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Abstract We use a modified Bochner technique to derive an inequality relating the nodal
set of eigenspinors to eigenvalues of the Dirac operator on closed surfaces. In addition, we
apply this technique to solutions of similar spinorial equations.
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1 Introduction and results

Throughout this note we assume that (M, g) is a closed, connected, oriented surface with a
Riemannian metric g. The bundle SO(M) of oriented orthonormal frames is an S1-principal
bundle over the surface M . Let � : S1 → S1 be the nontrivial double covering of S1. A spin
structure on M is an S1-principal bundle Spin(M) over M together with a twofold covering
map θ : Spin(M) → SO(M) such that the diagram

Spin(M) × S1

θ×�

Spin(M)

θ M

SO(M) × S1 SO(M)

commutes. Every orientable surface admits a spin structure, the number of possible spin
structure is equal to the number of elements in H1(M,Z2). On the spinor bundle �M
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2 V. Branding

we have a metric connection ∇ and a hermitian scalar product of which we will always
take the real part turning it into an euclidean scalar product. Sections in the spinor bundle
are called spinors. Moreover, there exists the canonical splitting of the spinor bundle �M
into the bundle of positive spinors �+M and the bundle of negative spinors �−M , that is
�M = �+M ⊕ �−M .

In addition, we have the Clifford multiplication of spinors with tangent vectors, denoted
by X · ψ for X ∈ TM and ψ ∈ �(�M). Clifford multiplication is skew-symmetric

〈X · ψ, ξ 〉 = −〈ψ, X · ξ 〉
and satisfies the Clifford relations

X · Y · ψ + Y · X · ψ = −2g(X, Y )ψ

for X, Y ∈ TM and ψ, ξ ∈ �(�M).

Definition 1.1 The Dirac operator D maps smooth sections of �M to smooth sections of
�M and is given by

Dψ := e1 · ∇e1ψ + e2 · ∇e2ψ,

where e1, e2 is a local orthonormal frame of TM.

The Dirac operator is a first order, elliptic operator, which is self-adjoint with respect to
the L2-norm. Thus, from general spectral theory we know that the spectrum of the Dirac
operator is real, discrete and tends rapidly to infinity. In addition, it is well known that in
contrast to the Laplacian the spectrum of the Dirac operator consists of both positive and
negative eigenvalues.

The square of the Dirac operator satisfies the Schrödinger–Lichnerowicz formula

D2 = ∇∗∇ + R

4
, (1.1)

where R denotes the scalar curvature of the manifold.
Formore backgroundmaterial on spin geometry and the Dirac operator we refer the reader

to the books [12,20].

Definition 1.2 A spinor ψ ∈ �(�M) is called eigenspinor with eigenvalue λ if it satisfies

Dψ = λψ. (1.2)

In particular, an eigenspinor corresponding to the eigenvalue λ = 0 is called harmonic.

In general, the spectrum of the Dirac operator D cannot be computed explicitly. There are
only few manifolds with high symmetry, who allow to explicitly determine the spectrum, for
example flat tori [11] and round spheres [4].

However, it is possible to estimate the spectrum. A fundamental inequality for the eigen-
values of the Dirac operator is Friedrich’s inequality [10]

λ2 ≥ n

4(n − 1)
inf
M

R, (1.3)

where n is the dimension of the manifold M .
On closed surfaces, the following inequality was given by Bär [3]

λ2 ≥ 2πχ(M)

Vol(M, g)
, (1.4)
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An estimate on the nodal set of eigenspinors on closed surfaces 3

where χ(M) is the Euler characteristic of M . It directly follows from (1.4) that there do
not exist harmonic spinors on S2. However, on surfaces of genus g ≥ 1 there always exist
a metric and a spin structure admitting harmonic spinors, see [18, Proposition 2.4], [14,
Theorem 6.2.1] and [7]. It is also possible to give estimates on the first non-zero eigenvalue
of the Dirac operator that include the spin structure, see for example [2].

For more details on the spectrum of the Dirac operator see the book [14].
Basically, inequality (1.4) gives information about small eigenvalues of theDirac operator.

In this note we will derive an inequality that provides properties of large eigenvalues. On
closed surfaces the nodal set of eigenspinors is discrete [6], which enables us to prove the
following:

Theorem 1.3 Suppose that (M, g) is a closed, connected spin surface with fixed spin struc-
ture. Then every eigenvalue λ of the Dirac operator D satisfies the following inequality

λ2 ≥ 2πχ(M)

Vol(M, g)
+ 4π N (ψ)

Vol(M, g)
, (1.5)

where χ(M) is the Euler characteristic of M. Moreover, N (ψ) denotes the sum of the order
of the zero’s of the corresponding eigenspinor ψ , that is

N (ψ) =
∑

p∈M,|ψ |(p)=0

n p. (1.6)

Corollary 1.4 Of course, (1.5) can also be interpreted as an inequality for the nodal set of
an eigenspinor ψ of the Dirac operator

N (ψ) ≤ Vol(M, g)λ2

4π
− χ(M)

2
. (1.7)

We will discuss a similar inequality for harmonic spinors, twistor spinors and solutions
of a semi-linear Dirac equation.

Remark 1.5 Note that (1.7) also holds if λ is an eigenvalue with higher multiplicity. In
this case we could consider a linear combination of eigenspinors and the nodal set could
depend on the particular linear combination. However, the estimate (1.7) holds for all linear
combinations.

Remark 1.6 We cannot expect that a similar inequality holds in higher dimensions since the
nodal set of eigenspinors is no longer discrete [6].

2 Proof of the main theorem

By the main result of [6] we know that on a two-dimensional manifold the zero-set of
eigenspinors is discrete. In the following we will make use of the energy-momentum tensor
T (X, Y )

T (X, Y ) := 〈X · ∇Y ψ + Y · ∇Xψ,ψ〉. (2.1)

This tensor arises if one varies the functional E(ψ) = ∫
M 〈ψ, Dψ〉d M with respect to the

metric.
The following Lemma can be found in [19, Lemma 5.1], see also [13]. Since we need

a slightly more general version of it we also give a proof here. In contrast to the reference
given above we use the analyst’s sign convention for the Laplacian.
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4 V. Branding

Lemma 2.1 Suppose that ψ ∈ �(�M) does not have any zeros. Then the following inequal-
ity holds 〈

ψ, D2ψ
〉

|ψ |2 ≥ R

4
+ |T |2

4|ψ |4 − � log |ψ | − 〈
Dψ, d

(
log |ψ |2) · ψ

〉
. (2.2)

Proof We set

∇̃Xψ := ∇Xψ − 2α(X)ψ − β(X) · ψ − X · α · ψ,

with a one-form α and a symmetric (1, 1)-tensor β given by

α := d|ψ |2
2|ψ |2 , β := − T (·, ·)

2|ψ |2 .

By a direct computation using the real scalar product on�M we find summing over repeated
indices

|∇̃ψ |2 = |∇ψ |2 + 2|α|2|ψ |2 + |β|2|ψ |2 − 4α(ei )〈∇ei ψ,ψ〉
+ 2〈β(ei ) · ∇ei ψ,ψ〉 + 2〈Dψ, α · ψ〉.

Moreover, we have

|∇ψ |2 = 〈ψ, D2ψ〉 − R

4
|ψ |2 + 1

2
�|ψ |2,

α(ei )〈∇ei ψ,ψ〉 = |α|2|ψ |2 = |d|ψ |2|2
4|ψ |2 ,

〈β(ei ) · ∇ei ψ,ψ〉 = − |T |2
4|ψ |2 .

Thus, we arrive at

0 ≤
∣∣∣∇̃ψ

∣∣∣
2 = 〈

ψ, D2ψ
〉 − R

4
|ψ |2 + 1

2
�|ψ |2 − |d|ψ |2|2

2|ψ |2 − |T |2
4|ψ |2 + 2〈Dψ, α · ψ〉

yielding the result. ��
The following Lemma will be the key-tool for the further analysis. For the sake of com-

pleteness we also present a proof, where we follow [22].

Lemma 2.2 Suppose M is a closed Riemannian surface. If the zero set of |ψ | is discrete and
|ψ | does not vanish identically, then the following equality holds

∫

M
� log |ψ |d M = −2π

∑

p∈M,|ψ |(p)=0

n p, (2.3)

where n p is the order of |ψ | at the point p.

Proof Since the zeros of |ψ | are isolated and M is compact, the number of zeros p1, . . . , pk

is finite in M . Let Dε(p j ) be a small disc of radius ε > 0 around p j . Applying the divergence
theorem we get

∫

M
� log |ψ |d M = lim

ε→0

∫

M\∪k
j=1Dε(p j )

� log |ψ |d M = − lim
ε→0

k∑

j=1

∫

∂ Dε(p j )

∂

∂r
log |ψ |dθ,
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An estimate on the nodal set of eigenspinors on closed surfaces 5

where ∂
∂r denotes the radial derivative. Using a local Taylor expansion for each j we get

∫

∂ Dε(p j )

∂

∂r
log |ψ |dθ = 2πn p j + O(ε),

where n j denotes the order of the first non-vanishing term in the Taylor expansion of ψ in
p j . By letting ε → 0 we thus obtain

∫

M
� log |ψ |d M = −2π

k∑

j=1

n p j = −2π
∑

p∈M,|ψ |(p)=0

n p,

which proves the Lemma. ��

Finally, we apply Lemma 2.1 in the case that ψ is an eigenspinor. We can estimate the
energy momentum tensor by |T |2 ≥ 2λ2|ψ |4. Thus, from (2.2) we obtain

λ2 ≥ K − 2� log |ψ |, (2.4)

where K denotes the Gaussian curvature of M . Note that the last term on the right hand side
of (2.2) vanishes for ψ being an eigenspinor. Integrating over the surface M and using (2.3)
completes the proof of Theorem 1.3.

3 Nodal sets of solutions of similar equations

In this section we are concerned with the nodal set of harmonic spinors, twistor spinors and
solutions of a non-linear Dirac equation. Most of the results presented in this section are
well-known in the literature.

Lemma 3.1 (Bochner formula) For an arbitrary spinor ψ ∈ �(�M) the following Bochner
formula holds

� log |ψ | = K

2
−

〈
ψ, D2ψ

〉

|ψ |2 + |∇ψ |2
|ψ |2 − 1

2

∣∣d|ψ |2∣∣2
|ψ |4 , (3.1)

where K is the Gaussian curvature of the surface.

Proof This follows by a direct calculation using (1.1). ��

Proposition 3.2 Let (M, g) be a closed Riemannian spin surface. Moreover, assume that
ψ ∈ �(�+M) is a harmonic spinor, that is Dψ = 0. Then the following formula holds

N0 = −χ(M)

2
, (3.2)

where N0 is the sum of the order of the zeros of ψ and χ(M) denotes the Euler characteristic
of the surface.

Proof Since �+M is a complex line bundle, we can write ∇e j ψ = f jψ for some complex-
valued function f j away from its zero-set. By a direct calculation we obtain the following
identities
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6 V. Branding

∣∣d|ψ |2∣∣2 = 4
2∑

j=1

|Re f j |2|ψ |4, (3.3)

|∇ψ |2 =
2∑

j=1

| f j |2|ψ |2, (3.4)

|Dψ |2 = (
(Re f1 + Im f2)

2 + (Re f2 + Im f1)
2) |ψ |2. (3.5)

By assumption Dψ = 0, consequently we get from (3.5) that Re f1 = − Im f2 and Re f2 =
− Im f1. Inserting this into both (3.3) and (3.4) yields

∣∣d|ψ |2∣∣2 = 2|ψ |2|∇ψ |2. (3.6)

Making use of the Bochner formula (3.1) and the assumption Dψ = 0 we obtain

� log |ψ | = K

2
.

Integrating over the surface M and applying (2.3) then proves the assertion. ��
Remark 3.3 The same formula holds true if ψ ∈ �(�−M) solves Dψ = 0. Note that from
a holomorphic perspective the statement of Proposition 3.2 is a standard fact about the zero
divisor of a holomorphic section of a holomorphic line bundle, see [15, p. 144, Example 1].

The last proposition is a special case of a structure Theorem for Dirac-harmonic maps
between surfaces, which was proven in [23, Theorem 4.2]. In addition, the statement was
also proven using the Poincaré–Hopf Index Theorem in [17, Theorem 4.12].

Now, we turn to the analysis of twistor spinors, for more details on them see the book [9].

Definition 3.4 Let (M, g) be a n-dimensional Riemannian spin manifold. A twistor spinor
is a section ψ of �M satisfying

Pψ = 0, (3.7)

where PXψ := ∇Xψ + 1
n X · Dψ for every X ∈ TM.

For twistor spinors we will prove the following

Proposition 3.5 Let (M, g) be a closed Riemannian spin surface and let ψ ∈ �(�+M) be
a twistor spinor. Then we have

N (ψ) = 1

2
χ(M), (3.8)

where N (ψ) is the sum of the order of the zeros of ψ . The same formula also holds for
ψ ∈ �(�−M).

Proof We follow a similar approach as in the proof of the last Proposition. First, if ψ is a
twistor spinor on a n−dimensional Riemannian manifold, then it satisfies

D2ψ = R
n

4(n − 1)
ψ,

see for example [9, p. 24]. Moreover, we can again write ∇e j ψ = f jψ for some complex-
valued function f j away from its zero-set. Since ψ is a twistor spinor, it satisfies

|∇ψ |2 = 1

2
|Dψ |2. (3.9)
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An estimate on the nodal set of eigenspinors on closed surfaces 7

Combining (3.9) with (3.4) and (3.5) we obtain
(

| f1|2 + | f2|2 − 1

2
(Re f1 + Im f2)

2 − 1

2
(Re f2 + Im f1)

2
)

|ψ |2 = 0,

which leads to
(
(Re f1 − Im f2)

2 + (Re f2 − Im f1)
2) |ψ |2 = 0.

Thus, we get Re f1 = Im f2 and Re f2 = Im f1 such that (3.6) still holds. In the end, via the
Bochner formula (3.1), we find

� log |ψ | = −1

2
K .

Integrating this equation using (2.3) and the Gauß–Bonnet theorem completes the proof. ��
Corollary 3.6 The only closed surface admitting non-trivial twistor spinors with zeros is
S2. Moreover, there do not exist non-trivial twistor spinors on surfaces with negative Euler
characteristic.

The spinorial Weierstraß representation for CMC-surfaces inR3 is governed by the equa-
tion

Dψ = μ|ψ |2ψ, ‖ψ‖L4 = 1, (3.10)

where μ denotes some real constant. The condition on the L4 norm of ψ normalizes the
volume of the surface to be equal to 1. We refer to [1] and references therein for more details.
We can give an estimate on the nodal set of solutions of (3.10), which was already proven in
[1].

Proposition 3.7 The zero set of solutions of (3.10) can be estimated as

N (ψ) ≤ μ2

4π
− χ(M)

2
. (3.11)

Proof Again, by the main result of [6] we know that the nodal set of solutions of (3.10)
is discrete. Moreover, the last term on the right hand side of (2.2) vanishes when ψ solves
(3.10). We compute

〈ψ, D2ψ〉 = 〈
ψ, D

(
μ|ψ |2ψ)〉 = μ

〈
ψ,

(∇|ψ |2) · ψ
〉

︸ ︷︷ ︸
=0

+μ
〈
ψ, |ψ |2Dψ

〉 = μ2|ψ |6,

where we used the skew-symmetry of the Clifford multiplication and (3.10) in the last step.
Using that |T |2 ≥ 2μ2|ψ |8 in this case we obtain from (1.5)

μ2|ψ |4 ≥ K − 2� log |ψ |
and integrating over the surface M using (2.3) yields the assertion. ��

4 Applications

In this section we give some applications of Theorem 1.3.

Example 4.1 We can use (1.7) to estimate the nodal set of the eigenspinor belonging to the
first eigenvalue on S2 with the round metric. The Dirac spectrum on M = Sn for n ≥ 2
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8 V. Branding

equipped with the round metric is well-known (see for example [4]): The eigenvalues of the
Dirac operator are

λk = ±
(n

2
+ k

)
, k ∈ N.

Thus, from (1.7) we find that the zero set of an eigenspinor belonging to the first eigenvalue
on S2 is empty. This result is also well-known: On the sphere with the round metric the
eigenspinors belonging to the eigenvalues ± n

2 are Killing spinors with α = ± n
2 , see [14,

Example A.1.3] and references therein. Thus, their nodal set is empty. This statement can
also be obtained by an explicit calculation: in [16, Chapter 4], it is shown that on the sphere
Sn with the round metric the eigenspinors corresponding to the eigenvalues λ = ± n

2 are
nowhere zero.

We can generalize this statement to the case of an arbitrary metric with positive curvature.
Recall the following upper bound for the first eigenvalue from [8, Corollary 1]:

Lemma 4.2 Let (M2m, g) be a compact even-dimensional spin manifold of positive sectional
curvature 0 ≤ K and let Kmax be the maximum of K . Then the first eigenvalue of the Dirac
operator D is bounded by

λ21 ≤ 2n−2 n

2
max

M
K M . (4.1)

Lemma 4.3 Assume that M = S2 with a metric of positive curvature. Then we can estimate
the nodal set of the eigenspinor belonging to the first eigenvalue on S2 as

N1 ≤ Vol
(
S2, g

)

4π
max

S2
K − 1. (4.2)

Proof Applying (4.1) on S2

λ21 ≤ max
S2

K

and using (1.7) proves the result. ��

We can also give an upper bound for the nodal set on hyperbolic surfaces. In this case we
will make use of an inequality given by Lott [21]:

Theorem 4.4 Let (Mn, g) be an n-dimensional closed spin manifold with n ≥ 2. Then for
any conformal class [g] on Mn, there exists b[g] > 0 such that

λ21 ≤ b[g] sup
M

(−K ) (4.3)

for any g ∈ [g] with Rg < 0.

Proposition 4.5 Let M be a closed surface with χ(M) < 0. Then the nodal set of the
eigenspinor corresponding to the first eigenvalue of D can be estimated as

N1 ≤ Vol(M, g)b[g]
4π

sup
M

(−K ) − χ(M)

2
. (4.4)

Proof This follows directly from (1.5) and (4.3). ��
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An estimate on the nodal set of eigenspinors on closed surfaces 9

The Willmore energy of a surface M ⊂ R
3 is defined by

W (M) :=
∫

M
H2d M,

where H denotes the mean curvature of M in R
3. It was shown in [5] that the Willmore

energy W (M) can be estimated with the help of the spectrum of the Dirac operator via

W (M) ≥ λ2Vol(M, g).

Using (1.5) this directly implies

Proposition 4.6 We can estimate the Willmore energy as

W (M) ≥ 2πχ(M) + 4π N (ψ). (4.5)

Using the Weyl-asymptotic for linear elliptic operators we can give an estimate on the
nodal set of eigenspinors for large eigenvalues. To this end we order the eigenvalues of D by
increasing absolute values, that is |λ1| ≤ |λ2| ≤ · · ·.
Proposition 4.7 Let M be a closed surface and let ψ ∈ �(�M) be an eigenspinor of D
with eigenvalue λk . For large values of k we find the following estimate

N (ψ) ≤ 4π3

Vol(M, g)
k2 − χ(M)

2
. (4.6)

Proof Recall the Weyl asymptotic for large eigenvalues of a linear elliptic differential oper-
ator

(λk)
n
2 ∼ (2π)nk

Vol(M, g)ωn
, ωn = nn/2

�
( n
2 + 1

) .

The result follows by combining the Weyl asymptotic with (1.7). ��
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