in the original paper.
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To see this, let us first recall Theorem 2.2 in Bañuelos and Osekowski [2]: Let X
and Y be R

n-valued martingales with continuous paths such that Y is differentially
subordinate to X . Consider the solution of the matrix equation

d Mt = Vt Mt dt; M0 = I d;

where (Vt )t≥0 is an adapted and continuous process taking values in the set of sym-
metric and non-positive n × n matrices. For a given a ≥ 0, consider the process

Zt = e−at Mt

t∫

0

eas M−1
s dY s.

Then for any 1 < p < ∞ and T ≥ 0, we have the sharp bound

‖ZT ‖p ≤ (p∗ − 1)‖XT ‖p.

Now, let Q f be the Poisson integral of f , Zs = (Xs, Bs) be the Brownian motion
on M × R. Let X̂t = ∫ t

0 ∇Q f (Zs)d Zs and Ŷt = ∫ t
0 A∇Q f (Zs)d Zs . By the original

paper, ‖A‖ ≤ 1. So Ŷ is a subordinate of X̂ . By Theorem 2.2 in [2] stated as above,
when Ric + ∇2φ ≥ 0, it holds

∥
∥
∥
∥
∥
∥

Mτ

τ∫

0

M−1
s A∇Q f (Zs)d Zs

∥
∥
∥
∥
∥
∥

p

≤ (p∗ − 1)‖X̂τ‖p.

By the argument used in the original paper in p. 271 and taking a = 0 there, Itô’s
formula implies that

X̂τ = f (Xτ ) − Q f (X0, B0).

Thus

lim
y→∞

∥
∥
∥
∥
∥
∥

Mτ

τ∫

0

M−1
s A∇Q f (Zs)d Zs

∥
∥
∥
∥
∥
∥

p

≤ (p∗ − 1) lim
y→∞ ‖ f (Xτ ) − Q f (X0, B0)‖p

≤ (p∗ − 1) lim
y→∞[‖ f (Xτ )‖p + ‖Q f (X0, y)‖p]

= (p∗ − 1) lim
y→∞ ‖ f (Xτ )‖p

= (p∗ − 1)‖ f ‖p,

where we have used the facts that limy→∞ ‖Q f (X0, y)‖p = 0 and ‖ f (Xτ )‖p =
‖ f ‖p.

Therefore the original estimates in Theorem 1.4 and Corollary 1.5 obtained in the
original paper remain valid. See also Theorem 1.1 in [2]. More precisely, we have
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Theorem 0.1 Let M be a complete Riemannian manifold, φ ∈ C2(M). Suppose that
Ric + ∇2φ ≥ 0. Then for all 1 < p < ∞ we have

‖∇(−L)−1/2 f ‖p ≤ 2(p∗ − 1)‖ f ‖p, ∀ f ∈ L p(M, μ),

where dμ(x) = e−φ(x)dv(x), and L = � − ∇φ · ∇. In particular, on any complete
Riemannian manifold with non-negative Ricci curvature, we have

‖∇(−�)−1/2 f ‖p ≤ 2(p∗ − 1)‖ f ‖p, ∀ f ∈ L p(M, v).

Similarly, using the correct probabilistic representation formulas of the Riesz trans-
forms and Theorem 2.2 in [2], we can re-derive the original estimates of Theorem 1.4
obtained in the original paper for the case Ric + ∇2φ ≥ a > 0. To save the length of
this note, we omit the detail of the proof.
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