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                    Abstract
In the paper the consistency of the circular block bootstrap for the coefficients of the autocovariance function of almost periodically correlated time series is proved. The pointwise and the simultaneous bootstrap equal-tailed confidence intervals for these coefficients are constructed. Application of the results to detect the second-order significant frequencies is provided. The simulation and real data examples are also presented.
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Appendix
Appendix
First we present lemmas and definitions that will be used a few times while proving results.

                  
                    Definition 1
                  

                  (Synowiecki 2008, Definition 2.2) Time series \(\{X_t, t\in \mathbb {Z}\}\), \(\{Y_t, t\in \mathbb {Z}\}\) are called jointly almost periodically correlated (JAPC), if for each \(t\in \mathbb {Z}\), \(\mathrm {E}|X_t|^2<\infty \), \(\mathrm {E}|Y_t|^2<\infty \) and function \(B_{XY}(t,\tau )=\mathrm {Cov}(X_t,Y_{t+\tau })\) is an almost periodic function of \(t\) for any fixed \(\tau \in \mathbb {Z}\).

                
                  
                    Lemma 1
                  

                  (Synowiecki 2008, Lemma 2.11) Let \(\{X_t, t\in \mathbb {Z}\}\) and \(\{Y_t, t\in \mathbb {Z}\}\) be JAPC. Assume that the autocovariance function is uniformly summable e.g. \(\left| B_{XY}(t,\tau )\right| \le c_{\tau },\) where the sequence \(\{c_{\tau }\}_{\tau =0}^{\infty }\) is summable. Then for each divergent (to infinity) sequence \(\{b_n\}\)
                    
$$\begin{aligned} \sup _{t\in \mathbb {Z}}\left| \mathrm {Cov}\left( \frac{1}{\sqrt{b_n}}\sum _{j=t}^{b_n+t-1}X_j,\frac{1}{\sqrt{b_n}}\sum _{j=t}^{b_n+t-1}Y_j\right) -\sigma _{XY}\right| \rightarrow 0 \quad \text {as}\quad n\rightarrow \infty , \end{aligned}$$

where \(\sigma _{XY}=M_t\left( \sum _{\tau =-\infty }^{\infty }B_{XY}(t,\tau )\right) .\)
                  

                In fact Lemma 1 is an extended version of Lemma 2 from Lenart et al. (2008), which is for jointly periodically correlated time series.

                  
                    Proof of Theorem 2
                  

                  First we show the consistency for the real part of \(\widehat{a}^*_n\left( \lambda ,\tau \right) \) i.e.
$$\begin{aligned}&\sup _{x\in \mathbb {R}}\left| P\left( \sqrt{n}\left( \mathfrak {R}\left( \widehat{a}_n\left( \lambda ,\tau \right) \right) -\mathfrak {R}\left( a\left( \lambda ,\tau \right) \right) \right) \le x)\right) \right. \\&\left. -P^*\left( \sqrt{n}\left( \mathfrak {R}\left( \widehat{a}^*_n\left( \lambda ,\tau \right) \right) -\mathrm {E}^*\left( \mathfrak {R}\left( \widehat{a}^*_n\left( \lambda ,\tau \right) \right) \right) \right) \le x \right) \right| \mathop {\longrightarrow }\limits ^{P}0. \end{aligned}$$

Without loss of generality we assume that the sample size \(n\) is an integer multiple of the block length \(b\) (\(n=lb\), \(l\in \mathbb {N}\)). The proof will be performed in two steps. First we define new bootstrap estimator of \(\mathfrak {R}\left( \widehat{a}_n\left( \lambda ,\tau \right) \right) \). In the second part the consistency of the new estimator will be shown.

                  By \(\widetilde{Z}_{t,b}\) we denote
$$\begin{aligned} \widetilde{Z}_{t,b}=X_t X_{t+\tau }\cos (\lambda t)+\dots +X_{t+b-\tau -1} X_{t+b-1}\cos (\lambda (t+b-\tau -1)), \end{aligned}$$

so this is a part of the sum (5) that can be obtained from elements contained in the block \(B_t=\{X_t,\dots ,X_{t+b-1}\}\).

                  The new bootstrap estimator is defined as
$$\begin{aligned} \mathfrak {R}\left( \widetilde{a}^*_n\left( \lambda ,\tau \right) \right) =\frac{1}{n}\sum _{k=0}^{l-1}\widetilde{Z}^*_{1+bk,b}, \end{aligned}$$

where \(\widetilde{Z}^*_{j,b}\) are conditionally independent and have the common distribution
$$\begin{aligned} P\left( \widetilde{Z}^*_{j,b}=\widetilde{Z}_{t,b}\right) =\frac{1}{n}\quad \text { for } t=1,\dots ,n. \end{aligned}$$

Note that \(\widetilde{a}^*_n\left( \lambda ,\tau \right) \) is not equal to (6) because the sum does not contain summands based on observations belonging to two different blocks. In the first step we show the asymptotic equivalence of \(\mathfrak {R}(\widetilde{a}^*_n\left( \lambda ,\tau \right) )\) an \(\mathfrak {R}(\widehat{a}^*_n\left( \lambda ,\tau \right) )\) e.g.
$$\begin{aligned} \sqrt{n}\left| \mathfrak {R}\left( \widehat{a}^*_n\left( \lambda ,\tau \right) \right) -\mathfrak {R}\left( \widetilde{a}^*_n\left( \lambda ,\tau \right) \right) \!-\!\mathrm {E}^*\left( \mathfrak {R}\left( \widehat{a}^*_n\left( \lambda ,\tau \right) \right) \right) - \mathrm {E}^*\left( \mathfrak {R}\left( \widetilde{a}^*_n\left( \lambda ,\tau \right) \right) \right) \right| \mathop {\longrightarrow }\limits ^{P^*}0. \end{aligned}$$

Using Tchebychev’s inequality it is enough to show that
$$\begin{aligned} n\mathrm {Var}^*\left( \mathfrak {R}\left( \widehat{a}^*_n\left( \lambda ,\tau \right) \right) -\mathfrak {R}\left( \widetilde{a}^*_n\left( \lambda ,\tau \right) \right) \right) \mathop {\longrightarrow }\limits ^{P^*}0. \end{aligned}$$

                    (10)
                

Note that
$$\begin{aligned} \mathfrak {R}\left( \widehat{a}^*_n\left( \lambda ,\tau \right) \right) -\mathfrak {R}\left( \widetilde{a}^*_n\left( \lambda ,\tau \right) \right) =\frac{1}{n}\sum _{t\in C^*_{b,\tau }} X^*_t X^*_{t+\tau } \cos (\lambda t^*), \end{aligned}$$

                    (11)
                

where \(C^*_{b,\tau }\) is the set of such \(t\) that \(t\) and \(t+\tau \) belong to different blocks of size \(b\) i.e.
$$\begin{aligned} C^*_{b,\tau }\!=\!\left\{ t\!\in \! \{1,\dots ,n\}\!: X_t^*\!\in \! B^*_i, X_{t+\tau }^*\!\in \! B^*_{i+b} \text { for } i\!\in \!\{1,b+1,\dots ,(l-1)b+1\}\right\} . \end{aligned}$$

By \(B^*_i\) we denote the block of the form \(B^*_i=(X^*_i,\dots ,X^*_{i+b-1}).\) The set \(C^*_{b,\tau }\) contains \(\tau (l-1)\) elements.

                  Now condition (10) is equivalent to
$$\begin{aligned} \frac{1}{n}\mathrm {Var}^*\left( \sum _{t\in C^*_{b,\tau }} X^*_t X^*_{t+\tau } \cos (\lambda t^*)\right) \mathop {\longrightarrow }\limits ^{P^*}0. \end{aligned}$$

The left-hand side of the expression above can be rewritten as
$$\begin{aligned}&\frac{2}{n}\sum _{k=0}^{l-2}\sum _{k'\ge k}\mathrm {Cov}^*\left( \sum _{i=1}^{\tau } X^*_{(k+1)b-\tau +i} X^*_{(k+1)b+i} \cos (\lambda ((k+1)b-\tau +i)^*), \right. \nonumber \\&\quad \left. \sum _{j=1}^{\tau }X^*_{(k'+1)b-\tau +j} X^*_{(k'+1)b+j} \cos (\lambda ((k'+1)b-\tau +j)^*)\right) \!. \end{aligned}$$

                    (12)
                

In this sum the covariances are non-zero only when \(k'=k\) and \(k'=k+1.\) In the first case we have
$$\begin{aligned}&\mathrm {Var}^*\left( \sum _{i=1}^{\tau } X^*_{(k+1)b-\tau +i} X^*_{(k+1)b+i} \cos (\lambda ((k+1)b-\tau +i)^*)\right) \\&\quad =\mathrm {E}^*\left( \sum _{i=1}^{\tau } X^*_{(k+1)b-\tau +i} X^*_{(k+1)b+i} \cos \left( \lambda ((k+1)b-\tau +i)^*\right) \right) ^2\\&\qquad -\left( \mathrm {E}^*\left( \sum _{i=1}^{\tau } X^*_{(k+1)b-\tau +i} X^*_{(k+1)b+i} \cos (\lambda ((k+1)b-\tau +i)^*)\right) \right) ^2\\&\quad =\frac{1}{n}\sum _{j_1=1}^{n}\frac{1}{n}\sum _{j_2=1}^{n}\left( \sum _{i=1}^{\tau } X_{j_1+b-\tau +i-1} X_{j_2+i-1} \cos \left( \lambda (j_1+b-\tau +i-1)\right) \right) ^2\\&\qquad -\left( \frac{1}{n}\sum _{j_3=1}^{n}\frac{1}{n}\sum _{j_4=1}^{n}\left( \sum _{i=1}^{\tau } X_{j_3+b-\tau +i-1} X_{j_4+i-1} \cos (\lambda (j_3+b-\tau +i-1))\right) \right) ^2. \end{aligned}$$

Under assumption (ii) the absolute expected value of the last expression can be bounded from above by \(C_1\tau ^2,\) where \(C_1\) is some positive constant independent of \(n\). For \(k'=k+1\) we get
$$\begin{aligned}&\mathrm {E}^*\left( \sum _{i_1=1}^{\tau } X^*_{(k+1)b-\tau +i_1} X^*_{(k+1)b+i_1} \cos \left( \lambda ((k+1)b-\tau +i_1)^*\right) \right. \\&\qquad \left. \cdot \sum _{i_2=1}^{\tau } X^*_{(k+2)b-\tau +i_2} X^*_{(k+2)b+i_2} \cos \left( \lambda ((k+2)b-\tau +i_2)^*\right) \right) ^2\\&=\frac{1}{n}\!\sum _{j_1=1}^{n}\!\frac{1}{n}\!\sum _{j_2=1}^{n}\!\frac{1}{n}\!\sum _{j_3=1}^{n}\!\left( \!\sum _{i_1=1}^{\tau }\! X_{j_1+b-\tau +i_2-1} X_{j_2+i_2-1} \cos \left( \!\lambda (j_1+b-\tau +i_2-1)\!\right) \right. \\&\qquad \left. \cdot \sum _{i_2=1}^{\tau } X_{j_2+b-\tau +i_2-1} X_{j_3+i_2-1} \cos \left( \lambda (j_2+b-\tau +i_2-1)\right) \right) ^2 \end{aligned}$$

and again the absolute expected value of the right-hand side is less or equal to \(C_2\tau ^2,\) where \(C_2\) is some positive constant independent of \(n\). Finally, the absolute expected value of (12) is \(O(1/b)\) and simultaneously we get (10). Thus, from the conditional Slutsky’s theorem (see Lahiri 2003, p. 77) it is enough to prove that
$$\begin{aligned}&\sup _{x\in \mathbb {R}}\left| P\left( \sqrt{n}\left( \mathfrak {R}\left( \widehat{a}_n\left( \lambda ,\tau \right) \right) -\mathfrak {R}\left( a\left( \lambda ,\tau \right) \right) \right) \le x)\right) \right. \nonumber \\&\quad \left. -P^*\left( \sqrt{n}\left( \mathfrak {R}\left( \widetilde{a}^*_n\left( \lambda ,\tau \right) \right) -\mathrm {E}^*\left( \mathfrak {R}\left( \widetilde{a}^*_n\left( \lambda ,\tau \right) \right) \right) \right) \le x \right) \right| \mathop {\longrightarrow }\limits ^{P}0. \end{aligned}$$

                    (13)
                

Without loss of generality we consider the transformed \(\widetilde{Z}_{t,b}\) variable
$$\begin{aligned} Z_{t,b}=\widetilde{Z}_{t,b}-\mathrm {E}\left( \widetilde{Z}_{t,b}\right) \end{aligned}$$

and its bootstrap version
$$\begin{aligned} Z^*_{t,b}=\widetilde{Z}^*_{t,b}-\mathrm {E}^*\left( \widetilde{Z}^*_{t,b}\right) . \end{aligned}$$

By Corollary 2.4.8 in Araujo and Giné (1980) to get condition (13) we need to show that for any \(\nu >0\)
                    
$$\begin{aligned}&\sum _{k=0}^{l-1}P^*\left( \frac{1}{\sqrt{n}}\left| Z^*_{1+kb,b}\right| >\nu \right) \mathop {\longrightarrow }\limits ^{P}0, \end{aligned}$$

                    (14)
                


                    $$\begin{aligned}&\sum _{k=0}^{l-1}\mathrm {E}^*\left( \frac{1}{\sqrt{n}}Z^*_{1+kb,b}\mathbf{1}_{\left\{ \left| Z^*_{1+kb,b}\right| >\sqrt{n}\nu \right\} }\right) \mathop {\longrightarrow }\limits ^{P}0, \end{aligned}$$

                    (15)
                


                    $$\begin{aligned}&\sum _{k=0}^{l-1}\mathrm {Var}^*\left( \frac{1}{\sqrt{n}}Z^*_{1+kb,b}\mathbf{1}_{\left\{ \left| Z^*_{1+kb,b}\right| \le \sqrt{n}\nu \right\} }\right) \mathop {\longrightarrow }\limits ^{P}\sigma _1^2. \end{aligned}$$

                    (16)
                

 In order to prove (14), notice that
$$\begin{aligned} \sum _{k=0}^{l-1}P^*\left( \frac{1}{\sqrt{n}}\left| Z^*_{1+kb,b}\right| >\nu \right) =\sum _{k=0}^{l-1}\frac{1}{n}\sum _{s=1}^{n}\mathbf{1}_{\left\{ \left| Z_{s,b}\right| >\sqrt{n}\nu \right\} }=\frac{1}{b}\sum _{s=1}^{n}\mathbf{1}_{\left\{ \left| Z_{s,b}\right| >\sqrt{n}\nu \right\} } \end{aligned}$$

and
$$\begin{aligned}&\mathrm {E}\left| \frac{1}{b}\sum _{s=1}^{n}\mathbf{1}_{\left\{ \left| Z_{s,b}\right| >\sqrt{n}\nu \right\} }\right| \le \frac{1}{b}\sum _{s=1}^{n} P\left( \left| Z_{s,b}\right| >\sqrt{n}\nu \right) \le \frac{1}{b}\sum _{s=1}^{n}\frac{\mathrm {E}\left| Z_{s,b}\right| ^3}{n^{3/2}\nu ^3}. \end{aligned}$$

Since under the assumptions of the theorem \(X_t X_{t+\tau }\) has moments of order \(4+\delta \) uniformly bounded and an \(\alpha \)-mixing function \(\alpha (k)=\alpha _X(\max \{0,k-\tau \})\), we obtain
$$\begin{aligned} \sup _s\mathrm {E}\left| \frac{1}{\sqrt{b-\tau }}\left( Z_{s,b}-\mathrm {E}\left( Z_{s,b}\right) \right) \right| ^4 <\infty . \end{aligned}$$

For more details see Kim (1994).

                  Additionally, using Lemma A.5. from Synowiecki (2007) it follows that
$$\begin{aligned} \sup _s\mathrm {E}\left| \frac{1}{\sqrt{b-\tau }}Z_{s,b}\right| ^4 <\infty . \end{aligned}$$

                    (17)
                

Thus,
$$\begin{aligned}&\mathrm {E}\left| \frac{1}{b}\sum _{s=1}^{n}\mathbf{1}_{\left\{ \left| Z_{s,b}\right| >\sqrt{n}\nu \right\} }\right| \le \frac{1}{b}\sum _{s=1}^{n}\frac{\left( b-\tau \right) ^{3/2}\mathrm {E}\left| \frac{1}{\sqrt{b-\tau }}Z_{s,b}\right| ^3}{n^{3/2}\nu ^3}\le D_1\sqrt{\frac{b}{n}}=\frac{D_1}{\sqrt{l}}, \end{aligned}$$

where \(D_1\) is some positive constant independent of \(n\). This completes the proof of (14).

                  To get (15), notice that
$$\begin{aligned} \sum _{k=0}^{l-1}\mathrm {E}^*\left( \frac{1}{\sqrt{n}}Z^*_{1+kb,b}\mathbf{1}_{\left\{ \left| Z^*_{1+kb,b}\right| >\sqrt{n}\nu \right\} }\right)&= \sum _{k=0}^{l-1}\frac{1}{n}\sum _{t=1}^{n}\frac{1}{\sqrt{n}}Z_{t,b}\mathbf{1}_{\left\{ \left| Z_{t,b}\right| >\sqrt{n}\nu \right\} }\\&= \frac{\sqrt{b-\tau }}{b\sqrt{n}}\sum _{t=1}^{n}\frac{1}{\sqrt{b-\tau }}Z_{t,b}\mathbf{1}_{\left\{ \left| Z_{t,b}\right| >\sqrt{n}\nu \right\} }. \end{aligned}$$

Using Hölder inequality, the expected absolute value of the last expression is less than or equal to
$$\begin{aligned} \frac{\sqrt{b-\tau }}{b\sqrt{n}}\sum _{t=1}^{n}\sqrt{\mathrm {E}\left| \frac{1}{\sqrt{b-\tau }}Z_{t,b}\right| ^2 P\left( \left| Z_{t,b}\right| >\sqrt{n}\nu \right) }. \end{aligned}$$

                    (18)
                

Additionally, using (17) we have
$$\begin{aligned} P\left( \left| Z_{t,b}\right| >\sqrt{n}\nu \right) \le \frac{(b-\tau )^{3/2}\mathrm {E}\left| \frac{1}{\sqrt{b-\tau }}Z_{t,b}\right| ^3}{n^{3/2}\nu ^3}\le \frac{D_2}{l^{3/2}}, \end{aligned}$$

                    (19)
                

where \(D_2\) is some positive constant independent of \(n\). Thus, (18) is at most
$$\begin{aligned} D_3\frac{n\sqrt{b}}{\sqrt{n}bl^{3/4}}=\frac{D_3}{l^{1/4}}, \end{aligned}$$

where \(D_3\) is some positive constant independent of \(n\). This completes the proof of the condition (15).

                  To get (16), notice that
$$\begin{aligned}&\sum _{k=0}^{l-1}\mathrm {Var}^*\left( \frac{1}{\sqrt{n}}Z^*_{1+kb,b}\mathbf{1}_{\left\{ \left| Z^*_{1+kb,b}\right| \le \sqrt{n}\nu \right\} }\right) =\sum _{k=0}^{l-1}\frac{1}{n}\sum _{t=1}^{n}\frac{1}{n}Z_{t,b}^2\mathbf{1}_{\left\{ \left| Z_{t,b}\right| \le \sqrt{n}\nu \right\} }\\&\quad -\sum _{k=0}^{l-1}\left( \frac{1}{n}\sum _{t=1}^{n}\frac{1}{\sqrt{n}}Z_{t,b} \mathbf{1}_{\left\{ \left| Z_{t,b}\right| \le \sqrt{n}\nu \right\} } \right) ^2 =\frac{b-\tau }{bn}\sum _{t=1}^{n}\frac{1}{b-\tau }Z_{t,b}^2\mathbf{1}_{\left\{ \left| Z_{t,b}\right| \le \sqrt{n}\nu \right\} }\\&\quad -\left( \frac{\sqrt{b-\tau }}{n\sqrt{b}}\sum _{t=1}^{n}\!\frac{1}{\sqrt{b-\tau }}Z_{t,b} \mathbf{1}_{\left\{ \left| \!Z_{t,b}\!\right| \le \sqrt{n}\nu \right\} } \right) ^2\!. \end{aligned}$$

Denote the summands on the right-hand side by \(I\) and \(II\), respectively. First we show the convergence of \(II\) to zero in probability. We have
$$\begin{aligned} P\left( |II|>\varepsilon \right)&\le \frac{1}{\varepsilon }\left( \frac{\sqrt{b-\tau }}{n\sqrt{b}}\sum _{t=1}^{n}\frac{1}{\sqrt{b-\tau }}Z_{t,b} \mathbf{1}_{\left\{ \left| Z_{t,b}\right| \le \sqrt{n}\nu \right\} } \right) ^2\\&\le \frac{2}{\varepsilon }\mathrm {E}\left( \frac{\sqrt{b-\tau }}{n\sqrt{b}}\sum _{t=1}^{n}\frac{1}{\sqrt{b-\tau }}Z_{t,b} \right) ^2\\&\!\!\!\!\!\!+\frac{2}{\varepsilon }\mathrm {E}\left( \frac{\sqrt{b-\tau }}{n\sqrt{b}}\sum _{t=1}^{n}\frac{1}{\sqrt{b-\tau }}Z_{t,b}\mathbf{1}_{\left\{ \left| Z_{t,b}\right| >\sqrt{n}\nu \right\} } \right) ^2. \end{aligned}$$

The second term can be bounded as follows:
$$\begin{aligned}&\sqrt{\mathrm {E}\left( \frac{\sqrt{b-\tau }}{n\sqrt{b}}\sum _{t=1}^{n}\frac{1}{\sqrt{b-\tau }}Z_{t,b}\mathbf{1}_{\left\{ \left| Z_{t,b}\right| >\sqrt{n}\nu \right\} } \right) ^2}\\&\quad \le \frac{\sqrt{b-\tau }}{n\sqrt{b}}\sum _{t=1}^{n}\sqrt{\mathrm {E}\left( \frac{1}{\sqrt{b-\tau }}Z_{t,b}\mathbf{1}_{\left\{ \left| Z_{t,b}\right| >\sqrt{n}\nu \right\} } \right) ^2}\\&\quad \le \frac{\sqrt{b-\tau }}{n\sqrt{b}}\sum _{t=1}^{n}\sqrt{\frac{b-\tau }{n\nu ^2}\mathrm {E}\left( \frac{1}{\sqrt{b-\tau }}Z_{t,b} \right) ^4}=O\left( \frac{1}{\sqrt{l}}\right) . \end{aligned}$$

For the first term we have
$$\begin{aligned}&\mathrm {E}\left( \frac{\sqrt{b-\tau }}{n\sqrt{b}}\sum _{t=1}^{n}\frac{1}{\sqrt{b-\tau }}Z_{t,b} \right) ^2\\&\quad =\mathrm {Var}\left( \frac{\sqrt{b-\tau }}{n\sqrt{b}}\sum _{t=1}^{n}\frac{1}{\sqrt{b-\tau }}Z_{t,b} \right) +\mathrm {E}^2\left( \frac{\sqrt{b-\tau }}{n\sqrt{b}}\sum _{t=1}^{n}\frac{1}{\sqrt{b-\tau }}Z_{t,b} \right) \\&\quad \le \frac{b-\tau }{n^2 b}\sum _{t=1}^{n}\sum _{s=0}^{n-1}\left| \mathrm {Cov}\left( \frac{Z_{t,b}}{\sqrt{b-\tau }},\frac{Z_{t+s,b}}{\sqrt{b-\tau }}\right) \right| + \frac{b-\tau }{n^2 b}\mathrm {E}^2\left( \sum _{t=1}^{n}\frac{Z_{t,b}}{\sqrt{b-\tau }} \right) \\&\quad \le \frac{8(b-\tau )}{n^2 b}\sum _{t=1}^{n}\sum _{s=0}^{n-1}\left( \sup _{t}\mathrm {E}\left| \frac{1}{\sqrt{b-\tau }}Z_{t,b} \right| ^4\right) ^{1/2}\alpha _X^{1/2}\left( \max \{0,s-b+1\}\right) \\&\qquad +\frac{b-\tau }{n^2 b}\mathrm {E}^2\left( \sum _{t=1}^{n}\frac{1}{\sqrt{b-\tau }}Z_{t,b} \right) . \end{aligned}$$

The last inequality is a consequence of the inequality for \(\alpha \)-mixing sequences with bounded fourth moments (see Doukhan 1994).

                  For some \(\zeta >0.5\), the first summand on the right-hand side is bounded by
$$\begin{aligned}&\frac{D_4(b-\tau )}{n b}\left( \sum _{s=b}^{n-1}\alpha _X^{1/2}\left( s-b+1\right) +\sum _{s=0}^{b-1}\alpha _X^{1/2}(0)\right) \!\le \!\frac{D_4(b-\tau )}{n b}\sum _{s=1}^{n-1}\!\frac{1}{s^\zeta }+O\left( \!\frac{1}{l}\!\right) , \end{aligned}$$

where \(D_4\) is some positive constant independent of \(n\). From the Toeplitz lemma we get the convergence of \(1/n \sum _{s=1}^{n-1}1/s^\zeta \) to zero.

                  Moreover, because
$$\begin{aligned} \mathrm {E}\left( \frac{1}{b-\tau }Z_{t,b} \right) =O\left( \frac{1}{b-\tau }\right) \end{aligned}$$

                    (20)
                

(see for example Synowiecki 2007), the second summand of the right-hand side is \(O(1/b)\) and simultaneously we obtain the convergence of \(II\) to zero in probability.

                  To show the convergence of \(I\) to \(\sigma _1^2\) in probability we use the decomposition
$$\begin{aligned} I=\frac{b-\tau }{bn}\sum _{t=1}^{n}\frac{1}{b-\tau }Z_{t,b}^2 -\frac{b-\tau }{bn}\sum _{t=1}^{n}\frac{1}{b-\tau }Z_{t,b}^2\mathbf{1}_{\left| Z_{t,b}\right| >\sqrt{n}\nu }. \end{aligned}$$

We show that the first and second term of the right-hand side tends to \(\sigma _1^2\) and zero in probability, respectively. For the first term we use Lemma 5 from Leśkow and Synowiecki (2010) for the array \(\{Q_{n,t}, t=1,\dots ,n\}\), where
$$\begin{aligned} Q_{n,t}=\frac{1}{b-\tau }Z_{t,b}^2. \end{aligned}$$

As a consequence of Lemma A.6 from Synowiecki (2007) and (20), we have
$$\begin{aligned} \frac{1}{n}\sum _{t=1}^{n}\mathrm {E}\left( Q_{n,t}\right) =\frac{1}{n}\sum _{t=1}^{n} \mathrm {Var}\left( \frac{1}{\sqrt{b-\tau }}Z_{t,b}\right) +\mathrm {E}^2\left( \frac{1}{\sqrt{b-\tau }}Z_{t,b}\right) \rightarrow \sigma _1^2. \end{aligned}$$

Moreover, \(\mathrm {E}\left| Q_{n,t}\right| ^2\) is uniformly bounded and the considered array is \(\alpha \)-mixing with \(\alpha _{Q}(\omega )\le \alpha _X\left( \max \{0,\omega -b+1\}\right) ,\) which means that we get the desired convergence to \(\sigma _1^2\).

                  The expected absolute value of the second term is less than or equal to
$$\begin{aligned} \frac{b-\tau }{bn}\sum _{t=1}^{n}\mathrm {E}\left| \frac{1}{b-\tau }Z_{t,b}^2\mathbf{1}_{\left\{ \left| Z_{t,b}\right| >\sqrt{n}\nu \right\} }\right| . \end{aligned}$$

Using Hölder’s inequality and (19), this expression can be bounded from above by
$$\begin{aligned} \frac{b-\tau }{bn}\sum _{t=1}^{n}\sqrt{\mathrm {E}\left| \frac{Z_{t,b}}{\sqrt{b-\tau }}\right| ^4 P\left( \left| Z_{t,b}\right| >\sqrt{n}\nu \right) }\le \frac{b-\tau }{bn}\sum _{t=1}^{n}\sqrt{\mathrm {E}\left| \frac{Z_{t,b}}{\sqrt{b-\tau }}\right| ^4 \frac{D_2}{l^{3/2}}}, \end{aligned}$$

which is \(O(1/l^{3/4}).\) This means that \(I\) tends to \(\sigma _1^2\) in probability and simultaneously gives the consistency of our bootstrap method in estimation of \(\mathfrak {R}(a(\lambda ,\tau ))\).

                  The proof for the imaginary part is the same, so it is omitted.

                  Finally, to finish the proof Cramér-Wold device needs to be used. It is enough to prove that for any \(b_1, b_2 \in \mathbb {R}\)
                    
$$\begin{aligned}&\sup _{x\in \mathbb {R}}\left| \varPhi \left( x,\sigma ^2\right) -P^*\left( \sqrt{n}\left( \left( \widetilde{aw}^*_n\left( \lambda ,\tau \right) \right) -\mathrm {E}^*\left( \left( \widetilde{aw}^*_n\left( \lambda ,\tau \right) \right) \right) \right) \le x \right) \right| \mathop {\longrightarrow }\limits ^{P}0, \end{aligned}$$

where \(\widetilde{aw}^*_n=b_1\mathfrak {R}\left( \widetilde{a}^*_n\left( \lambda ,\tau \right) \right) +b_2 \mathfrak {I}\left( \widetilde{a}^*_n\left( \lambda ,\tau \right) \right) \) and \(\varPhi \) is the cumulative distribution function of the zero mean normal distribution with variance \(\sigma ^2=b_1^2\sigma ^2_1+2b_1b_2\sigma _{12}+b_2^2\sigma _2^2\).

                  Moreover, one may notice that the series \(\{X_t X_{t+\tau } \cos (\lambda t), t \in \mathbb {Z}\}\) and \(\{X_t X_{t+\tau } \sin (\lambda t), t \in \mathbb {Z}\}\) are JAPC (see Definition 1). Applying the same arguments as in the real part case together with Lemma 1, gives the desired convergence. \(\square \)
                  

                
                  
                    Proof of Corollary 1
                  

                  By the same reasoning as in the proof of Theorem 2 we obtain the CBB consistency. The modified assumption (i) together with WAP(3) feature of the considered time series are essential to get the joint almost periodical correlation of the components of \(\widehat{a}_n\left( \lambda ,\tau \right) \). \(\square \)
                  

                
                  
                    Proof of Theorem 3
                  

                  Without loss of generality it is enough to take \(r=2\). We omit the proof because again Cramér-Wold device and the same reasoning as in the proof of Theorem 2 needs to be used. \(\square \)
                  

                
                  
                    Proof of Corollaries 2 and 3
                  

                  All the proofs are following the same reasoning as the previous results. The only change is such that the condition (17) is now a consequence of Theorem 2.2 from Rio (2000). \(\square \)
                  

                
                  
                    Proof of Theorem 4
                  

                  Without loss of generality we present the proof in the one-dimensional case only for \(\mathfrak {R}(a(\lambda ,\tau ))\). The reasoning in the multi-dimensional case is analogous after replacing the absolute value by the norm sign.

                  Following arguments provided by Lahiri (2003, Theorem 4.1) and Synowiecki (2008, Theorem 3.5) we decompose
$$\begin{aligned}&\sqrt{n}\left( H\left( \mathfrak {R}\left( \widehat{a}^*_n\left( \lambda ,\tau \right) \right) \right) -H\left( \mathrm {E}^*\mathfrak {R}\left( \widehat{a}^*_n\left( \lambda ,\tau \right) \right) \right) \right) \\&\quad =\sqrt{n}H'\left( \mathfrak {R}\left( a\left( \lambda ,\tau \right) \right) \right) \left( \mathfrak {R}\left( \widehat{a}^*_n\left( \lambda ,\tau \right) \right) -\mathrm {E}^*\mathfrak {R}\left( \widehat{a}^*_n\left( \lambda ,\tau \right) \right) \right) +R_n^*. \end{aligned}$$

Using a conditional Slutsky’s theorem (see Lahiri 2003, Lemma 4.1), it is enough to show that for any \(\varepsilon >0\)
                    
$$\begin{aligned} P^*\left( \left| R_n^*\right| >\varepsilon \right) \mathop {\longrightarrow }\limits ^{P}0. \end{aligned}$$

Put \(t_n\!=\!\left| \mathrm {E}^* \mathfrak {R}\left( \widehat{a}^*_n\left( \lambda ,\tau \right) \right) \!-\!\mathfrak {R}\left( a\left( \lambda ,\tau \right) \right) \right| \), \(T_n^*\!=\!\sqrt{n}\left( \mathfrak {R}\left( \widehat{a}^*_n\left( \lambda ,\tau \right) \right) \!-\!\mathrm {E}^*\mathfrak {R}\left( \widehat{a}^*_n\left( \lambda ,\tau \right) \right) \right) \).

                  Using the Lagrange theorem \(R_n^*\) can be bounded from above on the set
$$\begin{aligned} \left\{ t_n\le \eta \right\} \cap \left\{ \left| \mathfrak {R}\left( \widehat{a}^*_n\left( \lambda ,\tau \right) \right) -\mathrm {E}^*\mathfrak {R}\left( \widehat{a}^*_n\left( \lambda ,\tau \right) \right) \right| \le \eta \right\} \end{aligned}$$

by
$$\begin{aligned} C\left( \left| \mathfrak {R}\left( \widehat{a}^*_n\left( \lambda ,\tau \right) \right) -\mathrm {E}^*\mathfrak {R}\left( \widehat{a}^*_n\left( \lambda ,\tau \right) \right) \right| ^{\kappa }+t_n^{\kappa }\right) \left| T_n^*\right| , \end{aligned}$$

where \(C\) are some positive constants independent of \(n\) and \(\zeta \in [0,1].\)
                  

                  Moreover,
$$\begin{aligned} \left\{ \left| R_n^*\right| >\varepsilon \right\}&\subset \left\{ \left| R_n^*\right| >\varepsilon ,\left| \mathfrak {R}\left( \widehat{a}^*_n\left( \lambda ,\tau \right) \right) -\mathrm {E}^*\mathfrak {R}\left( \widehat{a}^*_n\left( \lambda ,\tau \right) \right) \right| \le \eta ,t_n\le \eta \right\} \\&\!\!\!\!\!\!\cup \left\{ \left| \mathfrak {R}\left( \widehat{a}^*_n\left( \lambda ,\tau \right) \right) -\mathrm {E}^*\mathfrak {R}\left( \widehat{a}^*_n\left( \lambda ,\tau \right) \right) \right| >\eta \right\} \cup \left\{ t_n>\eta \right\} . \end{aligned}$$

Finally,
$$\begin{aligned} P^*\left( \left| R_n^*\right| >\varepsilon \right)&\le P^*\left( C n^{-\frac{\kappa }{2}}\left| T_n^*\right| ^{1+\kappa }>\frac{\varepsilon }{2}\right) \\&+P^*\left( C t_n^{\kappa }\left| T_n^*\right| >\frac{\varepsilon }{2}\right) + P^*\left( n^{-\frac{1}{2}}\left| T_n^*\right| >\eta \right) +\mathbf{1}_{t_n>\eta }. \end{aligned}$$

For more details see the proof of Theorem 3.5 in Synowiecki (2008).

                  Since
$$\begin{aligned} \left\{ C t_n^{\kappa }\left| T_n^*\right| >\frac{\varepsilon }{2}\right\} \subset \left\{ t_n^{\kappa }>\frac{\eta }{\log n}\right\} \cup \left\{ \left| T_n^*\right| >\frac{\varepsilon }{2C\eta }\log n\right\} , \end{aligned}$$

we have
$$\begin{aligned}&P^*\left( \left| R_n^*\right| >\varepsilon \right) \le 3 P^*\left( \left| T_n^*\right| >C\left( \varepsilon ,\kappa ,\eta \right) \log n\right) +2\cdot \mathbf{1}_{t_n>\frac{\eta }{\log n}}. \end{aligned}$$

From the consistency of our bootstrap method the first summand on the right-hand side is \(o_P(1).\) Additionally, we have
$$\begin{aligned}&\mathrm {E}\left( \mathbf{1}_{\left\{ t_n>\frac{\eta }{\log n}\right\} }\right) \le P\left( t_n>\frac{\eta }{\log n}\right) \le \frac{\log ^2 n}{\eta ^2}\mathrm {E}\left( t_n^2\right) \end{aligned}$$

and
$$\begin{aligned} \mathrm {E}\left( t_n^2\right) \le 2 \mathrm {E}\left| \mathrm {E}^*\mathfrak {R}\left( \widehat{a}^*_n\left( \lambda ,\tau \right) \right) \!-\!\mathfrak {R}\left( \widehat{a}_n\left( \lambda ,\tau \right) \right) \right| ^2+ 2 \mathrm {E}\left| \mathfrak {R}\left( \widehat{a}_n\left( \lambda ,\tau \right) \right) -\mathfrak {R}\left( a\left( \lambda ,\tau \right) \right) \right| ^2. \end{aligned}$$

The second term on the right-hand side is \(O(1/n).\) Moreover, assume that \(n=lb+r,\) where \(0\le r<b\). Using the notation from the proof of Theorem 2 we have
$$\begin{aligned} \mathrm {E}^*\mathfrak {R}\left( \widehat{a}^*_n\left( \lambda ,\tau \right) \right) \!=\!\frac{1}{n}\mathrm {E}^*\!\left( \!\sum _{t\in C^*_{b,\tau }}\!X_t^*X^*_{t+\tau }\!\cos \left( \!\lambda t^*\!\right) \!\right) \!+\!\frac{1}{n}\mathrm {E}^*\!\left( \!\sum _{t \not \in C^*_{b,\tau }}\!X_t^*X^*_{t+\tau }\!\cos \left( \!\lambda t^*\!\right) \!\right) . \end{aligned}$$

The set \(C^*_{b,\tau }\) contains \(\tau l\) elements if \(\tau \le r\) and \(\tau (l-1)+r\) in the opposite case. Without loss of generality we restrict our consideration only to the first case.

                  Using the notation introduced in the proof of Theorem 2 we have
$$\begin{aligned}&\frac{1}{n}\mathrm {E}^*\left( \sum _{t \not \in C^*_{b,\tau }}X_t^*X^*_{t+\tau }\cos \left( \lambda t^*\right) \right) =\frac{1}{n}\sum _{k=0}^{l-1}\mathrm {E}^*\left( \widetilde{Z}^*_{1+bk,b}\right) +\frac{1}{n}\mathrm {E}^*\left( \widetilde{Z}^*_{1+bl,r}\right) \\&\quad =\frac{1}{n}\sum _{k=0}^{l-1}\frac{1}{n}\sum _{t=1}^{n}\widetilde{Z}_{t,b}+\frac{1}{n}\frac{1}{n}\sum _{s=1}^{n}\widetilde{Z}_{s,r}=\frac{1}{n}\sum _{s=1}^{n} \mathfrak {R}\left( \widetilde{a}_n^s\left( \lambda ,\tau \right) \right) , \end{aligned}$$

where \(\mathfrak {R}\left( \widetilde{a}_n^s\left( \lambda ,\tau \right) \right) =\frac{1}{n}\left( \sum _{k=0}^{l-1}\widetilde{Z}_{s+kb,b}+\widetilde{Z}_{s+lb,r}\right) \).

                  Moreover,
$$\begin{aligned}&\frac{1}{n}\mathrm {E}^*\left( \sum _{t\in C^*_{b,\tau }}X_t^*X^*_{t+\tau }\cos \left( \lambda t^*\right) \right) \\&\quad =\frac{1}{n}\sum _{k=0}^{l-1}\mathrm {E}^*\left( \sum _{i=1}^{\tau } X^*_{(k+1)b-\tau +i} X^*_{(k+1)b+i} \cos (\lambda ((k+1)b-\tau +i)^*)\right) \\&\quad =\frac{1}{n}\sum _{k=0}^{l-1}\frac{1}{n}\sum _{j_1=1}^{n}\frac{1}{n}\sum _{j_2=1}^{n}\left( \sum _{i=1}^{\tau } X_{j_1+b-\tau +i-1} X_{j_2+i-1} \cos (\lambda (j_1+b-\tau +i-1))\right) . \end{aligned}$$

Since \(X_t\) has uniformly bounded eighth moments we get
$$\begin{aligned}&\mathrm {E}\left| \mathrm {E}^*\mathfrak {R}\left( \widehat{a}^*_n\left( \lambda ,\tau \right) \right) -\mathfrak {R}\left( \widehat{a}_n\left( \lambda ,\tau \right) \right) \right| ^2\le 2 \mathrm {E}\left| \frac{1}{n}\sum _{s=1}^{n} \mathfrak {R}\left( \widetilde{a}_n^s\left( \lambda ,\tau \right) \right) -\mathfrak {R}\left( \widehat{a}_n\left( \lambda ,\tau \right) \right) \right| ^2\\&\qquad + 2 \mathrm {E}\left| \frac{1}{n^3}\sum _{k=0}^{l-1}\!\sum _{j_1=1}^{n}\sum _{j_2=1}^{n}\left( \sum _{i=1}^{\tau } X_{j_1+b-\tau +i-1} X_{j_2+i-1} \cos (\!\lambda (j_1+b-\tau +i-1)\!)\right) \!\right| ^2\\&\quad =2 \mathrm {E}\left| \frac{1}{n}\sum _{s=1}^{n}\frac{1}{n}\sum _{k=0}^{l-1}\!\sum _{i=1}^{\tau }\! X_{s+(k+1)b-\tau +i}X_{s+(k+1)b+i}\! \cos (\!\lambda (s+(k+1)b-\tau +i)\!)\right| ^2\\&\qquad + O\left( \frac{l^2}{n^2}\right) = O\left( \frac{l^2}{n^2}\right) + O\left( \frac{l^2}{n^2}\right) , \end{aligned}$$

which means that
$$\begin{aligned} \mathbf{1}_{\left\{ t_n>\frac{\eta }{\log n}\right\} }=o_P(1). \end{aligned}$$

This fact completes proof of theorem. \(\square \)
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