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Abstract The subject of the study is an orthotropic thin-walled sandwich band plate with trapezoidal main
core and three-layer facings. The external sheets of the faces are flat, whereas the core of the faces is trapezoidal
corrugated. The directions of the corrugations of both cores are perpendicular to each other. The band plate
considered in this paper has the crosswise corrugated main core and the lengthwise corrugated core of the
faces. The main goal of the study is to solve the problem of buckling and vibrations of the band plates. The
mathematical and physical model of this band plate has been formulated, in particular the field of displacement
and rigidities of corrugated layers which are both original elements of the work. The system of equations of
motion is analytically derived using the energy method. The obtained solutions are verified numerically. The
finite element analysis of stability of the sandwich band plate is performed with the use of the ABAQUS and
ANSYS systems.

Keywords Sandwich structures · Multi-layered band plates · Buckling · Vibrations · Unstable regions

1 Introduction

A sandwich structure is the answer for the need of a light and rigid construction. Depending on the application
sandwich structuresmay takemany different forms. A classical solution is the composition of two thin and rigid
faces with a light, relatively thick, core closed between them. The core can be made of the foam, polyurethane
or metal one, wood or corrugated sheet. Since the total thickness of a sandwich beam or plate is high and the
properties of particular layers are distinctly different, a proper theoretical description of the behaviour of such
structures is needed.

The theoretical bases for sandwich beams are described in the literature [1,2]. Computational models for
sandwich plates and shells, predictor-corrector procedures, and the sensitivity of the response of a sandwich
structure to variations in geometric and material parameters have been studied by Noor et al. [3]. Carlsson et
al. [4] derived tension, shear, bending and twisting rigidities for sandwich structures with a corrugated core.
Analytical description of the shear stiffness of a corrugated core can be found in [5–7]. Carrera [9] formulated
the zigzag hypotheses for multilayered plates. The paper by Buannic et al. [10] is devoted to the computation
of the effective properties of sandwich panels with a corrugated core. Porous plates with mechanical properties
which vary through the thickness are analysed by Magnucki et al. [11]. Zenkour [8] applied the simple and
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Fig. 1 Scheme of the band plate with a crosswise corrugated main core

mixed first-order shear deformable plate theories to develop analytical solutions for deflections and stresses
of rectangular plates. Talbi et al. [12] presented an analytical homogenization model for corrugated cardboard
and its numerical implementation in the FE method with the use of shell elements. In the work by Cheng
et al. [13] authors employed the finite element method (FEM) to derive equivalent stiffness properties of
sandwich structures with various types of cores. Similar results can be found in [14,15]. Magnucki et al. [16]
presented analytical and numerical (FEM) calculations as well as experimental verification of the obtained
results devoted to a sandwich beam with a crosswise or lengthwise corrugated core. The considered beam
was made of an aluminium alloy. The plane faces (outer layers) and the corrugated core were glued together.
Global buckling of sandwich beam-rectangular plates and columns with metal foam core has been analysed by
Jasion et al. [17] and Jasion and Magnucki [18]. Local phenomena in beams and columns have been described
by Hadi [19] and Jasion and Magnucki [20], to mention a few.

The current work was inspired by the results obtained in the following papers [21–26]. The subject of the
study is an orthotropic sandwich band plate. The plate is composed of seven layers as shown in Fig. 1—the
main core and two three-layer faces. The main core is a crosswise corrugated sheet with the corrugation in
the form of trapezoid. The core of the faces, closed between two flat sheets—internal and external—is also
a corrugated sheet with the same type of corrugation, yet the direction of corrugation is perpendicular to the
direction of the corrugation of the main core. The material of all seven layers is an isotropic one.

The goal of the present paper is to formulate the mathematical and physical model of the band plate. The
field of displacements has been defined in the way to take into account the shear effect which appear in the core
of the faces. This hypothesis makes a basis for formulation of displacements, strains, stresses and equilibrium
equations. Moreover the finite element model (FE model) of the band plate has been prepared, and the results
from the FE analyses were compared to the results of the analytical solution. Two types of analyses have been
performed. First, the buckling analysis is to determine the buckling modes and buckling load for a family of
band plates. Second, the modal analysis is to investigate the influence of the length of the band plate on the
natural frequencies as well as on the modes of vibrations.

2 Analytical studies

The field of displacements of the cross section of the band plate has been assumed as it is presented in Fig. 2.
The following symbols have been introduced: the thickness of the main core tc1, the thickness of the core of
the faces tc2, and the thickness of the flat sheets of the faces ts.

In this section the following field of displacements is introduced:

• the outer sheets:
– the upper sheet—

( 1
2 tc1 + 2ts + tc2

) ≤ z ≤ − ( 1
2 tc1 + ts + tc2

)

v(y, z) = −z
dw

dy
− v1(y), (1)

– the lower sheet 1
2 tc1 + ts + tc2 ≤ z ≤ 1

2 tc1 + 2ts + tc2

v(y, z) = −z
dw

dy
+ v1(y), (2)
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Fig. 2 Scheme of deformation of band plate’s cross section

• the lengthwise corrugated cores of facings:
– the upper core − ( 1

2 tc1 + ts + tc2
) ≤ z ≤ − ( 1

2 tc1 + ts
)

v(y, z) = −z
dw

dy
+

[
z + tc1

(
1

2
+ x1

)]
φ(y), (3)

– the lower core 1
2 tc1 + ts ≤ z ≤ 1

2 tc1 + ts + tc2

v(y, z) = −z
dw

dy
+

[
z − tc1

(
1

2
+ x1

)]
φ(y), (4)

• the inner sheets:
– the upper—

( 1
2 tc1 + ts

) ≤ z ≤ − 1
2 tc1,

v(y, z) = −z
dw

dy
, (5)

– the lower 1
2 tc1 ≤ z ≤ 1

2 tc1 + ts

v(y, z) = −z
dw

dy
, (6)

• the crosswise corrugated main core − 1
2 tc1 ≤ z ≤ 1

2 tc1

v(y, z) = −z
dw

dy
, (7)

where x1 = ts/tc1—dimensionless parameter, φ(y) = v1(y)/tc2—dimensionless function determines the field
of displacement. Strains in all layers of the band plate are as follows

• the flat sheets and the crosswise corrugated main core

ε(s)
y = ∂v

∂y
, γ (s)

yz = 0, ε(c1)
y = ∂v

∂y
, γ (c1)

yz = 0, (8)
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• the lengthwise corrugated cores of facings

ε(c2)
y = ∂v

∂y
, γ (c2)

yz = ∂v

∂z
+ dw

dy
= φ(y). (9)

The physical relations, according to Hooke’s law, are

• the flat sheets and the crosswise corrugated main core

σ (s)
y = Eε(s)

y , τ (s)
yz = 0, σ (c1)

y = E (c1)
y ε(c1)

y , τ (c1)
yz = 0, (10)

• the lengthwise corrugated cores of facings

τ (c2)
yz = G(c2)

yz γ (c2)
yz , σ (c2)

y = E (c2)
y ε(c2)

y , (11)

where

E (c1)
y = Ẽ (c1)

y E, Ẽ (c1)
y = 6x01(1 − x01)

2
(
x f 1 + s̃a1

3xb1

)
,

E (c2)
y = Ẽ (c2)

y E, Ẽ (c2)
y = xb2x302

2
(
s̃a2 + 3x f 2xb2

)
(1 − x02)2

,

G(c2)
yz = G̃(c2)

yz E,

s̃a1 =
[

(1 − x01)
2 + x2b1

(
1

2
− x f 1

)2
]1/2

, x01 = t01
tc1

, x f 1 = b f 1

b01
, xb1 = b01

tc1
,

s̃a2 =
[

(1 − x02)
2 + x2b2

(
1

2
− x f 2

)2
]1/2

, x02 = t02
tc2

, x f 2 = b f 2

b02
, xb2 = b02

tc2
,

and E—the Young’s modulus of metal sheets, G̃(c2)
yz —the shear modulus introduced in [7], denotations—

indexes c1, 01—main core, c2, 02—inner corrugated layer of facings, s—sheets.
On the basis of Hamilton’s principle

δ

∫ t2

t1
[T − (Uε − W )] dt = 0 (12)

where

T = 1
2

∫ ∫

V

∫
ρ

(
∂w
∂t

)2
dV − the kinetic energy,

Uε = 1
2

∫ ∫

V

∫ (
σyεy + τyzγyz

)
dV − the elastic strain energy,

W =
L∫

0

{
1
2 F0

(
∂w
∂y

)2}
dy − the work of the load,

t1, t2 − the initial and final time,
ρ − the mass density of the band plate,
L − the length of the band plate,
F0 − the axial compressive force:

the equations of motion are analytically derived

⎧
⎨

⎩

btc1cρρs
∂2w
∂t2

+ Ebt3c1

(
2cww

∂4w
∂y4

− cwφ
∂3φ

∂y3

)
= −F0

∂2w
∂y2

cwφ
∂3w
∂y3

− 2cφφ
∂2φ

∂y2
+ 2 x2

t2c1
G̃(c2)

yz φ(y) = 0
(13)
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Fig. 3 Scheme of the simply supported band plate

where

cww = c(s)
ww + c(c1)

ww + c(c2)
ww , cwφ = c(s)

wφ + c(c2)
wφ ,

cφφ = x22

(
x1 + 1

3
x2 Ẽ

(c2)
y

)
, cρ = ρ̃c1 + 2x2ρ̃c2 + 4x1,

c(s)
ww = 1

6
x1

[
16x21 + 6x1(2 + 3x2) + 3(1 + 2x2 + 2x22)

]
,

c(c1)
ww = 1

4
x01(1 − x01)

2
(
x f 1 + s̃a1

3xb1

)
,

c(c2)
ww = x2

[
x21 + x1(1 + x2) + 1

3
x22 + 1

2
x2 + 1

4

]
Ẽ (c2)
y ,

c(s)
wφ = x1x2 (1 + 3x1 + 2x2)) ,

c(c2)
wφ = x22

(
x1 + 2

3
x2 + 1

2

)
Ẽ (c2)
y ,

ρ̃c1 = 2
x01
xb1

(
x f 1xb1 + s̃a1

)
, ρ̃c2 = 2

x02
xb2

(
x f 2xb2 + s̃a2

)
, x2 = tc2

tc1
,

ρs—the mass density of the sheet, b—the width of the band plate.
The system of Eq. (13) will serve as the basis in the following analytical investigation of buckling and

vibrations of the band plate.

2.1 Buckling

The detailed calculations have been carried out for the simply supported band plate compressed by the axial
force F0 (Fig. 3). To solve the buckling problem the following equalities (for a shear force Q and a bending
moment Mb) have been used

Q(y) = dMb

dy
, Mb = F0w(y). (14)

Taking into account the above and basing on the system (13), the governing equations for the buckling problem
were obtained, assuming that the buckling phenomenon is time independent

⎧
⎨

⎩

2cww
d2w
dy2

− cwφ
dφ
dy = −Mb(y)

Ebt3c1

cwφ
d3w
dy3

− 2cφφ
d2φ
dy2

+ 2 x2
t2c1
G̃(c2)

yz φ(y) = 0.
(15)

The form of two unknown function in the system of equations of statics (15) has been assumed as follows

w(y) = wa sin
πy

L
, φ(y) = φa cos

πy

L
, (16)

where wa—the amplitude of deflection, φa—the amplitude of dimensionless function. The functions (16)
identically satisfy the following boundary conditions

w(0) = 0, w(L) = 0, φ

(
L

2

)
= 0. (17)
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After substituting functions (16) to the system (15) the following expression for the critical load has been
derived

F0CR = π2Ebt3c1
L2 cFCR (18)

where

cFCR = 2cww − c2wφ

2

[
cφφ + x2

(
L

π tc1

)2
G̃(c2)

yz

] . (19)

The results of exemplary calculations of buckling load for a family of band plates are provided in Sect. 3.2.
The results obtained with the use of Eq. (18) and these given by the FE analysis are compared.

2.2 Vibrations

In the equations of motion (13) the following formulas have been assumed:

• of two unknown functions

w(y, t) = wa(t) sin
πy

L
, φ(y, t) = φa(t) cos

πy

L
, (20)

• of the pulsating load
F0(t) = Fc + Fa cos(Θt), (21)

where Fc—an average value of the load, Fa—an amplitude of the load, and Θ—a frequency of the load.

Then the system (13) could be reduced to the Mathieu equation

d2wa

dt2
+ Ω2 [1 − 2μ cos(Θt)]wa(t) = 0 (22)

where

Ω2 = ω2
(
1 − Fc

F0CR

)
, μ = 1

2

Fa
F0CR − Fc

, (23)

and the angular frequency of the band plate is as follows

ω =
(π

L

)2
√

Et2c1
cρρs

cFCR. (24)

The natural frequency in Hertz [Hz] is given by the formula

f = ω

2π
. (25)

The two unstable regions can be determined according to the monograph [27]

– the first unstable region

2Ω
√
1 − μ < Θ < 2Ω

√
1 + μ, (26)

– the second unstable region

Ω
√
1 − 2μ2 < Θ < Ω

√

1 + 1

3
μ2. (27)

The results of exemplary calculations of natural frequencies for a family of band plates are provided in Sect. 3.3.
The results obtained with the use of the Eq. (24) and these given by the FE analysis are compared.
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Fig. 4 Dimensions of the band plate: a lengthwise direction and b crosswise direction

(a) (b) (c)

(d)

Fig. 5 FE model of the band plate

3 Results of numerical studies

Numerical studies have been conducted on a family of band plates of the width b = 230 mm and the length L
which takes the following values: 1000, 1200, 1400, 1600, 1800, 2000, 2200, 2400 mm. The thickness of the
plate t = 67 mm. All layers are made of a sheet of the thickness ts = 0.8 mm. Other dimensions are given in
Fig. 4. In the following subsections the results obtained from FE analyses are compared with these given by
analytical formulae.

3.1 FE model of the band plate

Due to the symmetry of the problem only half of the band plate has been modelled. All seven layers have
been treated as thin plates—only a mid-surface of each layer has been modelled (see Fig. 5c). A first-order
shell element (shell181 in ANSYS and S4R in ABAQUS) has been used with four nodes and six degrees of
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Fig. 6 Mesh convergence analysis

freedom in each node. The distance between particular layers equals the thicknesses of the sheet metal. The
’face-to-face’ type of contact with tie constraints for ABAQUS and bonded constraints for ANSYS have been
applied between particular layers as shown in Fig. 5d. Such constraints prevent from separation and mutual
movements of the connected parts. The plate is simply supported at the end—the longitudinal displacement
v is free, whereas the lateral u and vertical w displacements are blocked. The support is applied to all edges
as shown in Fig. 5b. Since the stiffness of the main core in the plane of buckling is far more higher then the
stiffness of the core of the faces the compression force has been applied to the inner sheets of the faces only
(Fig. 5a). Such approach may reduce the possibility of the local buckling to appear.

To determine a proper size of the finite element a mesh convergence analysis has been performed. The
results showing the relation between the buckling load and the number of finite elements are shown in Fig. 6.
It is seen that the use of two finite elements on the base of the trapezoid is enough to obtain a convergent result.
Finally, the size of the element has been set at 5 mm (the last point on the plot in Fig. 6).

The model of the linear elastic material has been used with mechanical properties corresponding to steel:
Young’s modulus E = 2×105 MPa and Poisson’s ratio ν = 0.3. The density ρ = 7800 kg/m3. For both types
of analyses geometrically perfect model has been used.

3.2 Buckling analysis

Stability analysis has been performed using linear buckling analysis procedure. The value of the first buckling
load is looked for aswell as the buckling shape corresponding to it. For the boundary conditions considered here
the buckling mode should take the shape of one longitudinal half-wave. Such shape function has been assumed
in the analytical solution [Eq. (16)]. However due to complex geometry of the band plate local buckling may
also appear.

The results of analyses are shown in Fig. 7. On the plot the comparison of the results obtained numerically
and with the use of analytical formula is shown. The horizontal axis corresponds to the length of the plate,
whereas the vertical axis to the value of the critical load. For the global modes the analytical results are
consistent with the numerical ones. For shorter plates, L < 1600 mm, a local buckling appears in the form of
short waves located on the outer sheets of the plate as shown in Fig. 7b. For the plate of the length L = 1400mm
a combined mode appeared—global-local—what can be seen in Fig. 7c.

3.3 Vibrations

The modal analysis has been performed to determine the natural frequencies as well as the modes of vibrations
of the band plates. The boundary conditions applied to the model forces the first mode of vibrations to has
the shape of one longitudinal half-wave. Having this in mind a half-model of the plate with the symmetry
boundary conditions in the mid-length has been used. The results of both analytical and numerical calculations
are shown in Fig. 8. On the plot the relation between the length L of the band plate (horizontal axis) and the
natural frequencies f corresponding to the first mode of vibration (vertical axis) is shown. A good agreement
between all solutions can be seen. The first mode, bending in yz-plane, is presented in Fig. 8b.

4 Discussion of the results

The results of the analyses presented in the previous section concern only one family of band plates. Nev-
ertheless they show clearly the behaviour of this kind of structures. First of all the deformation of the cross
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Fig. 7 Results of buckling analysis: a comparison of analytical and numerical results and b, c buckling modes

(a) (b)

Fig. 8 Results of natural frequencies analysis: a comparison of analytical and numerical results and b mode of vibration

Fig. 9 Local deformation of the band plate; a core deformation due to bending, b local buckling due to compression

section assumed in the analytical solution seams to be correct since it follows the deformation observed in the
FE analyses as shown in Fig. 9a. The main core does not deform, whereas a considerable deformation of the
core of the faces can be seen.

Second feature that characterize the analysed structures is the susceptibility to the local phenomena. The
local deformation, as shown in Fig. 9b, appears on the narrow thin stripes of sheets which are not connected
to other elements of the band plate. The local deformation is observed during the loss of stability of the band
plate (Fig. 7b).

Analysing the selected results of the analytical and numerical investigation presented in Tables 1 and 2
a good agreement can be observed between the obtained values. The relative errors describe the discrepancy
between the analytical and both numerical solution. As for the buckling load the relative error is in the range
between 2.0 and 4.5 % for the ANSYS and between 1.6 and 5.0 % for the ABAQUS, taking into account only
global modes of buckling. Even better consistency is observed for the modal analysis: the relative error for the
ANSYS is up to 3.0 % and for the ABAQUS up to 3.5 %.
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Table 1 Comparison of the critical loads obtained from the analytical and two numerical analyses

L (mm) F0cr (kN)

1000 1200 1400 1600 1800 2000 2200 2400

Analytical 971.5 692.4 517.1 400.2 318.6 259.4 215.3 181.5
FEM (ANSYS) 454.3 476.6 446.9 382.2 308.0 252.6 210.4 177.9
Relative error (%) 53.2 31.2 13.6 4.5 3.3 2.7 2.3 2.0
FEM (ABAQUS) 410.3 412.2 407.7 406.7 330.0 270.7 225.5 190.6
Relative error (%) 57.8 40.5 21.1 1.6 3.6 4.3 4.8 5.0

Table 2 Comparison of the natural frequencies obtained from the analytical and two numerical analyses

L (mm) f (Hz)

1000 1200 1400 1600 1800 2000 2200 2400

Analytical 139.6 98.2 72.7 56.0 44.4 36.1 29.8 25.1
FEM (ANSYS) 135.4 95.9 71.4 55.1 43.8 35.6 29.5 24.9
Relative error (%) 3.0 2.3 1.8 1.5 1.3 1.2 1.0 0.9
FEM (ABAQUS) 142.9 101.0 74.9 57.8 45.9 37.3 30.9 26.0
Relative error (%) 2.4 2.8 3.0 3.2 3.3 3.3 3.4 3.5

It should be noted that for plates of the length smaller than L = 1600 mm the buckling load obtained
analytically—global mode, is higher than this obtained from ANSYS and ABAQUS—local mode. The dif-
ference is higher for shorter beams. It comes from the fact that for a global mode of buckling the band plate
behaves as an Euler column—the buckling load increases with the decrease of the length; the whole structure
undergoes bending. The local mode, however, has similar shape for all shorter beams; only some of narrow
stripes of sheet between trapezoids buckles. This suggest that the local phenomena may decrease the buckling
resistance of this kind of band plate considerably. The numerical analysis of local phenomena will probably
need a finer mesh.

5 Conclusions

The proposed seven-layer band plate is a light and very stiff structure. The stiffness can be easily modified by
changing the hight of the corrugation of the main core and the core of the faces. The stiffness can be increased
by using thicker external sheets in which, according to the foregoing results, deformations are the highest and
which are subjected to the highest stresses. The band plate can be made of easily available materials like steel
and assembled with the use of laser welding or an adhesive. The band plates can be used to design of many
different plated structures like containers, floor in railway carriages. The high stiffness and the susceptibility
to local buckling make the global loss of stability unlikely to appear.

The presented analyses were limited to linear ones, and a perfect geometry of the plate has been assumed.
However, due to a complex shape of the plate there is a high possibility to introduce many geometrical
imperfections during manufacturing process. These may significantly influence the buckling behaviour of the
plate. Then the nonlinear study should be carried out to validate the results. The experiments are also planned
as a further step of the project.
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