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1. Introduction.

Let X be a Klein surface (i.e. a compact surface equipped with a dianalytic structure [1j). If X
is an orientable surface without boundary then this surface is a classical Riemann surface. A Klein
surface X is said to be hyperelliptic if X admits an involution ¢ such that X/(¢) has algebraic genus
0.

The study of automorphism groups of hyperelliptic Riemann surfaces is a classical topic from
the 19th century, whilst the studies of groups of automorphisms of hyperelliptic Klein surfaces not
being Riemann surfaces have been started to investigate in the recent decade. This paper concerns
the problem of the groups of automorphisms of non—orientable hyperelliptic Klein surfaces without
boundary. We here solve it completely when the topological genus g of the surface is odd. In the
case of bordered hyperelliptic Klein surface, similar results, but concerning only the order of the
group, have been established recently in [6].

By the well known correspondence between Klein surfaces and algebraic curves [1], our results
can be expressed in terms of the automorphism groups of purely imaginary algebraic curves.

2. NEC groups and hyperelliptic surfaces.

A non-Euclidean crystallographic group (N.E.C. group) I' is a discrete subgroup of isometries
of the hyperbolic plane D with compact quotient D/T. Each NEC group I' has associated with a
signature o that has the form [11]

0'I(g;:i:;[ml,"',mr],{Cl,"',Ck}) (21)

where C; = (ni1, -, nis,;); C; are called cycle-periods, ny; periods of cycle-periods and m; proper
periods.

The numbers in & are non—negative integers; m; and n;; are greater than or equal to 2, and the
number g is the topological genus of the surface D/T (the algebraic genus p = ag + k — 1, where
a = 2 or a = 1 according to the sign ‘+’ or ‘-’ in o). This surface is orientable or not, according as
the sign in ¢ is ‘+’ or ‘-’ respectively.

If r =0 or k = 0, we write in ¢ [-] or {~} respectively. If the number s; is zero for some i, we
denote C; by (-).
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The signature ¢ determines a canonical presentation of the group I', which as shown in [11] and
[14], is given by the generators

T; i:l’...,r
€ i=1,---,k
Ci5 i=11”'ykr jzor"‘)si
a;, b; i=1,.-.-,9 (ifsign‘+4")
d; i=1,---,9 (ifsign )
subject to the relations
x?‘:l i:l’.."r
iy =¢fy = (cijrci)* =1 i=1k =18
e leioeicis, = 1 f= 1,00,

[T~ T« [Te1=1

i=1 i=1 i=1

where [*] is a;b;a;7 157! or d? according to the sign in 0.
The area of I is

r ks
p(0)=2nfag+k -2+ (1-1/m)+1/2) ) (1-1/ny)] (2.2)
i=1 $=l j=1

If T is a subgroup of I'V of index N then the following relation between areas holds:

u(T) = Nu(T"). (2:3)

A non-orientable Klein surface without boundary X of algebraic genus p > 2 can be expressed
as X = D/T where T is an NEC group with signature

(g; = [~1.{-D (24)

and if G = Aut(X) is the full group of automorphisms of X then G is isomorphic to Ng(T)/T where
G is the group of all isometries of D (see [12]).

In [9] the non—orientable hyperelliptic Klein surfaces without boundary are characterized by
means of NEC groups. We summarize the results in the following.

Theorem 2.1. Let X = D/T be a non-orientable Klein surface without boundary of genus g >
3.Then

(a) X is hyperelliptic if and only if there exists a unique NEC group T'y containing T as a subgroup
of index 2, T'y having one of the following signatures

g g
@ O%512,---,2.{(-)}) (). (L—=[2,---,2,{=}) (g even)

(b) The automorphism of hyperellipticity ¢ where (¢) = I'1/T is a central element in the full
group of automorphisms of G of X.
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In our paper a hyperelliptic Klein surface (in short HKS) will mean a non—orientable hyperelliptic
Klein surface without boundary.

3. Groups of automorphisms of non—orientable hyperelliptic Klein
surfaces without boundary.

In this section, we will give a necessary and sufficient conditions for a finite group to be the group
of automorphisms of a HKS when a group of hyperellipticity T'; has signature (i) (see theorem 2.1).
Thus our results will hold for all HKS for which a group of hyperellipticity has signature (i) and so
in particular they are complete for HKS of odd topological genus g.

Lemma 3.1. (1) Let G/Z, = Zy and Zy C G. Then

(1) if N is odd then G = Zyn and

(i1) if N is even then G2 Zy x Zy or G = Lyy.
(2) Let G/Z2 = Dnyg and Dyyy C G. Then

(i) if N/2 is odd then G= Dy and

(i) if N/2 is even then G = Dy or G = Zy X Dnya, or G = Unyg, where G = Uy, is the group
with presentation {z ,y |z, y?, yeyz™V/3+1),

Proof. Note first that Z, is a central subgroup of G and the second cohomology H%(Zy, Z3) is
trivial (if N is odd) or is the cyclic group of order 2 (if N is even). Since H?(G, A) classifies the
extensions of G by A, the first case follows.

Now let G/Zy = Dnyp. If N/2 is odd then H*(Dny2,22) = Z2 and it turns out that there
are two such groups: G = Dy and G = Gyy,, where Gy, is the group with the presentation
(z,y]zV, V242, y~lzyz) (see [2]). Let H be a subgroup of index 2 in Gnyz. We will show that
H is a cyclic group generated by z. In fact, y2 € H and so do 2™/2. Since z? € H and N/2 is odd
we obtain that z € H, and so H is a cyclic group of order N as required. Hereby Gy ; does not
contain Dyyy

Now let N/2 be even. Although in this case H(Dyy2, Z2) is a group of order 8, it turns out that
there are only six groups G for which G/Z; = Dy, and the complete list of them can be found in
[2]. Obviously Dy and Z; x Dyy, contain Dyy, as a subgroup. Moreover it is easy to check that
(v,z?) generate the dihedral subgroups of order N in Ujyy;. Now looking at the possible generators
of quotients of G of order 2 and using the Reidemeister-Schreier algorithm for determining the
presentation of a subgroup of a given group one can argue that there is no dihedral group Dyys
among subgroups of index 2 in the remaining three groups.

g
Lemma 3.2. Let Ty be an NEC group with signature (0;4;[2,--+,2},{(—)}) and let T* be an NEC
group containing T'y as a normal subgroup of index N. Then I'* has one of the following signatures:

k
(l) (0;‘*’: [N12) o ;2]’ {(_)})) where k = 9/N1
(ii) (0;+;(2N,2, -+, 2], {(-)}), where k= (g~ 1)/N,
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h !
(i) (0;+;1(2,---,2,, {{N/2,2,---,2)}), for some h, where l =2g/N — 2h + 2,
A i

Gv) (0;+;(2,---, 2L, {(V,2,. -, 2)}), for some h, where I = 2(g - 1}/N - 2h +2.

Proof. Let T'* has (2.1) and let p; be the smallest integer for which zf* € T';. Since the only
elements of I'; of finite order are those of order 2, we have that m;/p; = 2 or m;/p; = 1. For
notational convenience assume that m;/p; = 2fori=1,---,nand my/p; =lfori=n+1,.--,r.
The elliptic elements in the second case do not produce proper periods in Iy, whilst in the first case
they produce ¥}, N/p; proper periods, all of them being equal to 2 (see [3] and [4]).

Now consider the periods in 'y provided by reflections of T*. Let g;; be the smallest integers for
which (¢;j¢i5-1)9 € T'y. The same argument, as in the first case, shows that n;;/g;; = 2 or 1. Let
E = {(¢,j) | nij/qij = 2}. Clearly the only proper periods in T'; induced by reflections of I'* are
those provided by the pairs of reflections corresponding to the elements of E, and each such pair
produces N/2q¢;; periods, all of them being equal to 2 (see [3]). As a result

9= N/pi+ Y, N/ (3.1)
f=1

(ij)eE

Using (2.3) we obtain

g/2-1 = N[ag*—2+k+i(1—l/m.~)+ Xr:(l—l/m,-)

fz=1 i=n+1 (3,2)
+ 12 30 (A-1n)+ 12 30 (1-1/ny)]
(i,§)eE (3.5)¢E
The number n has been chosen in such a way that m; = 2p; for i = 1,---,n and m; = p; for

i=n+1,...,r, whilst n;; = 2¢;; for ({,7) € F, and ny; = ¢ for (4, j) € E. So using (3.1) and (3.2)
we obtain the following equation.

3 2

—1=aNg*-2N +kN+ N 2,,:(1 —1p)+ N D (1-1/g5). (3.3)

f=1 i=1j=1

Clearly k cannot be bigger than 1, otherwise the right hand side of (3.3) would be > 0. Solet k = 1.
Then g* = 0, otherwise it again would be > 0. Thus we see that I'* has signature

(0» +s [mh e ymr]y {(nl’ A ,n,)})
and so (3.3) becomes
N—1=NY (1-1/p)+N/2) (1-1/g). (3.4)
{1 j=1

Consider two cases:

Case 1. The cycle period of I'* is empty. Then N — 1= NYi_,(1—1/p;) and it is easy to check
that the only solution of this equation is that all p; but one, say p,, are equal to 1 and p; = N. Now
fori# 1, p;i =1, and so m; = 2. If my/p; = 1 then m; = N, whilst if m;/py = 2, m; = N/2. So
I'* has a signature (i) or (ii) (the number k can be found using (2.3)).
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Case 2. The cycle period is non-empty. Then by [7], [8] two consecutive periods, say n,.1, n,
are equal to 2. Moreover if ¢,_s, ¢,..1, ¢, are the corresponding reflections, we can assume that
¢,-1 €Ty, and c,_9, ¢, ¢ I'1 (see [8]). Thus g,_;, ¢, = 2 and so the second summand of the right
hand side of (3.4) is > N/2. Now all p; are equal to 1, otherwise the first summand of the right
hand side is also > N/2 and is > N, a contradiction. The relation (3.4) becomes

g2
N/2-1=N/23Y (1-1/g;)
j=1
and the only solution of it is that all g; but one, say g¢i, are equal to 1 and q; = N/2. Now since
all p; = 1, my = 2for i = 1,---,r. For qj = 1, the corresponding periods are equal to 2, and for
@1 = N/2 the corresponding period is N/2 or N according as n;/¢; = 1 or 2.50 in this case I'* has
a signature (iit) or (iv) (the number | can be found as in the first case using (2.3)).

Remark 3.3. From the proof of the previous lemma follows not only that I'* has one of the specified
signatures but also an information how the group I'; sits in I'*.

In the case of signatures (i), (ii) all elliptic elements z; but z; belong to I'; whilst )’ € 'y and
N is the smallest integer with this property.

In the case of signatures (iii), (iv) all elliptic element z; must belong to I'y, all ¢;, but ¢, do
not belong to I’y and ¢;e;41 € Ty for i = 1,---,1 — 2, whilst (coc;)V/2 € Ty and N/2 is the smallest
integer with this property.

Lemma 3.4. Let Ty and I'* be NEC groups as in the previous lemma and assume that T is an NEC
group with signature (2.4) being a subgroup of T'y of index 2 and normal in T*. Let G =T*/T. Then

(1) IfI'* has signature (i) then G = 2oy or G =2y x Zy.
(2) If T* has signature (ii) then G = Zan.
(3) If T™ has signature (iii) then G = Dy or G = Zy X Dnya or G = Unys, where
Unyz = (z, y| 2, o yaya™?*).
(4) If T has signature (iv) then G = Dy.
Proof. Let G* =T*/T'; and H =TI'y/T' & Z,. Clearly G/H 2 G*. Let z;, e;, c; be the canonical
generators of I'*. We will employ the notations introduced in the proof of the previous lemma.

(1) Let T have signature (i). We show that in this case p; = N and so the image of z; in G is an
element of order N. So Zy € G. Thus by Lemma 3.1 G2 Zoy or G=Z2 X Zpn.

(2) Let I'* have signature (ii). Then since T’ has no periods, z; induces an element of order 2N in
G. Hereby G = Zon.

{3) Now assume that I'* has signature (ii). We show that the pair of reflections ¢g, ¢; corresponding
to the period N/2 satisfy co, ¢; € I'; and ¢g, ¢; induces in G* an element of order N/2. So
G* = Dpya. Moreover ¢, ¢; € T and cpe; also induces an element of order N /2 in G. Thus the
result follows from Lemma 3.1.

(4) Finally let I'" have a signature (iv) and let ¢p, ¢; be the pair of reflections corresponding to
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the period N as in the previous case. Then since I’ has no proper periods and no period cycles
co, ¢ € I'y and their product induces an element of order N in I'. Therefore G = Dy.

Theorem 3.5. Let X be a HKS of odd topological genus g. Then Aut(X) may be one of the following
groups Zyn, L3 X Zn, DN or Zy x Dyyz. Furthermore

(i) There ezists a HKS of genus g having Zon as the group of automorphisms if and only if
Nijg—1and N#£g—-1orN|g, N#g, and N is odd.

(ii) There exists a HKS of genus g having Ziy x Zy (N # 2) as the group of eutomorphisms if
and only if N|g, N # g and N is even.

(iii) There exists a HKS of genus g having Dy as the group of aulomorphisms if and only if
N|[2(g — 1) ‘and N is even or N|2g, 4fN.

(iv) There exists a HKS of genus g having Zy x Dyyo as the group of automorphisms if and only
if N|2g and 4|N.

Proof. Let X be a HKS of odd topological genus ¢ > 3. Then X = D/T, where T is an NEC
group with signature (2.4). Since X is a HKS there exists an involution ¢ € Aut(X) such that X/(¢)
is a surface of genus 0. By the theorem 2.1 ¢ is a central element in Aut(X). Let {¢) =T'y/T and
let G be a group of automorphisms of X containing ¢. Then G = I'* /T for some NEC group I'*,

g

containing I'; as a normal subgroup. By Theorem 2.1 I'; has signature (0;+;(2,---,2], {(-)}). The
Lemma 3.2 describes the possible signatures for I'* and Lemma 3.4 gives us necessary conditions for a
group G to be represented in such case as a quotient I'*/T". Given a homomorphism # : I'* — G and
a central element ¢ of G of order 2 let 7 be the canonical projection G — G/(¢) and §* = ¢ o 8.
We have to investigate homomorphisms ¢ from I'* onto groups specified in Lemma 3 such that
Kerf =T and Kerf® =T, where I is a group with signature (2.4) and I'; is a group with signature

g
0;%502,---, 2L, {(-)D).

1. Let T'* have signature (i). By Lemma 3.4 G = I'* /T' may be only Zyx or Z3 x Zx. Assume that
G = Zyn. We have to see whether or not a homomorphism 8 : I* — Zyy = (z | 22V) satisfying
the conditions in question exists. Since Kerf is a surface group, § must preserve the orders of the
canonical generators of I'*. So # is forced to be defined as follows 8(z,) = 22, 0(z3) = - - - = #{zp41) =
zN, 8(c) = zV and 8(e) = 2=(*N+2), Clearly w = ;¢ is a non-orientable element in Kerf and so
by {10] Ker# is a non-orientable surface group. But clearly this homomorphism is an epimorphism
if and only if N is odd. Let this will be the case. Then 8* : I'* — Zon /(zV) 2 Zy = (2 | 2V) is
given as follows 6*(z,) = (Z)?, 0*(22) = -+« = 8*(2k41) = 1, 8*(c) = 1 and 6*(e) = (Z)~2 and so0
Kerf* = I'y, by the proof of Lemma 3.2 (see Remark 3.3). Moreover the canonical Fuchsian subgroup

(T*)* of T has the signature (0;£;[N,N,2,.--,2],{~}) (see [13]) and so k > 1 (ie. N £ g)isa
maximal signature (see [12]). Hence the sxgnature of I' is also maximal and so I'* can be chosen
to be a maximal NEC group and so for the surface X = D/I just considered, Z,y can be assumed
to be the full group of automorphisms. The signature (0, +, [N, 2], {~}) corresponding to the case
g = N is not maximal, and so for g = N the group Zan cannot be the full group of automorphisms
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of a HKS of genus g (see Proposition 2.4 [5]).

Now let G = Z3 x Zy and let N be even. Consider the homomorphism 6 : I — Z; x Zn
(z, y | 22,4V, [z,y]) defined by 8(z1) = zy, 6(z2) = -+ = O(zr41) = z, 6(c) = z and 6(e)
y~1z(**+1D_ Since ¢ preserves the orders of the canonical generators of I'* and w = zac is a non-
orientable element in Kerf, Kerd = I'. Moreover for the homomorphism #* : I* — Z, x Zx/{z) =
(y | yV) we have 0*(z)) = y, 0*(22) = -+~ = 0*(zig1) = 1, 0°(c) = 1 and 8*(¢) = y~ . So by the
proof of Lemma 3.2 Ker6* =T';.

As in the case of Zony we can argue that for N # g a dianalytic structure on X can be so chosen
that Zyy is the full group of its automorphisms whilst this is not the case for N = g.

2. Let T* have signature (ii). By Lemma 3.4 G = I'*/T' may be only the cyclic group of order
2N. We will show that this is so. Let 8 : I* — Zyn = (z | z2¥) be the homomorphism defined

by 8(z1) = z, 8(z2) = - - = H(zr41) = 27, 8(c) = 2V and b(e) = 2~ *N+1), Clearly Im(9) = Zan.
Moreover z,c is a non—orientable element in Kerf and so Kerf = I'. Now for the homomorphism
0* : I — Zon/(zV) = Zn = (& | V) we have 6*(z1) = &, 0%(z2) = -+ = 0*(zk41) = 1,

6*(c) = 1 and 6*(e) = (z)~1. So by Remark 3.3 Kerf* = I';. As in the previous case we argue
that for N # g — 1, Zyn can be assumed to be the full group of automorphisms of the surface just
constructed, whereas this is not the case for N =g - 1.

3. Let T* be the group with signature (iii). By Lemma 3.4 G = I'*/T' may be only one of
the groups Dy, Zz x Dyyz or Upnyz. Clearly N must be even in this case, otherwise Dy would
have the trivial center whilst the remaining two groups are not defined. We will show first that
the group Dy is a group of automorphisms of a surface in question if and only if N/2 is odd. Let
6:T* — Dy = (2, y | 2%, ¥?, (zy)") be the homomorphism we are looking for. Let z be the central
element of order 2 in Dy for which Dy /(2z) = Dy;2. Then by Remark 3.3 8(z1), - -,0(z») must be
equal to z, 8(cp) = B(cr4y = az®® {9 = 0or 1), 0(¢c;) = b2 (g; = 0or 1) fori=1,.--,1-1,6(¢) = 2
for some elements a, b of order 2 whose product has order N/2. So in particular Dy = Z3 X Dyys.
But the last is the case if and only if N/2 is odd, i.e. 4fN.

Conversely let N/2 be odd. Let k = 0 and let # : I'* — Dy be the homomorphism defined by
0(co) = 0(c141) = y 0(ci) = zyz for 1 < i <1 —1and i odd, 8(¢;) = zyz(zy)¥/? for 1 <i<l-1
and i even, 6(c;) = (zy)™/?, and 6(e) = 1. It is easy to check that Im(f) = Dy and Kerf =T
whilst Kerf* = I';. The same argument as used before shows that the dianalytic structure on X
just considered can be so chosen that Aut(X) = Dy.

Now let N/2 be even and let for k=00 : T* — Zy x Dz = (z | 22) ® (=, y | 2%, 37, (zy)N/?)
be the homomorphism defined by 8(co) = 0(cr41) = =, 8{c;) = yfor 1 < ¢ <1 -1 and i odd,
8(c;) = yz for i <i<1-1andieven, 8(e;) = z, and #{e}) = 1. As in the previous case we show
that Kerd = T' and for the homomorphism 6* : I'* — Z3 x Dyy2/{2) = Dnya, Kerd* = T1. Again
the same argument as used before shows that the dianalytic structure on X just considered can be
so chosen that Aut(X) = Z; x Dyys.

So it remains to show that the group Upy, cannot stand for a group of automorphisms of a
surface in question. If this were so, then arguing as in the case of the dihedral group, one can show
that the corresponding homomorphism were considered as the one defined there. Consequently,
Upny2 must be isomorphic to the direct product Zs x Dyy3.
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4. Now consider the group I'* with signature (iv). By the Lemma 3.4 G = T'* /T may be only the
dihedral group Dy of order 2N. Clearly N is even since Dy has trivial center for N odd. Let for
h=06:T* — Dy = (z, y| 2%, ¥%, (zy)") be the homomorphism defined by 6(co) = (cr141) = v,
8(c1) = 2, 8(c;) = (zy)¥/?z for 2 < i < 1—1 and i even, 8(¢;) = z for 2 < i <1 —1 and i odd,
8(ct) = (zy)™/?, and 8(e) = 1. Clearly Imf = Dy and (coc1)¥2¢; is a non-orientable element in
Kerf. So Kerf = I'. Moreover for the homomorphism 8* : T* — Dy /{(zy)"/?) = Dnja = (2, 7|
22, 3%, (2§)N/?) we have 8*(co) = 0*(ci41) =9, 0% (c1) = -+ = 8" (c1=1) = &, 6*(c1) = 1, 8" (e) = L.
By the proof of the Lemma 3.2 (see Remark 3.3) Kerf* = I';. As before we argue that the dianalytic
structure on the surface just considered can be chosen in such a way that Dy is the full group of its
automorphisms.
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