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1 Introduction

Recently, it has been proposed that the structure of spacetime in gravitational theories

may inextricably be related with the entanglement structure of some fundamental degrees

of freedom [1, 2]. The holographic formula of the entanglement entropy [3]

S(A) =
1

4G
(d+2)
N

Area(γA), (1.1)

which provides a prescription to quantify the entanglement entropy S(A) of a region A in a

(d+1)-QFT which admits a (d+2)-gravity dual given by the AdS/CFT correspondence [4–

6], happens to be a first manifestation of this conjecture. Here, γA is the codimension-2

static minimal surface in AdS(d+2) whose boundary and area are given by ∂A and Area(γA)

respectively. In this context, it has been shown that entanglement entropy obeys a first

law, an exact quantum generalization of the ordinary first law of thermodynamics. Thus,

in any CFT with a semiclassical holographic dual, this first law has an interpretation in

the dual gravitational theory as a constraint on the spacetimes dual to CFT states. Based

on the Ryu-Takayanagi proposal and this first law of entanglement, it is possible to extract

the dynamics of the emergent space-time at linearized level (for certain entangling regions).

This approach has been pioneered by authors in [7] and followed much more precisely in [8].

Another proposal to understand the relationship between the structure of quantum en-

tanglement and an emergent space-time has recently emerged. Following suggestions in [1],

authors in [2] proposed that any two entangled quantum systems may admit a dual grav-

itational description given by a non-transversable wormhole geometry. In most cases, the

wormhole duals are hard-to-describe strongly fluctuating quantum mechanical geometries,

but in some cases, the wormhole duals may possess a smooth Riemannian geometry.

In addition, using MERA (multi-scale entanglement renormalization ansatz, [9]) tensor

network representations (particularly its continuous version, cMERA, [10]), a gravitational-

like geometric description of some relevant states in quantum many body systems and field
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theories have been provided [11, 12]. We refer to [13–17] for more recent progress on

this subject. However, the relation between the entanglement structure underlying the

tensor network construction and its geometrical description has been established only on

qualitative grounds.

In this work, we find that the square of the differential generation of entanglement

entropy along the renormalization group flow implemented by cMERA, amounts to a ge-

ometrical description of the ground states of two (1+1)-dimensional QFTs given in terms

of the Fisher information metric. Instead of focusing on a geometric description of the

entangled subsystems, we will carry out our analysis by considering the entanglement be-

tween the left and right-moving modes of the QFT. Furthermore, it will be shown how

the emergent geometrical description of the state, remains invariant despite there is an

irreducible gauge freedom in the definition of the cMERA network.

The paper is structured as follows: in section 2, we briefly review the formalism of

entanglement renormalization for continuous quantum systems (cMERA), especially fo-

cusing on the coherent state formulation for free Gaussian theories. In any case, we refer

to [10, 12] for more extensive treatments and presentations of the topic. Section 3 is de-

voted to the computation of the left-right entanglement entropy and its flow along the

cMERA renormalization group process. At the end of the section, we provide some hints

on the emergent geometrical interpretation of the cMERA differential entanglement flow in

terms of the relative entropy, a measure of distinguishability between quantum states. In

section 4, we comment on the emergent geometry describing the cMERA renormalization

and its relation with the flow of left-right entanglement computed in section 3. It is shown

how this geometric description remains invariant under some class of local gauge transfor-

mations defined along the cMERA renormalization flow. Finally we summarize our results

and suggest some issues to be investigated in the future.

2 Entanglement renormalization for QFT

Entanglement renormalization (MERA) is a real-space renormalization group formulation

on the quantum state (instead of the Wilsonian RG scheme) [9, 10]. MERA represents the

wavefunction of the system at each relevant length scale u of the system. By convention,

u = 0 refers to the state description at short lenghts (UV-state |ΨUV 〉). Starting from it,

(in principle, this amounts to a highly entangled state), each scale u of MERA performs a

renormalization transformation in which, prior to coarse graining the effective degrees of

freedom at that scale, the short range entanglement between them is removed through the

action of an unitary transformation called disentangler. Thus iteratively, MERA removes

the quantum correlations between small adjacent regions of space at each length scale.

This RG procedure is applied arbitrarily many times until one reaches the IR-state |ΨIR〉.1
Namely, the procedure may be run backwards so, starting from |ΨIR〉, one unitarily adds

entanglement at each length scale until the correct |ΨUV 〉 is generated.
1The state |ΨIR〉 has no real space entanglement, i.e, is a completely unentangled state in case of massive

theories. When considering a massles CFT, this state coincides with the vacuum |0〉 of the theory which is

an entangled state.
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To be precise, let us consider the state |Ψ(u)〉 obtained by adding entanglement between

modes of momentum k ≤ Λe−u to the unentangled state |ΨIR〉,

|Ψ(u)〉 = P e
−i

∫
u

uIR
dû(K(û)+L) |ΨIR〉, (2.1)

where P is a path ordering symbol which allocates operators with bigger u to the right and

Λ is the UV momentum cut-off. The operator K(û) generates the entanglement along the

cMERA flow from uIR to a given u. It reads as,

K(û) =

∫
ddk Γ(k/Λ) g(û, k)Ok, (2.2)

where Ok is an operator acting at the energy scale given by k and Γ(x) = 1 for 0 < x < 1

and zero otherwise. The function g(û, k) is model/state dependent and gives the strenght of

the entangling process at a given scale. The operator L corresponds to the coarse-graining

process [10, 12]. In this paper we mainly focus on the entangling process, thereby, to get

rid of the L process in our analysis, we proceed by rescaling the cMERA states as,

|Ψ̃(u)〉 = P e
−i

∫
u

uIR
dû K̃(û) |ΨIR〉. (2.3)

Here, the entangler operator is given in the interaction picture K̃(û) = e−iûLK(û) eiûL,

and reads as,

K̃(û) =

∫
ddk Γ(k eû/Λ) g(û, k eû) Õk, (2.4)

with Õk = e−iûLOk e
iûL.

In this paper, we will consider two examples of free fields in (1+1) dimensions, namely

the free massive boson and a free massive Dirac fermion. For the free boson theory

with action,

SB =

∫
dtdx

[
(∂t φ)

2 + (∂x φ)
2 −m2φ2

]
, (2.5)

one has,

K̃B(û) = i

∫
dk
(
gBk (û) a

†
k a

†
−k − gBk (û)

∗ ak a−k

)
, (2.6)

where gBk (û) = Γ(keû/Λ) gB(û, k) and a†k, ak are the creation and anihilation operators of

the field mode with momentum k such that, if |0〉B is the vacuum state of the theory then,

ak|0〉B = a−k|0〉B = 0.

The free Dirac fermion theory is given by the action,

SF =

∫
dtdx

[
iψ
(
γt∂t + γx∂x

)
ψ −mψψ

]
, (2.7)

where ψ is a two component complex fermion with γt = σ3, γ
x = iσ2 and ψ = ψ†γt. The

entangler operator in this case reads as,

K̃F (û) = i

∫
dk
(
gFk (û) c

†
k dk + gFk (û)

∗ ck d
†
k

)
, (2.8)
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where gFk (û) = (k eu/Λ)Γ(keû/Λ) gF (û, k) and ck, d
†
k are the anihilation operators for field

modes of each component (particles and anti-particles) such that [12],

ck|0〉F = d†k|0〉F = 0. (2.9)

In the following we shall omit the subscripts (B,F ) while it will be clear to which case

we are referring.

Coherent state description of cMERA. In the bosonic theory, the state in eq. (2.3)

may equivalently be written as [12],

|Ψ̃(u)〉 = N exp

[∫
dkΦk(u) a

†
k a

†
−k

]
|0〉 = N

∏

k

exp
[
Φk(u) a

†
k a

†
−k

]
|0〉, (2.10)

where,

Φk(u) =

∫ u

0
gk(û) dû. (2.11)

The state is normalized by taking N = exp
[
−1/2

∫
dk |Φk(u)|2

]
. This state is a Gaussian

coherent state annihilated by the operator,

bk(u) = Ak(u) ak +Bk(u) a
†
−k, (2.12)

i.e, bk(u)|Ψ̃(u)〉 = 0 with |Ak(u)|2−|Bk(u)|2 = 1. Eq. (2.12) amounts to a scale-dependent

Bogoliubov transformation whose model dependent coefficients are given by [10],

Ak(u) = coshΦk(u)αk − sinhΦk(u)βk (2.13)

Bk(u) = − sinhΦk(u)αk + coshΦk(u)βk,

with αk ≡ Ak(uIR), βk ≡ Bk(uIR). Thus, the state |ΨIR〉 is defined as,

(αk ak + βk a
†
−k)|ΨIR〉 = 0. (2.14)

In the fermionic theory, |Ψ̃(u)〉 reads as,

|Ψ̃(u)〉 = N exp

[∫
dkΦk(u) c

†
k dk

]
|0〉 = N

∏

k

exp
[
Φk(u) c

†
k dk

]
|0〉, (2.15)

where again, Φk(u) =
∫ u
0 gk(û) dû and the state is normalized by N =

exp
[
−1/2

∫
dk |Φk(u)|2

]
. Eq. (2.15) is a displaced vacuum coherent state which is an-

nihilated by the operator,

ψk(u) = Ak(u) ck +Bk(u) d
†
k, (2.16)

i.e, ψk(u)|Ψ̃(u)〉 = 0 with coefficients,

Ak(u) = cosΦk(u)αk + sinΦk(u)βk (2.17)

Bk(u) = − sinΦk(u)αk + cosΦk(u)βk,

– 4 –
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such that |Ak(u)|2 + |Bk(u)|2 = 1, and

(αk ck + βk d
†
k)|ΨIR〉 = 0. (2.18)

In this framework, the entangling operation of cMERA in the free theories under

consideration amounts to a sequential generation of a set of coherent states |Ψ̃(u)〉 defined
through eqs. (2.10), (2.15). In both cases, |Ψ̃(u)〉 is an non-entangled vacuum for the

Bogoliubov-quasiparticles at that scale, while as displaced vacuum states, they are highly

entangled relative to any state defined on a higher scale of cMERA.

3 Entanglement flow in MERA

In this section, we quantify the entanglement flow required to generate |Ψ̃(u)〉 starting

from |ΨIR〉. Let us first consider the bosonic case by writing the state in eq. (2.10) as a

superposition of Fock states,

|Ψ̃(u)〉 =
∏

k

∞∑

n=0

ckn |nk, n−k〉 =
∏

k

|Ψk(u)〉, (3.1)

where

|Ψk(u)〉 =
∞∑

n=0

ckn |nk, n−k〉, (3.2)

Fock states |nk, n−k〉 ∝ (a†k)
n (a†−k)

n |0〉 and,

ckn = γk(u)
n/2
√
1− γk(u), γk(u) =

[
Bk(u)

Ak(u)

]2
. (3.3)

Here, Ak(u) and Bk(u) are those in eq. (2.13). The total amount of entanglement generated

between all the modes with opposite momenta (|k| ≤ Λe−u) when creating |Ψ̃(u)〉 from

|ΨIR〉 amounts to the von Neumann entropy of

ρ(u) = Tr[−k]

(
|Ψ̃(u)〉〈Ψ̃(u)|

)
=
∏

k

∞∑

n=0

|ckn|2 |nk〉〈nk| =
∏

k

∞∑

n=0

γn (1− γ) |nk〉〈nk| , (3.4)

where γ ≡ γk(u). In a free theory where all modes are decoupled, the entanglement entropy

S(u) can be written as,

S(u) = −
∫ Λe−u

0
dkTr [ ρk(u) log ρk(u) ] , (3.5)

with

ρk(u) =
∞∑

n=0

γk(u)
n (1− γk(u)) |nk〉〈nk|. (3.6)

Thus, it is possible to carry out the analysis only focusing on the entanglement generated

between two modes with opposite momenta (left-right moving modes), i.e,

Sk(u) = −Tr [ ρk(u) log ρk(u) ] . (3.7)

– 5 –
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A standard calculation for this entropy yields [18],

Sk(u) =
γk(u)

γk(u)− 1
log γk(u)− log(1− γk(u)). (3.8)

On the other hand, the entanglement flow in the process amounts to quantify how much

entanglement is added at each infinitesimal cMERA layer. By differentiating eq. (3.8) w.r.t.

u and noticing that ∂uΦk(u) = gk(u), one obtains,

∂uSk(u) =

[
2
√
γk(u)

(1− γk(u))
log γk(u)

]
gk(u), (3.9)

which explicitly relates the rate of entanglement generation with the stregth of the en-

tangling operation gk(u). When γk(u) ∼ 1, the factor
(
2
√
γk(u)/(1− γk(u))

)
log γk(u) ≈

−(1 + γk(u)) ≈ −2. This allows to write,

gk(u) ≈ −1

2
∂uSk(u). (3.10)

Figure 1 illustrates this relation for the ground state of a free scalar theory with mass m.

In this case, by variationally minimizing the energy density E = 〈ΨIR|H (uIR)|ΨIR〉 for

k < Λ e−u, one obtains [10, 12],

gk(u) = g(u) = −1

2

e−2u

e−2u +m2/Λ2
. (3.11)

where H is the Hamiltonian of the system.

In the fermionic case, as ψk(u)|Ψ̃(u)〉 = 0, and taking into account eq. (2.16), the state

in eq. (2.15) can be written as,

|Ψ̃(u)〉 = N
∏

k

(
1 + γ

1/2
k (u) c†k dk

)
|0〉

= N
∏

k

(
|0c, 0d〉k + γ

1/2
k (u)|1c, 1d〉k

)
= N

∏

k

|Ψk(u)〉. (3.12)

Here, γk(u) = [Bk(u)/Ak(u)]
2 with Ak(u) and Bk(u) given by eq. (2.17). The states

|0c, 0d〉k and |1c, 1d〉k refer to fermionic Fock states with no c-particles and d-antiparticles

of momentum k and one c-particle and one d-antiparticle of momentum k respectively;

|0〉 ≡∏k |0c, 0d〉k and

|Ψk(u)〉 =
1√

1 + γk(u)

(
|0c, 0d〉k + γk(u)

1/2|1c, 1d〉k
)
. (3.13)

In like manner as before, we proceed by focusing on the left-right entanglement of the state

|Ψk(u)〉. This amounts to the entanglement between a c-mode and a d-mode given by the

entropy Sk(u) = −Tr [ ρk(u) log ρk(u) ], where the reduced density matrix ρk(u) reads as,

ρk(u) = Tr[d ] (|Ψk(u)〉〈Ψk(u)|) =
(
1/(1 + γk(u)) 0

0 γk(u)/(1 + γk(u))

)
. (3.14)

– 6 –
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Figure 1. Entropy rate ∂uSk(u) (dots) vs −2gk(u) (continuous line) for three different masses

m = 0.05, 1, 5 of the free boson. The plot has been created taking k = 0.005 and Λ = 100. ∂uSk(u)

is computed by numerically differentiating values of Sk(u) obtained through eq. (3.8). The cMERA

scale u runs from the 0 to 9. For each case, the rate ∂uSk(u) vanishes at a different scale uIR

which increases as m decreases. This scale indicates that the renormalization process has reached

the state |ΨIR〉.

Then, a straightforward calculation yields,

Sk(u) = log(1 + γk(u))−
γk(u)

(1 + γk(u))
log γk(u). (3.15)

To obtain the rate of entanglement generation along the cMERA flow in the free

fermion theory, one simply differentiates eq. (3.15). The entanglement flow, as in the

bosonic case, results proportional to the strength of the entangling operation and can be

written as,

∂u Sk(u) =

[
2
√
γk(u)

(1 + γk(u))
log γk(u)

]
gk(u). (3.16)

Both eq. (3.10) and eq. (3.16) are major results of this work and, as it will be shown

below, they shall allow to write explicit formulas linking the rate of entanglement generation

in cMERA flows with the geometric descriptions of the process proposed in [12].

Relative entropy, Fisher metric and cMERA coherent states. A measure

of distinguishability between the quantum probability distributions defined by ρ̄ ≡
ρk (u+ du, {γ̄}) and ρ ≡ ρk (u, {γ}) has been computed in terms of the relative entropy

between them [19]

S( ρ̄ || ρ ) = Tr [ ρ̄ log ρ̄− ρ̄ log ρ] , (3.17)

where it has been assumed that γ̄ ≡ γ(u+ du) ≈ γ(u) + ∂u γ(u) du. In the bosonic theory,

the computation yields,

S( ρ̄ || ρ ) = γ̄

(1− γ̄)
log

γ̄

γ
+ log

(1− γ̄)

(1− γ)
= 4 gk(u)

2 du2. (3.18)

– 7 –
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In like manner, for the fermionic case one obtains,

S( ρ̄ || ρ ) = γ̄

(1 + γ̄)
log

γ̄

γ
− log

(1 + γ̄)

(1 + γ)
= 4 gk(u)

2 du2. (3.19)

In information geometry, the Fisher information metric [20] is a Riemannian metric

defined on a smooth statistical manifold, i.e., a smooth manifold whose points are prob-

ability distributions defined on a common probability space. The metric measures the

informational difference between those points (distributions) and amounts to the infinites-

imal form of the relative entropy. The computations above, addressed the case in which

these probability distributions correspond to the reduced density matrices ρ̄ and ρ of two

infinitesimally displaced cMERA quantum states.

At this point, let us comment on the intimate relationship between the cMERA states

and the symmetry group underlying the entanglement renormalization group flow. First,

we consider a set of operators {Ti} with conmutators,

[Ti, Tj ] = ckij Tk. (3.20)

The set {Ti} span an algebra g, with ckij the structure constants of g. If g constitutes a

semisimple Lie algebra, it is rather convenient to express {Ti} in terms of the Cartan basis

{Ni, Eα, E−α ≡ E†
α}:

[Hi, Hj ] = 0, [Hi, Eα] = αiEα, (3.21)

[Eα, E−α] = αiHi [Eα, Eβ] = Nαβ Eα+β .

For such a closed set of operators, the states of the associated quantum theory belong to a

Hilbert space H which amounts to a representation of g. Namely, if G is the covering group

of g, the Hilbert space H amounts to an irreducible unitary representation of G. Thus, it

is possible to take a normalized state |ψ0〉 ∈ H as a fixed state, such that, a coherent state

can be generated by an element g ∈ G as,

|ψg〉G = g |ψ0〉. (3.22)

The element g ∈ G may uniquely decomposed into g = k · h, with h ∈ H, and H the

maximum subgroup of G whose action, leaves invariant the referent state up to a phase,

|ψh〉 = h |ψ0〉 = ei η|ψ0〉. (3.23)

On the other hand, k is on the coset space G/H and provided that G is a semisimple Lie

group, it can be written as an operator wich gives a coset representation of G/H, called

displacement operator D(Φ). In this sense,

|ψg〉G = D(Φ) ei η|ψ0〉 ≡ ei η |Ψ(Φ)〉. (3.24)

The state |Ψ(Φ)〉 is known as the coherent state of G/H and can be written as [21]:

|Ψ(Φ)〉 = N (Φ) exp

(
∑

α

ΦαEα

)
|ψ0〉, (3.25)

– 8 –



J
H
E
P
0
9
(
2
0
1
5
)
0
0
2

with N (Φ) a normalization constant. These states satisfy,

∫
dµ(Φ) |Ψ(Φ)〉〈Ψ(Φ)| = I, (3.26)

where dµ(Φ) is the G-invariant Haar measure on G/H. In addition, and of great interest

to us, each one of these states are one-to-one corresponding to the points in the coset G/H

manifold except for some singular points. As a result, the states |Ψ(Φ)〉 are embeded into

a topologically nontrivial space.

Regarding how the cMERA renormalization group flow is expressed in terms of the

coherent states |Ψ̃(u)〉 ≡ |Ψ̃(Φ)〉, we note that these states are obtained through the dis-

placement operator (in the bosonic theory) D(Φ) ∈ SU(1, 1)/U(1) [21],

D(Φ) = exp

[∫
dk
(
Φk(u) a

†
k a

†
−k − Φk(u)

∗ ak a−k

)]
, (3.27)

acting on the vacuum state |0〉 (which amounts to the reference state |ψ0〉). Remarkably,

the group manifold SU(1, 1)/U(1) corresponds to a 2-dimensional hyperbolic space. In

other words, each cMERA state |Ψ̃(u)〉 (a quantum probability distribution) corresponds

to a point on a two dimensional hyperbolic space. Thus, it is reasonable to argue that once

provided a suitable measure of the distance between the states |Ψ̃(u)〉, then a geometric

description of the cMERA renormalization flow should correspond to the metric of a two

dimensional AdS space. The results on the relative entropy given above also indicate that

it would be possible to relate this metric with the strength of the disentangling operation

gk(u) and therefore, through eq. (3.10) and eq. (3.16), with the differential generation of

entanglement entropy along the renormalization group flow.

4 Emergent geometry and entanglement

In [11], it has been conjectured that, from the entanglement structure of an static (1+1)

wavefunction represented by an entanglement renormalization tensor network, one may

define a higher dimensional geometry in which, apart from the coordinate x, it is reasonable

to define a “radial” coordinate u which accounts for the hierarchy of scales. Namely, in the

AdS/CFT, it is widely accepted that the holographic radial dimension corresponds to the

length scale of the renormalization group flow, whereupon it is natural to identify the length

scale u with the radial direction of a dual geometric description of the quantum state [11].

This conjecture has been qualitatively confirmed by comparing how entanglement entropy

is computed in MERA tensor networks and in the AdS/CFT correspondence [3]. The

geometry emerging at the critical point is the hyperbolic AdS spacetime. For more generic

static cMERA states, it is hypothesized that the metric must be an asymptotically AdS

geometry given by,

ds2 = guu du
2 + Λ2 e−2udx2. (4.1)

Recalling our latest comments on the previous section, one may put into context this

interpretation by noting that a geometric description of cMERA similar to the latter can

be defined by only invoking to information theoretic concepts, without any need to assume

– 9 –
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the existence of a AdS dual. To this end, we note that in [12], authors obtained the Fisher

information metric which measures distances between the cMERA states {|Ψ̃(u)〉 / u ∈
[ 0, uIR ]}. The distance measure D

[
Ψ̃(u), Ψ̃(u+ du)

]
in the Hilbert space spanned by

these cMERA coherent states, was chosen to be the Hilbert-Schmidt distance,

D2
HS

[
Ψ̃(u), Ψ̃(u+ du)

]
= 1− |〈Ψ̃(u)|Ψ̃(u+ du)〉|2. (4.2)

With this election, the proposal for the guu component of the metric reads as,

guu du
2 = V−1D2

HS

[
Ψ̃(u), Ψ̃(u+ du)

]
, (4.3)

with V as a normalization constant. In this framework, the metric guu provides a natural

means of measuring distances along paths in the space parametized by u.

To illustrate this setting, let us take the free boson theory as an example. The Hilbert

space of the theory consists of a direct product of sectors, each with fixed momentum k,

and V =
∫
dk Γ(keu/Λ). In addition, for k ≤ Λe−u, Φk(u) = Φ(u) ∈ R and henceforth, the

overlap between two coherent states |Ψ̃(u+du)〉 and |Ψ̃(u)〉 (assuming that Φ(u) smoothly

changes as u varies, i.e, Φ(u+ du) ≈ Φ(u) + ∂uΦ(u)du), reads as,

|〈Ψ̃(u)|Ψ̃(u+ du)〉|2 = exp
[
−V (∂uΦ(u))

2 du2
]
= exp

[
−V gk(u)

2 du2
]
. (4.4)

Then, making use of eq. (3.10) one obtains,

D2
HS

[
Ψ̃(u), Ψ̃(u+ du)

]
≈ V gk(u)

2 du2 =
V
4

[ ∂u Sk(u) ]
2 du2. (4.5)

Substituting this result into eq. (4.3) yields,

guu(u) =
1

4
[(∂u Sk(u)) (∂u Sk(u))] , (4.6)

which explicitly connects the guu component of the cMERA metric with the entanglement

generated at each step of the process. Regarding eqs. (3.10, 3.11), guu(u) explicitly reads as

guu(u) =
1

4

e−4u

(e−2u + m̄2)2
, (4.7)

with m̄ = m/Λ ≪ 1.

In the holographic dual interpretation of cMERA, for the massless case (m̄ = 0)

guu(u) = 1/4 so, eq. (4.1) would refer to a pure AdS space. On the other hand, when m̄ 6= 0,

the AdS geometry remains (guu(u) ≈ 1/4) for small values of u while it asymptotically

vanishes (guu(u) → 0) for u ≫ − log m̄ ≡ uIR. In the information theoretic interpretation,

this amounts to ∂uSk(u) vanishing at a different scale uIR which increases as m decreases.

This scale really indicates that the renormalization process has reached the state |ΨIR〉.
The emergent cMERA geometrical structures discussed above, happen to be a realiza-

tion of the recently proposed Surface/State correspondence [17, 22]. The correspondence

assigns a dual quantum state |Ψ(Σ)〉 to each space-like surface Σ of a dual gravitational

theory. This provides a generalized notion of holography as the proposal does not rely
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on the existence of boundaries in gravitational spacetimes. Essential to this duality is the

concept of effective entropy Seff(Σ), which amounts to the log of the effective dimension of

the the Hilbert space associated to Σ. In the discrete version of MERA, Seff(Σu) measures

the number of links of the network which intersect with the surface Σu given by a fixed

scale u. While the information metric in cMERA was computed in [12] for surfaces Σu

to yield guu ∼ Seff(Σu), here in like manner to [12, 17] (i.e, using the quantum distance

between two infinitesimally close |Ψ(Σ)〉 quantum states), we have obtained a geometrical

description of cMERA in terms of the entanglement flow along the tensor network, formu-

lated as the left-right entanglement between modes at each length scale u (eq. (4.6)). In

the light of these results, one might argue, at least for the cases where cMERA may be

casted in terms of coherent states, that the entanglement flow along cMERA turns out to

be an effective way to compute Seff(Σu).

It is important to note that Seff(Σu) cannot be trivially related with the holographic

entanglement entropy S(A) of an arbitrary spatial bipartion (which amounts to an arbitrary

Hilbert space decomposition different from the left-right moving mode decomposition used

in this paper). Even so, in [12] it has been shown that Seff(Σu) directly relates to S(A)

when A is half of the space (i.e, as one considers the equal bipartion of the total space).

In this case, the holographic entanglement entropy S(A) reads as,

S(A) ∝
∫ uIR

0

√
guu du ∼

∫ uIR

0

√
Seff(Σu) du. (4.8)

Geometry fluctuations and Cramér-Rao bound. An interesting corollary may be

obtained from eq. (4.6). Let us consider an observer (with density matrix ρ̃ ≡ |Ψ̃(u)〉〈Ψ̃(u)|
), wishing to estimate the value of the radial coordinate u through a measurement of

the position operator X̂u such that 〈X̂u〉 = Tr
(
ρ̃ X̂u

)
. An important result in informa-

tion theory known as the Cramér-Rao bound [20], establishes that the lowest bound for

〈(δu)2〉 = Tr
(
ρ̃ (X̂u − u)2

)
is given by,

〈(δu)2〉 ≥ 1

4 guu
. (4.9)

This states that the larger are the changes in the probability distributions along the u-

coordinate (measured by the Fisher metric), the better are the estimations for the value of

this coordinate. For the bosonic theory, the bound reads as,

〈(δu)2〉 ≥ 1

[ ∂u Sk(u) ]
2 . (4.10)

In the massless limit of this theory, both Sk(u) and ∂u Sk(u) must be proportional to the

central charge C of the theory so, 〈(δu)2〉 ∼ C−2. Thus, if one conjectures that for the

cMERA construction of theories with large C, still holds that the Fisher information metric

guu ∝ [ ∂u Sk(u) ]
2 (and hence eq. (4.10)), then, as a result, one gets that the estimation

error 〈(δu)2〉 would become largely suppressed for those theories. This seems to conform

to the emergence of classical geometries in the large C limit, as stated by the AdS/CFT

correspondence [17].

– 11 –
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cMERA gauge invariance and Fisher metric. Finally, we show how certain gauge

invariance of the cMERA flow directly reflects on the invariance of guu. To this end, let

us first note that the cMERA evolution operator

U(u∗|uIR) = exp

(
−i

∫ u∗

uIR

K̃(û) dû

)
, (4.11)

can be written as,

U(u∗|uIR) = U(u∗|u∗ + δu) · · ·U(u− δu|u)U(u|u+ δu) · · ·U(uIR − δu|uIR). (4.12)

Here, δu = du and

U(u|u+ δu) = exp
(
−iK̃(u) δu

)
, (4.13)

corresponds to an infinitesimal layer of cMERA. It happens that the operator U(u∗|uIR)
remains invariant if one inserts the product G†(u)G(u) of a unitary scale-dependent gauge

transformation G(u) and its inverse G†(u) in between any two layers

U(u− δu|u)G†(u)G(u)U(u|u+ δu). (4.14)

In addition, one must impose that

G(uIR)|ΨIR〉 = |ΨIR〉, (4.15)

to guarantee that |Ψ̃(u)〉 remains invariant. The gauge transformed layer operator

Ū(u|u+ du) = G(u)U(u|u+ du)G†(u+ du), (4.16)

up to first order in du reads as,

Ū(u|u+ du) = exp
[
−idu

(
G(u) K̃(u)G†(u) + iG(u) ∂uG

†(u)
)]

. (4.17)

Thus, under a gauge transformation G(u), the entanglement generator of the cMERA flow

K̃(u) transforms as,

K̃
′

(u) = G(u) K̃(u)G†(u) + iG(u) ∂uG
†(u). (4.18)

Here we are interested in the class of gauge transformations which leaves the Fisher

information metric guu(u) in (4.6) invariant. Formally, the Fisher metric is defined through,

guu = 〈∂uΨ̃(u)|∂uΨ̃(u)〉 − 〈∂uΨ̃(u)|Ψ̃(u)〉〈Ψ̃(u)|∂uΨ̃(u)〉, (4.19)

where we have used the compressed notation

|∂uΨ̃(u)〉 ≡ ∂u |Ψ̃(u)〉 = −iK̃(u)|Ψ̃(u)〉. (4.20)

With this, guu can be written as the variance of K̃(u),

guu = 〈Ψ̃(u)|K̃(u)2|Ψ̃(u)〉 − 〈Ψ̃(u)|K̃(u)|Ψ̃(u)〉2. (4.21)

– 12 –



J
H
E
P
0
9
(
2
0
1
5
)
0
0
2

Now, regarding eq. (4.18), it is clear that guu will remain invariant under a gauge trans-

formation G(u) of the cMERA flow provided that K̃(u) = K̃
′

(u). In this sense, let us

focus on the gauge transformations G(u) = exp (iǫO(u)) generated by a self-adjoint scale-

dependent local operator O(u), with ǫ being a small parameter. Under these assumptions,

the transformation in (4.18) can be written as,

K̃
′

(u) = K̃(u) + ǫ∇uO(u), (4.22)

with

∇uO(u) = ∂uO(u)− i
[
K̃(u), O(u)

]
. (4.23)

Here, we note that the equation which defines the cMERA flow for an operator such as

O(u), is similar to the equation of motion of an operator in the Heisenberg picture with

respect to the u-dependent Hamiltonian K̃(u) [10]. This equation reads as,

∂uO(u) = i
[
K̃(u), O(u)

]
. (4.24)

which implies that,

∇uO(u) = 0, (4.25)

and thus, K̃
′

(u) = K̃(u). Regarding eq. (4.21), this condition assures the invariance of guu
for this class of gauge transformations on the cMERA flow.

5 Conclusions

We have explicitly shown how the information metric emerging from a static cMERA state

amounts to the differential generation of entanglement entropy along the renormalization

group flow. We also characterized a class of gauge transformations of this flow which leaves

the metric invariant. The results have been derived only for free gaussian theories so, it

would be desirable to check if these results possess some useful generalizations in the case

of interacting theories. In this sense, the ground state and correlation functions in a theory

of interacting (1+1) bosons have been computed by means of a continuous version of the

matrix product state tensor network (cMPS) [23]. Nevertheless, in these tensor networks,

the entanglement structures needed to build a state deviates from the multiscale analysis

carried out by cMERA. Further investigations might also address non-stationary settings

such as quantum quenches. Entanglement renormalization deals with time dependent

states [12] but tackling space and time on quite different grounds. It is worth to investigate

if the analysis of the entanglement flow in this states could provide some light in order to

formulate a time-dependent cMERA in a covariant way. Finally, it would be also worth to

clarify if it is possible to generate cMERA states/cMERA entanglement flows, compatible

with information metrics which extremize a (gravitational-like) action functional.
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