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Abstract Regenerative chatter vibrations are common in dril-
ling processes. These unwanted vibrations lead to consider-
able noise levels, damage the quality of the workpiece, and
reduce tool life. The aim of this study is to simulate torsional
and axial chatter vibrations as they play important roles in
dynamic behavior of indexable insert drills with helical chip
flutes. While asymmetric indexable drills are not the focal
points in most of previous researches, this paper proposes a
simulation routine which is adapted for indexable drills. Based
on the theory of regenerative chatter vibration, a model is
developed to include the asymmetric geometries and loadings
that are inherent in the design of many indexable insert drills.
Most indexable insert drills have two inserts located at differ-
ent radial distances, namely central and peripheral inserts.
Since the positions of the central and peripheral inserts are
different, the displacement and thereby the change in chip
thickness differs between the inserts. Additionally, the inserts
have different geometries and cutting conditions, e.g., rake
angle, coating, and cutting speed, which result in different
cutting forces. This paper presents a time-domain simulation
of torsional and axial vibrations by considering the differences
in dynamics, cutting conditions, and cutting resistance for the
central and peripheral inserts on the drill. The time-domain
approach is chosen to be able to include nonlinearities in the
model arising from the inserts jumping out of cut, multiple
delays, backward motions of edges, and variable time delays
in the system. The model is used to simulate cutting forces
produced by each insert and responses of the system, in the

form of displacements, to these forces. It is shown that dis-
placements induced by dynamic torques are larger than those
induced by dynamic axial forces. Finally, the vibration of a
measurement point is simulated which is favorably compara-
ble to the measurement results.
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1 Introduction

Vibrations usually reduce tool life, decrease the workpiece
quality, and may cause damage to the machine [1, 2].
Because of these negative effects, except cases such as
vibration-assisted machining [3–5], vibrations are considered
unwanted phenomena in machining processes. As mentioned
by Tobias [1], vibrations in machining can be categorized into
free, forced, and self-induced vibrations and all of these types
of vibrations can have the mentioned negative effects.
However, Tobias added, among mentioned types of vibra-
tions, self-induced vibrations were more challenging because,
at that time, the mechanisms of this type of vibrations were not
completely known [1].

Since the scope of this paper is limited to self-induced
vibrations, forced vibrations are not covered in this work.
However, forced vibrations can have significant effects on
the quality of metal cutting operations and if they are in lateral
directions, they may cause significant surface marks on the
wall of the hole. Interested readers may refer to [6–10] for
more details on forced vibrations in metal cutting.

Self-induced vibrations have kept their important positions
in metal cutting research for decades because of their com-
plexity and negative effects on machining operations as point-
ed by Quintana et al. in a review paper on chatter in 2011 [11].
Different mechanisms can lead to self-induced vibrations in
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machining which can be categorized into two main types,
namely primary and secondary [11, 12]. The first type in-
cludes those generated by mechanisms in the cutting itself,
such as tool-workpiece friction or mode coupling, and the
second type is caused by a process known as regenerative
chatter vibration [11, 12]. In the process of regenerative chat-
ter vibrations, a wavy surface is generated by motion of the
tool relative to the workpiece due to a triggering dynamic
force. In the next pass of the tool, this wavy surface modulates
the current relative motion of the tool and workpiece and
results in dynamic cutting forces which consequently affect
the response of the structure [13].

Tobias and Fishwick [14] proposed a method to model
regenerative chatter processes in drilling operations. Their fo-
cus was on machine tool deflections which affect the chip
thickness. In general, any displacement in machine-tool-
workpiece that affects the chip load might contribute to
regenerative chatter vibrations. Over time, machine tools have
become more rigid while an increase in stiffness of the drill
bodies is restricted by geometric and economic considerations.
Chatter can happen due to torsional, axial, and bending deflec-
tions of the drill body, and the mechanism of these chatter
vibrations has been investigated in the past by several re-
searchers. While the variation of the thrust force changes the
length of the drill, torque variations also change the length of
the drill due to helical geometry of chip flutes [15]. Changes in
the length of the drill affect the chip thickness and thus the
forces acting on the drill [16, 17]. The resulted dynamic forces
generate vibrations and can develop to form chatter vibrations.

Bayly et al. [16] have modeled torsional-axial chatter
vibrations in drills. Considering orthogonality for the struc-
tural modes of the drill body and the fact that the dominant
frequency in torsional-axial chatter vibration is very close
to the first torsional mode, they assumed that the vibrational
deflection of the drill is equal to deflection of the drill in its
first torsional mode multiplied by a scaling factor. They
obtained a delay differential equation with a constant delay
while mentioning that the delay term varies slightly due to
torsional vibrations [16]. Solving the mentioned delay dif-
ferential equation determines if the process will be stable or
not and hence the limit of radial depth of cut for chatter can
be calculated. Arvajeh et al. in [18] combined this model
with a bending chatter model proposed in [19] to model
chattering both due to bending and torsional-axial vibra-
tions. Roukema et al. [20] proposed a model for torsional-
axial vibration of twist drill which considers the effect of
the torsional vibrations in the wave generation on the work-
piece surface. While in the study done by Bayly et al. [16]
that only the effect of the axial flexibility is included in the
calculation of the chip thickness, the model proposed by
Roukema et al. in [20] allows to consider the torsional flex-
ibility in prediction of chip thickness in each time step. It is
shown in [20] that when the torsional vibration is included

in the model, the amplitude of the vibration reaches a lower
limit. Later, Roukema et al. added the lateral deflections to
the model proposed in [20] and developed a model to de-
scribe the vibration of the drill under torsional, axial, and
bending modes [21, 22]. While the proposed model in [21,
22] does not consider the effect of the process damping, a
model is proposed by Ahmadi et al. in [23, 24] to include
the process damping in the drilling stability and cutting
force predictions. However, the chip thickness is calculated
by considering a constant delay in the equations which af-
fects the predictions of amplitudes of vibrations.

Considering that a variable delay strongly affects the
amplitudes of vibrations and stability of the process [25],
in this work, a time-domain approach is used that allows
variation of the delay term due to the torsional vibrations.
Although the method proposed in [20] considers the effect
of torsional vibrations and hence it has a variable delay in
the system, the main difference with the current paper is
that the proposed method in the current paper is adapted
for indexable drills by considering different dynamics for
central and peripheral inserts. Another difference with the
method proposed in [20] is that here, the workpiece surface
is not simulated separately and this reduces the computation
time considerably.

Due to torsional oscillations, there might be several time
intervals in which the vibrational speed is larger than the ro-
tational spindle speed; therefore, the drill rotates backwards.
The proposedmodel in this work considers this effect and uses
a simplistic way proposed in [25] to incorporate this phenom-
enon in the calculations. In the model presented in [25], a
time-domain simulation is developed for drilling operations
by considering the backward rotations of the cutting edge.
In the current paper, that model is extended to include two
inserts in the model. Including two inserts in the simulation
is important because it allows designers to study the effects
of changes in the design of inserts on the resulting dynamic
behavior.

Indexable insert drills, shortened to indexable drills, which
sometimes are called endrills [26], facilitate two or more
indexable inserts as cutting edges to make holes. The posi-
tions of the inserts on the tool differ, which results in
asymmetry of the geometry and the loading of the drill,
and thus its dynamic behavior. The dynamics of asym-
metric drills has not been investigated in previous re-
search, and it will be addressed here. In addition, while
the main stream in chatter vibration modeling is to pre-
dict chatter occurrence, this paper models the vibrational
behavior when the drill is experiencing chatter vibra-
tions. A time-domain approach is applied to include
the effects of the variable delay, multiple previous cuts,
interrupted cutting, and backward rotations of the tool
which cause significant nonlinearities in the system.
Although the type of drill considered in this work is
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an indexable insert drill with two inserts, the described
method can be extended to drills with more inserts.

The rest of the paper is organized as follows: in
Section 2, the mathematical model is explained in de-
tail. Experimental setup is presented in Section 3, and
the results of the simulation and measurements from
experiment are presented and discussed in Sections 4
and 5.

2 Mathematical modeling

In an indexable insert drill with two inserts, there is a
central insert that cuts the center of the hole while the
peripheral insert cuts the remaining part. Throughout the
paper, superscripts C and P which represent central and
peripheral inserts, respectively, are used to differentiate
displacements, loadings, and chip loads of these two
inserts.

As it is mentioned by Andrew et al. in [27], the
changes of the cutting force due to structural displace-
ments and the response of the system to these fluctua-
tions in forces make a closed loop representing the sys-
tem facing regenerative chatter. Based on this, the meth-
od proposed in this work consists of following main
steps:

– To calculate the cutting torques and axial forces for given
chip thickness of each insert

– To calculate displacements due to structural response to
cutting forces and rigid body motions

– To calculate the chip thickness for each insert by compar-
ing the current locations of inserts with their locations in
previous cuts

Awell-known approach to estimate cutting loads is a linear
method which assumes a linear relationship between loads
and the thickness of uncut chip [28]. Based on this assump-
tion, Eqs. (1) and (2) are used to obtain torques (TC, TP) and
axial forces (FC

z , F
P
z ) from chip thicknesses (hC, hP).

Ti ¼ aiT ⋅h
i þ biT : ð1Þ

Fi
z ¼ aiFz

⋅hi þ biFz
: ð2Þ

In Eqs. (1) and (2), the superscript i determines the
insert which can be C or P. The unit of chip thick-
nesses, hi, is millimeter. The constant coefficients (aiT ,
biT , aiFz

, biFz
) depend on the cutting edge geometries

and workpiece-material and must be estimated to per-
form the chatter simulation.

In the simulation model, the amount of torques and
axial forces generated by each insert is required

separately. The total torque and axial force are the sum-
mations of generated torques and axial forces by central
and peripheral inserts. To determine the contribution of
each insert to the total loads, Eqs. (3)–(6) are used.

FC
z ¼ lC

lC þ lP
⋅F total

z : ð3Þ

FP
z ¼ F total

z −FC
z : ð4Þ

TC ¼ lC

lC þ lP

� �2

⋅T total: ð5Þ

TP ¼ T total−TC: ð6Þ

lC and lP are widths of uncut chips of central and peripheral
inserts respectively. After calculating the loads generated
by each insert, linear regression is used to obtain the
coefficients of Eqs. (1) and (2). In the presence of vi-
brations, chip thicknesses (hi) are time dependent scalar
values and in a discrete representation, Eqs. (1) and (2)
can be used to obtain torque and axial force at the nth
time step as follows:

Ti n½ � ¼ aiT ⋅h
i n½ � þ biT : ð7Þ

Fi
z n½ � ¼ aiFz

⋅hi n½ � þ biFz
: ð8Þ

Due to the axial force and the torque, cutting edges on
the drill move and these motions affect the relative dis-
tance between the cutting edges and the workpiece and in
turn the chip loads. Because of warping of the noncircular
cross section of the drill and helical flutes, deflections are
not the same at different points on the drill tip. Since the
position of each insert on the tool affects its displace-
ments, each insert needs its own degrees of freedom in
the model. In this study, axial and angular motions of
the inserts are considered. Therefore, for drills with two
indexable inserts, the number of degrees of freedom in
the simulation model becomes four, Table 1.

The axial and angular deflections are coupled in
drills with helical flutes [17, 29], and these types of
drills have a torsional-axial mode which includes axial
and angular deflections simultaneously. Figure 1 shows
the simultaneous angular and axial deflection of the drill
when it is twisted or compressed.

The loading-displacement relationships between these four
degrees of freedom are described using 16 frequency response
functions, FRFs. FRFs can be estimated either analytically,
experimentally, or numerically for example by finite element
models. In this study, a global damping ratio, extracted from
experiments is used in a finite element model to obtain the
frequency response functions. The finite element approach
was used to calculate the FRFs because high torsional
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frequency affects the quality of FRFmeasurements. The list of
the FRFs and their inputs and outputs are given in Table 2. In
Table 2, Δθ and Δz represent angular and axial displace-
ments, respectively. Hij is the frequency response function
when Ui is the output deflection and Fj is the input excitation
force and is calculated as a function of excitation frequency, f,
as shown in the following equation [30]:

Hij fð Þ ¼ Ui fð Þ
F j fð Þ : ð9Þ

As a result of the reciprocity principle, Hij is equal to
Hji [30], which means that there are six identical pairs
in these 16 FRFs; therefore, ten frequency response
functions are required to be estimated. By obtaining
mass, stiffness, and damping from frequency response
function, equation of motions for the system is written
as follows:

M€uþ Cu
:þKu ¼ f : ð10Þ

Equation (10) is a system of 16 uncoupled differential
equations. Here, u is the deflection vector as shown in
Eq. (11) and ·u and €u are its time derivatives. f is the load
vector as shown in Eq. (12). M, C, and K are 16 × 16
diagonal matrices and the diagonals of these matrices

are filled with mass, damping, and stiffness values ob-
tained from FRFs.

u ¼ u11 u12 u13 u14 u21 u22 u23 u24 u31 u32 u33 u34 u41 u42 u43 u44½ �T :
ð11Þ

f ¼ FC
z FP

z TC TP FC
z FP

z TC TP FC
z FP

z TC TP FC
z FP

z TC TP
� �T

: ð12Þ

The vibrational displacements of each insert at each direc-
tion are calculated as follows:

ΔzC ¼ ∑
4

j¼1u1 j

ΔzP ¼ ∑
4

j¼1u2 j

ΔθC ¼ ∑
4

j¼1u3 j

ΔθP ¼ ∑
4

j¼1u4 j

: ð13Þ

Δzi andΔθi represent the axial and the angular vibra-
tions, respectively. In this work, the fourth-order Runge-

Table 2 The list of frequency response functions

Frequency
response
function

Input
load

Output displacement

Direction Symbol

1 H11
FC
z

The axial direction of the central
insert

u11

2 H12
FP
z

The axial direction of the central
insert

u12

3 H13 TC The axial direction of the central
insert

u13

4 H14 TP The axial direction of the central
insert

u14

5 H21
FC
z

The axial direction of the peripheral
insert

u21

6 H22
FP
z

The axial direction of the peripheral
insert

u22

7 H23 TC The axial direction of the peripheral
insert

u23

8 H24 TP The axial direction of the peripheral
insert

u24

9 H31
FC
z

The angular direction of the central
insert

u31

10 H32
FP
z

The angular direction of the central
insert

u32

11 H33 TC The angular direction of the central
insert

u33

12 H34 TP The angular direction of the central
insert

u34

13 H41
FC
z

The angular direction of the
peripheral insert

u41

14 H42
FP
z

The angular direction of the
peripheral insert

u42

15 H43 TC The angular direction of the
peripheral insert

u43

16 H44 TP The angular direction of the
peripheral insert

u44

Table 1 Degrees of freedom of the system

Degree of freedom Insert Direction

1 Central Axial

2 Peripheral Axial

3 Central Angular

4 Peripheral Angular

Fig. 1 Angular and axial deflections (Δθ and Δz) of the drill
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Kutta method is used to solve the system of differential
equation shown in Eq. (10). To follow the Runge-Kutta
scheme, a vector variable, y, is introduced as shown in
Eq. (14):

y ¼ u
u
:

� �

y
: ¼ u

:

€u

� �
: ð14Þ

In Eq. (14), dots represent time derivatives. €u is calculated
by rewriting Eq. (10) as follows:

€u ¼ M−1 f−Cu:−KuÞ:ð ð15Þ

Considering Eqs. (14) and (15), y
:
can be written as a func-

tion of time (t) and y:

y
: ¼ g t; yð Þ: ð16Þ

The system of differential equations presented in
Eq. (16) is solved by assuming y= 0 at the beginning.
During the drilling operation, the drill rotates and
moves in axial direction relative to the workpiece.
Angular and axial rigid body motions at each time step
(Δθrigid and Δzrigid, respectively) are obtained as shown
in Eq. (17).

Δ θrigid ¼ Ω ⋅ Δ t

Δzrigid ¼ f n
2000π

⋅Δθrigid
: ð17Þ

In Eq. (17), Δt is the time step in seconds, Ω is the
tool angular speed in radians per second, and fn is the
axial feed in millimeters per revolution. The time step
was chosen in a way that 1/Δt is about 21 times as
large as the torsional resonance frequency. In each time
step, deflections are obtained from solving Eq. (16) and
are then used to calculate axial and angular positions of
the inserts, q, at the nth time step as follows:

q n½ � ¼
zC

zP

θC

θP

8>><
>>:

9>>=
>>;

¼

nΔzrigid þ ∑
4

j¼1
u1 j

nΔzrigid þ ∑
4

j¼1
u2 j

nΔθrigid þ ∑
4

j¼1
u3 j

nΔθrigid þ ∑
4

j¼1
u4 j

8>>>>>>>>>>>><
>>>>>>>>>>>>:

9>>>>>>>>>>>>=
>>>>>>>>>>>>;

: ð18Þ

As shown in Eq. (19), to estimate the chip thickness, hi[n],
the current position of the cutting edge, zi[n], is compared to
the positions of the insert at previous tool passes, where an-
gular position of the insert was equal to θi[n]−2kπ.

hi n½ � ¼ zi n½ �−max zi
��
θi¼θi n½ �−2kπ

	 

; k ¼ 0; 1; 2;… : ð19Þ

By changes in k, more than one delay is considered
in the model. This is an approach to involve more than
one preceding cuts and it has been used by Tlusty and
Ismail in modeling of milling [31]. When the ampli-
tudes of vibrations are large, the cutting edge might
jump out of cut. This phenomenon which has been
mentioned in, e.g., [31] affects the dynamic of the sys-
tem and therefore needs to be considered in the model.
If the calculated chip thickness is a negative value, this
shows that the cutting edge is not engaged in the work-
piece and therefore cutting loads are zero. Additionally,
in some time intervals, the torsional vibrations are so
large that they cause the drill to move backwards [21,
25], i.e., the edge has a negative velocity relative to the

workpiece (Δθ
⋅ i þ Ω < 0 ). In such cases, the tool

touches the workpiece by the flank face if hi[n] > 0.

Initial guess for 

ℎ  and ℎ

Calculate F  and 

End

No

Yes

ℎ | [ ] )  , 

Convergence 

criterion

Calculate 

Yes

No

Fig. 2 The flow chart of the simulation routine
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Since the rake face is not cutting, Eqs. (7) and (8)
cannot be used. In the model proposed in [21], it is
assumed that no chip removal takes place in these
situations, while in this work, it is assumed that the
surface is deformed by rubbing the flank face over the

workpiece. Only edge coefficients (biT , b
i
Fz

) are used to

calculate cutting forces [25], which means constant fric-
tion forces are applied. The Coulomb friction assump-
tion to describe the interaction between the flank face
and surface of the workpiece in the case of backward
motions has been used by Wiercigroch [32]. Equations
(20) and (21) show how cutting loads are calculated
depending on the direction of motions of cutting edge
relative to the workpiece:

Ti n½ � ¼
aiT ⋅h

i n½ � þ biT hi n½ � > 0 and Δθ
⋅i
n½ � þΩ≥0

−biT hi n½ � > 0 and Δθ
⋅i
n½ � þΩ < 0

0 hi n½ � ≤ 0

8><
>: : ð20Þ

Fi
z n½ � ¼

aiFz
⋅hi n½ � þ biFz

hi n½ � > 0 and Δθ
⋅i
n½ � þΩ≥0

biFz
hi n½ � > 0 and Δθ

⋅i
n½ � þΩ < 0 :

0 hi n½ � ≤ 0

8><
>: ð21Þ

The axial forces and torques generated by both inserts are
summed up to obtain the total torque, T[n], and axial force,
Fz[n], at each time step:

T n½ � ¼ TP n½ � þ TC n½ �: ð22Þ
Fz n½ � ¼ FP

z n½ � þ FC
z n½ �: ð23Þ

The force vector, f, is required at each time step to
solve Eq. (10) and obtain the current positions of the
cutting edges. However, at the same time, the force
vector depends on the current positions of the edges.

An iterative approach is applied to handle this nonline-
arity. The calculated forces are used in Eqs. (14)–(18) to
calculate the positions of the edges at the current time
step. The obtained positions are used in Eq. (19) to
calculate the chip thicknesses. The current chip thick-
nesses are then updated and the iterations continue until
the fulfillment of the convergence criterion. The conver-
gence criterion is that differences in angular positions of
both inserts in two successive iterations should be
smaller than a predefined error. Figure 2 shows a flow
chart of the suggested algorithm.

By using the simulated forces, it is possible to pre-
dict dynamic displacements of any arbitrary point on the
drill body. The simulated forces are used to predict the
tangential vibrations of a measurement point as de-
scribed in the next sections. In this paper, tangential
direction refers to the direction that is perpendicular to
the drill axis and tangent to the circumscribing cylinder
of the drill at the measurement point.

3 Experimental setup

An indexable drill from Sandvik Coromant, with two
inserts and specifications shown in Table 3, was used
in the drilling test. The measurement was conducted in
a turning machine; therefore, the workpiece was rotating
while the drill was moving in axial direction to provide
the axial feed.

The cutting process was performed without applying
coolant to avoid damaging lasers and electronic parts of
the setup. A laser was used to measure the speed at a
point on the drill (D) as shown in Figs. 3 and 4 at a
sampling frequency of 83,333 Hz. The setup is shown
in Figs. 4 and 5. The measurement point (D) was lo-
cated at a distance of 210 mm from the laser and
48 mm from the top of the drill.

The tangential speed at the measurement point is not at the
direction of the laser beam (the red line). This means the angle
between the laser beam and the radial direction at the

Table 3 Specifications
of the tool Diameter 24 mm

Length 96 mm

Product code 880 −D2400L25− 04

D 

Fig. 3 Measurement point D at
the edge of the central flute and in
a distance of 48 mm from the top
of the drill
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measurement point (the green line) is not 90°. This angle is
called θ, as shown in Fig. 6, and it can be calculated as given in
Eq. (24).

θ ¼ acos
v1⋅v2
v1j j v2j j

� �
¼ 143:4 deg: ð24Þ

The measured speed is divided by cos(θ) to get the tangen-
tial speed at the measurement point.

4 Comparison between simulation and experimental
results

The same drill as described in the previous section is
used in the simulation. The Young’s modulus of
210 GPa, Poisson’s ratio of 0.3, and density of
7800 kg/m3 are used for the tool material. The damping
ratio for the tool body is extracted from the experiment
as ζ= 0.16 %, and it is used in a finite element model
to calculate the required frequency response functions.
Mass, stiffness, and damping, extracted from the obtain-
ed frequency response functions, are presented in
Table 4.

In some of the frequency response functions,
shown in Table 4, values are negative due to the fact
that in these FRFs, static load and deformations are in
opposite directions. For example, in H13, while static
torque increases, the drill shortens and central insert
moves in negative direction of z-axis.

The workpiece material is 34CrNiMoS6 (SS 2541)
and since no coolant is used in vibration measurements,
the cutting force measurement has been conducted

Control Laser

Main Laser 

Fig. 4 Experimental setup for measuring tangential speed

Main Laser 

Fig. 5 Location of the laser. The
red line connects the laser to the
measurement point D. The green
line connects the center of the drill
to D and the blue line connects the
center of the drill to the laser
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without applying coolant too. The average values of
axial forces and torques at different feed rates at the
cutting speed of 200 m/min are calculated from the
measurement data and are shown in Table 5.

Torques and axial forces are negative values because
of orientation of coordinate system as shown in Fig. 1.

The width of the uncut chip of the central insert, lC,
and the peripheral insert, lP, is 6.19 and 5.81 mm,
respectively. Generated torques and axial forces are es-
timated using Eq. (3)–(6) and are shown in Table 6.

The linear regressions for the values in Table 6 are
as follows:

TC ¼ −29:5h−2:3 ð25Þ
TP ¼ −81:4h−6:4 ð26Þ
FC
z ¼ −2178h−1279 ð27Þ

FP
z ¼ −2040h−1201 ð28Þ

Drilling is simulated using the mathematical model
described in the previous section, and iterations are con-
ducted in each time step until the differences in angular
positions of the inserts in two successive iterations are
less than 8 × 10−4 rad.

While the simulation estimates speeds at the top of
the drill, the experimental setup measures speeds at
point D, as shown in Fig. 3, which is more convenient
for the measurement. Since the top of the drill goes into
the hole during the cutting process, it is not possible to
use the proposed setup to measure its speed. Therefore,
point D is used to compare the simulated and the ex-
perimental results.

D

 

Fig. 6 Angle, θ, between the laser beam (the red vector, v1) and the radial
direction on the measurement point (the green vector, v2)

Table 4 Dynamic parameters

FRF Load Displacement Mass Damping Stiffness

1 H11
FC
z

zC 1.72 kg 1.53 × 102 kg/s 1.14× 109 N/m

2 H12
FP
z

zC 1.68 kg 1.49 × 102 kg/s 1.11 × 109 N/m

3 H13 TC zC −3.21 × 10−3 kgm −2.64× 10−1 kgm/s −2.12 × 106 Nm/m
4 H14 TP zC −3.09 × 10−3 kgm −2.54× 10−1 kgm/s −2.04 × 106 Nm/m
5 H21

FC
z

zP 1.68 kg 1.49 × 102 kg/s 1.11 × 109 N/m

6 H22
FP
z

zP 1.77 kg 1.44 × 102 kg/s 1.17× 109 N/m

7 H23 TC zP −3.12 × 10−3 kgm −2.58× 10−1 kgm/s −2.06 × 106 Nm/m
8 H24 TP zP −3.00 × 10−3 kgm −2.48× 10−1 kgm/s −1.98 × 106 Nm/m
9 H31

FC
z

θC −3.21 × 10−3 kgm/rad −2.64× 10−1Ns/rad −2.12 × 106 N/rad

10 H32
FP
z

θC −3.10 × 10−3 kgm/rad −2.57× 10−1 Ns/rad −2.05 × 106 N/rad

11 H33 TC θC 5.55× 10−6 kgm2/rad 4.57 × 10−4 Nms/rad 3.67× 103 Nm/rad

12 H34 TP θC 5.34× 10−6 kgm2/rad 4.39 × 10−4 Nms/rad 3.53× 103 Nm/rad

13 H41
FC
z

θP −3.09 × 10−3 kgm/rad −2.54× 10−1 Ns/rad −2.04 × 106 N/rad

14 H42
FP
z

θP −3.00 × 10−3 kgm/rad −2.48× 10−1 Ns/rad −1.98 × 106 N/rad

15 H43 TC θP 5.34× 10−6 kgm2/rad 4.39 × 10−4 Nms/rad 3.53× 103 Nm/rad

16 H44 TP θP 5.14× 10−6 kgm2/rad 4.23 × 10−4 Nms/rad 3.40× 103 Nm/rad
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To simulate the vibrations of the measurement point,
D, simulated dynamic axial forces and torques are ap-
plied on the drill and angular displacement of the point
D is estimated by summing up the angular displace-
ments generated by torques and axial forces of central
and peripheral inserts as shown in Eq. (29).

θD ¼ H51⋅FC
z þ H52⋅FP

z þ H53⋅TC þ H54⋅TP ð29Þ

H51–H54 are frequency response functions between the top
of the drill and the angular motion of the measurement point,
D, as given in Table 7. The finite element approach is used to
obtain these frequency response functions.

The obtained angular speed is multiplied by the radius of
the drill (r = 12 mm) to obtain tangential speed of the drill at
the point D.

The measured and simulated tangential speeds of a drilling
process when the cutting speed and the feed rate are 200 m/
min and 0.1 mm/rev, respectively, are shown in Fig. 7 and the
spectra of these signals are shown in Fig. 8.

As shown in Fig. 7, the amplitude of the simulated
vibration is around 80 % of the experimental one. In
the frequency domain, the model predicts the frequency
of the chatter around 143 Hz above the experimental
value which is around 4 % error. Considering Figs. 7
and 8, the model shows a reasonable agreement with
the measurements.

Torsional vibrations may cause backward rotations
[20]. As mentioned in Section 2, Eqs. (20) and (21)
are used to calculate forces in such cases. The effects
of this phenomenon on torque and axial forces appear
in the form of spikes in simulation results as shown in
Figs. 9 and 10.

As it can be seen in Figs. 9 and 10, the generated
dynamic torques and axial forces have different patterns
for central and peripheral inserts. In this case, the pe-
ripheral insert is generally experiencing more backward
cuttings which are represented by more spikes in the
simulation results for the torque and the axial force as
shown in Figs. 9 and 10. Another point is that the
dynamic part of the torque is around 28 % of its static
part which is relatively high. Therefore, the effects of
this high frequency, high amplitude dynamic changes
need to be considered in the design of the drill. This
dynamic variation is around 8 % in the axial forces
which is lower than variations in the torques but it is
still significant.

Variations of torque and axial force generated by
each insert cause torsional and axial vibrations of in-
serts as shown in Figs. 11 and 12. The total axial or
torsional vibrations of each insert are achieved by the
summing up of vibrations generated by all loads.

Contributions of forces to induced vibrations are
not equal as shown in Figs. 11 and 12. Vibrations
generated by torque variations are in opposite phase
of vibration induced by axial variations. This could
be explained considering the effect of helix angle of
the flutes. Due to this, the axial force counters a part
of displacements generated by torque and therefore
plays a stabilizing role. Another observation is that,
the effects of dynamic torques are considerably stronger

Table 5 Average axial forces and torques at cutting speed of 200m/min
and different feeds

Feed (mm/rev) Cutting speed
(m/min)

Torque (N/m) Axial force (N)

0.12 200 −21.94 −2955
0.14 200 −24.35 −3119
0.18 200 −28.63 −3224

Table 6 Estimated torques and axial forces generated by central and
peripheral insert

Feed
(mm/
rev)

Cutting
speed
(m/min)

Torque (Nm) Axial force (N)

Peripheral
insert

Central
insert

Peripheral
insert

Central
insert

0.12 200 −16.10 −5.84 −1431 −1524
0.14 200 −17.87 −6.48 −1510 −1609
0.18 200 −21.01 −7.62 −1561 −1663

Table 7 Dynamic parameters for the angular deflection of the point D

FRF Load Mass Damping Stiffness

1 H51
FC
z

4.8 × 10−3 kgm/rad 4.04× 10−1 Ns/rad 3.31 × 106 N/rad

2 H52
FP
z

3.8 × 10−3 kgm/rad 3.17× 10−1 Ns/rad 2.60 × 106 N/rad

3 H53 TC −4.72× 10−6 kgm2/rad −3.97 × 10−4 Nms/rad −3.25× 103 Nm/rad
4 H54 TP −4.86× 10−6 kgm2/rad −4.08 × 10−4Nms/rad −3.34× 103 Nm/rad
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than the effects of dynamic axial forces in the simulated
drilling.

The cutting speed of 200 m/min and the tool diam-
eter of 24 mm correspond to a spindle frequency of
44.2 Hz. Considering the third natural frequency of
the structure which is 4091 Hz, there are around 92
vibrational cycles in each tool revolution. This means
that each vibration cycle covers about 0.068 rad of
tool revolution. Comparing this value to torsional vi-
brations presented in Fig. 12 shows that vibrations can
change the angular position of the inserts about 20 %
of a vibration cycle. This affects the delay time be-
tween two successive cuts as shown in Fig. 13.

If there are no torsional vibrations, the time interval
between two successive cuts remains constant which
can be represented as a constant delay. This constant

delay is equal to the required time for one complete
rotation of spindle which is around 22.62 ms in the
current simulation. However, due to torsional vibra-
tions, the delay between two successive cuts is not
constant and changes by time; this is shown in
Fig. 13 for central insert.

If the torsional vibration is ignored in the model, the differ-
ential equations corresponding to frequency response functions
9–16 disappear from system dynamics and Eq. (16) is reduced
to a system of eight differential equations. In this case, the time
delay remains constant which affects the simulation results as
shown in Fig. 14.

The simulated tangential speed at point D in the
case of the variable delay and constant delay is com-
pared to the measurement results in Fig. 14. As can be
seen in Fig. 14, in the constant delay system (c), the

Fig. 8 a The spectrum of the measured tangential speed at point D. b The
spectrum of the simulated tangential speed at point D

Fig. 9 Generated torques by central insert (a) and peripheral insert (b)

Fig. 10 Generated axial forces by central insert (a) and peripheral insert
(b)

Fig. 7 The measured (solid line) and the simulated (dashed line)
tangential speed at point D
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amplitude of the speed increases towards infinity, while
it is limited in the case that considers the time delay
variations (b).

The dependence of the delay term on the state of the
system and its varying nature, in combination with non-
linearities which arise from Eqs. (20) and (21), prevents
the simulation of dynamics of drilling with analytical
methods presented in the literature; however, using the
presented time domain simulation, it was possible to
overcome these difficulties.

5 Conclusions

A detailed model is proposed to simulate vibrations of
indexable insert drills where regenerative chatter vibra-
tions exist in axial and angular directions. This model
enables a detailed study of the forces, torques, and
movements. The importance of modeling of chatter rath-
er than just predicting its occurrence comes from the
fact that in many drilling operations, particularly with
long drills, chatter exists due to large chip width; thus,
it is more practical to reduce the amplitude of chatter
vibrations by improving the design of the drill. The
indexable drills have asymmetries in their geometries
and loadings, and to incorporate the effect of such

asymmetric designs, in the presented simulation, 16 fre-
quency response functions are utilized. In addition, the
effect of torsional vibrations on the time interval be-
tween two successive cuts (the delay term) is considered
in the model. Nonlinearities posed by tool jump-outs
and backward rotations are also considered. The studied
example shows the importance of including effects of
varying time delay on the dynamics of the drilling
which is often ignored in analytical chatter prediction
models for drilling.

The mentioned details can play a crucial role in drill
design including designs of inserts, clamping systems
for inserts, and the overall design of an indexable drill.
For example, higher backward rotations in peripheral
inserts may necessitate the application of a different
coating type on the flank face of the peripheral insert
compared to the coating of the central insert. The model
predicts high variations in cutting forces, which is of
great importance in analyzing and designing of the
tools. The effects of these dynamic changes on the
forces may need to be considered in the fatigue
analysis.

Comparing the spectrum of the simulated and the
measured tangential speed indicates that the model is
able to predict the existence of chatter vibrations, fre-
quency of the chatter, and its higher harmonics in

Fig. 11 The axial vibration of the
central insert (a) and the
peripheral insert (b) due to axial
forces and torques generated by
the central and the peripheral
inserts

Fig. 12 The torsional vibration
of the central insert (a) and the
peripheral insert (b) due to axial
forces and torques generated by
the central and the peripheral
inserts
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frequency domain and amplitude of chatter vibrations in
time domain. As it is shown in the previous sections,
the patterns of dynamic cutting forces are not the same
for central and peripheral inserts, which is important to
consider from a design perspective. The model can be
used to simulate the amplitude of vibrations on both
inserts, which is useful for evaluating the new designs
of drills. The developed model could be used for the
selection between various drill designs, which consider-
ably reduces the number of prototypes needed during
the development of new indexable drills.
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