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                    Abstract
We study the Fisher-KPP equation where the Laplacian is replaced by the generator of a Feller semigroup with power decaying kernel, an important example being the fractional Laplacian. In contrast with the case of the standard Laplacian where the stable state invades the unstable one at constant speed, we prove that with fractional diffusion, generated for instance by a stable Lévy process, the front position is exponential in time. Our results provide a mathematically rigorous justification of numerous heuristics about this model.



                    
    


                    
                        
                            
                                
                                    
                                        
                                    
                                    
                                        This is a preview of subscription content, log in via an institution
                                    
                                    
                                        
                                     to check access.
                                

                            

                        

                        
                            
                                
                                    Access this article

                                    
                                        
                                            
                                                
                                                    Log in via an institution
                                                    
                                                        
                                                    
                                                
                                            

                                        
                                    
                                    
                                        
 
 
  
   
    
     
     
      Buy article PDF USD 39.95
     

    

    Price excludes VAT (USA)

     Tax calculation will be finalised during checkout.

    Instant access to the full article PDF.

   

  

  
 

 
  
   
    Rent this article via DeepDyve
     
      
     

   

  

  
 


                                    

                                    
                                        Institutional subscriptions
                                            
                                                
                                            
                                        

                                    

                                

                            
                        

                        
                            
                        

                    

                    
                        
                    


                    
                        
                            
                                
        
            
                Similar content being viewed by others

                
                    
                        
                            
                                
                                    [image: ]

                                
                                
                                    
                                        Convergence to a single wave in the Fisher-KPP equation
                                        
                                    

                                    
                                        Article
                                        
                                         02 March 2017
                                    

                                

                                James Nolen, Jean-Michel Roquejoffre & Lenya Ryzhik

                            
                        

                    
                        
                            
                                
                                    [image: ]

                                
                                
                                    
                                        Stochastic Diffusion Equation with Fractional Laplacian on the First Quadrant
                                        
                                    

                                    
                                        Article
                                        
                                         01 June 2019
                                    

                                

                                Jorge Sanchez-Ortiz, Francisco J. Ariza-Hernandez, … Eduard A. Garcia-Murcia

                            
                        

                    
                        
                            
                                
                                    [image: ]

                                
                                
                                    
                                        Spreading Properties for Non-autonomous Fisher–KPP Equations with Non-local Diffusion
                                        
                                    

                                    
                                        Article
                                        
                                         01 September 2023
                                    

                                

                                Arnaud Ducrot & Zhucheng Jin

                            
                        

                    
                

            
        
            
        
    
                            
                        
                    

                    

                    

                    References
	Aronson D.G., Weinberger H.F.: Multidimensional nonlinear diffusion arising in population genetics. Adv. Math. 30, 33–76 (1978)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Berestycki H., Roquejoffre J.-M., Rossi L.: The periodic patch model for population dynamics with fractional diffusion. Disc. Cont. Dyn. Syst. Ser. S 4, 1–13 (2011)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Bony J.-M., Courrège P., Priouret P.: Semi-groupes de Feller sur une variété à bord compacte et problèmes aux limites intégro-différentiels du second ordre donnant lieu au principe du maximum. Ann. Inst. Fourier 18, 369–521 (1968)
Article 
    MATH 
    
                    Google Scholar 
                

	Bramson, M.: Convergence of solutions of the Kolmogorov equation to travelling waves. Memoirs of the AMS 44, Providence, RI: Amer. Math. Soc., 1983

	Cabré X., Roquejoffre J.-M.: Propagation de fronts dans les équations de Fisher-KPP avec diffusion fractionnaire. C.R. Acad. Sci. Paris 347, 1361–1366 (2009)
Article 
    MATH 
    
                    Google Scholar 
                

	Cazenave, T., Haraux, A.: An Introduction to Semilinear Evolution Equations. Oxford Lecture Series in Mathematics and its Applications 13. New York: Oxford University Press, 1998

	Del-Castillo-Negrete D., Carreras B.A., Lynch V.E.: Front propagation and segregation in a reaction-diffusion model with cross-diffusion. Phys. D 168/169, 45–60 (2002)
Article 
    MathSciNet 
    
                    Google Scholar 
                

	Del-Castillo-Negrete D., Carreras B.A., Lynch V.E.: Front Dynamics in Reaction-Diffusion Systems with Levy Flights: A Fractional Diffusion Approach. Phys. Rev. Lett. 91(1), 018302 (2003)
Article 
    ADS 
    
                    Google Scholar 
                

	Engler, H.: On the speed of spread for fractional reaction-diffusion equations. Int. J. Diff. Eq. 2010 Art. ID 315421, 16 pp. (2010)

	Garnier J.: Accelerating solutions in integro-differential equations. SIAM J. Math. Anal. 43, 1955–1974 (2011)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Hamel F., Roques L.: Fast propagation for KPP equations with slowly decaying initial conditions. J. Diff. Eqs. 249, 1726–1745 (2010)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Jones C.K.R.T.: Asymptotic behavior of a reaction-diffusion equation in higher space dimensions. Rocky Mountain J. Math. 13, 355–364 (1983)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Kolmogorov A.N., Petrovskii I.G., Piskunov N.S.: Etude de l’équation de diffusion avec accroissement de la quantité de matière, et son application à un problème biologique. Bjul. Moskowskogo Gos. Univ. 17, 1–26 (1937)

                    Google Scholar 
                

	Kolokoltsov V.N.: Symmetric stable laws and stable-like jump-diffusions. London Math. Soc. 80, 725–768 (2000)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Lamperti J.: Semi-stable stochastic processes. Trans. Amer. Math. Soc. 104, 62–78 (1962)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Mancinelli R., Vergni D., Vulpiani A.: Front propagation in reactive systems with anomalous diffusion. Phys. D 185, 175–195 (2003)
Article 
    MathSciNet 
    MATH 
    
                    Google Scholar 
                

	Pazy, A.: Semigroups of Linear Operators and Applications to Partial Differential Equations. Applied Mathematical Sciences, 44. New York: Springer-Verlag, 1983

	Taira, K.: Diffusion Processes and Partial Differential Equations. Boston, MA: Academic Press, Inc., 1988


Download references




Author information
Authors and Affiliations
	ICREA and Universitat Politècnica de Catalunya, Departament de Matemàtica Aplicada I, Diagonal 647, 08028, Barcelona, Spain
Xavier Cabré

	Institut de Mathématiques, Université de Toulouse et CNRS (UMR 5219), 118 Route de Narbonne, 31062, Toulouse, France
Jean-Michel Roquejoffre


Authors	Xavier CabréView author publications
You can also search for this author in
                        PubMed Google Scholar



	Jean-Michel RoquejoffreView author publications
You can also search for this author in
                        PubMed Google Scholar





Corresponding author
Correspondence to
                Xavier Cabré.


Additional information
Communicated by P. Constantin
The first author was supported by grants MICINN MTM2008-06349-C03-01/FEDER, MINECO MTM2011-27739-C04-01, and GENCAT 2009SGR-345.
The second author is supported by the ANR grant PREFERED.


Rights and permissions
Reprints and permissions


About this article
Cite this article
Cabré, X., Roquejoffre, JM. The Influence of Fractional Diffusion in Fisher-KPP Equations.
                    Commun. Math. Phys. 320, 679–722 (2013). https://doi.org/10.1007/s00220-013-1682-5
Download citation
	Received: 28 February 2012

	Accepted: 19 August 2012

	Published: 09 March 2013

	Issue Date: June 2013

	DOI: https://doi.org/10.1007/s00220-013-1682-5


Share this article
Anyone you share the following link with will be able to read this content:
Get shareable linkSorry, a shareable link is not currently available for this article.


Copy to clipboard

                            Provided by the Springer Nature SharedIt content-sharing initiative
                        


Keywords
	Banach Space
	Initial Data
	Maximum Principle
	Travel Wave Solution
	Mild Solution








                    
                

            

            
                
                    

                    
                        
                            
    

                        

                    

                    
                        
                    


                    
                        
                            
                                
                            

                            
                                
                                    
                                        Access this article


                                        
                                            
                                                
                                                    
                                                        Log in via an institution
                                                        
                                                            
                                                        
                                                    
                                                

                                            
                                        

                                        
                                            
 
 
  
   
    
     
     
      Buy article PDF USD 39.95
     

    

    Price excludes VAT (USA)

     Tax calculation will be finalised during checkout.

    Instant access to the full article PDF.

   

  

  
 

 
  
   
    Rent this article via DeepDyve
     
      
     

   

  

  
 


                                        

                                        
                                            Institutional subscriptions
                                                
                                                    
                                                
                                            

                                        

                                    

                                
                            

                            
                                
    
        Advertisement

        
        

    






                            

                            

                            

                        

                    

                
            

        

    
    
    


    
        
            Search

            
                
                    
                        Search by keyword or author
                        
                            
                            
                                
                                    
                                
                                Search
                            
                        

                    

                
            

        

    



    
        Navigation

        	
                    
                        Find a journal
                    
                
	
                    
                        Publish with us
                    
                
	
                    
                        Track your research
                    
                


    


    
	
		
			
			
	
		
			
			
				Discover content

					Journals A-Z
	Books A-Z


			

			
			
				Publish with us

					Publish your research
	Open access publishing


			

			
			
				Products and services

					Our products
	Librarians
	Societies
	Partners and advertisers


			

			
			
				Our imprints

					Springer
	Nature Portfolio
	BMC
	Palgrave Macmillan
	Apress


			

			
		

	



		
		
		
	
		
				
						
						
							Your privacy choices/Manage cookies
						
					
	
						
							Your US state privacy rights
						
						
					
	
						
							Accessibility statement
						
						
					
	
						
							Terms and conditions
						
						
					
	
						
							Privacy policy
						
						
					
	
						
							Help and support
						
						
					


		
	
	
		
			
				
					
					44.204.231.129
				

				Not affiliated

			

		
	
	
		
			[image: Springer Nature]
		
	
	© 2024 Springer Nature




	






    