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1. This paper  solves the problem posed by  D u t i e s  and SAVAOE in [1] of finding 
the optimal betting strategy at  roulette where one's object is to maximize the 
chance of reaching a certain fixed level of fortune, given a certain lesser fortune 
level to begin with. 

Roulette is defined as a game where the gambler may  bet any amount  of 
money, not exceeding in total  tha t  which he has available to him at  tha t  instant, 
on any of p numbers, perhaps betting on several numbers simultaneously, and 
receiving as a payoff an amount  q times the money bet on the single winning 
number  tha t  comes up, less the total  of all the money bet for tha t  turn of the 
wheel, where p and q are positive integers with p > q. I t  is assumed tha t  on any 
turn of the wheel each number has a probability 1/p of being the winning number. 

DvBINS and SAVAG~ in [1], p. 119-- 121, solved this problem with the additional 
restriction tha t  bets made on several numbers simultaneously were allowable only 
if  identical amounts were bet on each of the numbers. With such a restriction the 
game is called uniform roulette, and the optimal strategy is described as follows, 
supposing without loss of generality tha t  the object is to reach a fortune 1 starting 
with a fortune x in (0, 1). I f  a person's fortune is less than  l/q, he bets his whole 
fortune on a single number. I f  his fortune x is greater than 1/q and less than  1 he 

bets an amount (1 - -  x)/q ( 1 - - 1 )  on a single number. Note that this strategy 

consists of betting the largest amount  possible on a single number which will not 
give him a fortune greater than 1 should he win the bet. This Strategy is called the 
bold strategy. 

Still unsolved is the problem of generalized uniform roulette, played as follows. 
The gambler selects each betting turn an amount  to be bet x, not exceding the 
amount  of money then available to him, and a number A e [1, q]. He then wins 
tha t  bet with probabili ty q/2p and wins an amount  (2 - -  1)x if he wins. I f  he loses, 
he just loses his bet x. Note tha t  ff ~ is restricted to integral values in [1, q] the 
game then becomes ordinary uniform roulette. 

I f  2 is allowed to assume values arbitrarily close to zero (and positive) then the 
game is solved in [1], p. 176-- 182. 

2. I t  will be shown tha t  the bold strategy is not only optimal for uniform 
roulette but  also optimal for roulette with no restrictions on the relative sizes of 
bets on various numbers. The two main theorems of the proof are theorems 6 and 7. 

Before the proof is given, some preliminary definitions are needed. I t  is assumed 
tha t  the roulette wheel has p numbers, each having a chance 1/p of being the 
winning number, and tha t  the payment  to the gambler is q times the amount  bet 
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on the ~ n n i n g  number, less the total amount bet for that  turn of the wheel, where 
p and q are positive integers with p > q. 

Definition 1. X is an allowable random variable if X assumes at most a finite 
number of values tl, t2 . . . .  , tn, all in  [0, 1], and such that  there exist positive 
integers rl, r~, . . . ,  rn with Prob {X = ts} = r~/p, all i. The ordered set 

(tl, t2 . . . . .  tn) ,  w i t h  t l < t 2 < " ' < t n ,  

is called the set of attainable values of X. The (ordered) sequence {rl, r2, . . . ,  rn} is 
called the sequence of weights of X. 

Henceforth all random variables considered in this paper will be allowable, and 
the word allowable will be dropped. 

Definition 2. ~0 is the utility function, defined on [0, 1], when the bold strategy 
is played, i. e. q (x) is the probability that  the gambler will reach fortune 1 if he 
starts with fortune x and plays the bold strategy. 

The properties of q are described in [1], chapter 6. iv is the utility function for 
roulette with bets restricted to one number, and also for uniform roulette. I t  is a 
strictly increasing, continuous singular function with q0 (0) ----- 0 and q0 (1) = 1. 

Definition 3. I f X  is a random variable, V ( X )  ----- ~ qD (ts) Prob {X = ts}, where 
t~ 

the sum is taken over the set of attainable values of X. 
Definition 4. A number x ~ [0, 1] is said to generate the random variable X if 

either 

1. Prob {X = x} = 1, or 

2. if (tl, t2, . . . ,  tn), n >- 2, are the attainable values of X and {ml, m2, . . . ,  ran} 
their weights, then there exist numbers a2, aa, . . . ,  an w i t h  

0 <_~a2 < a3 < "'" < a n  <~ 1 

such that  
n 

t s - - x = q a s - - ~ m j a i ,  i ~ 2 , 3 , . . . , n  (1) 

and 

(2) 
n 

x - -  t l - ~ m j a j .  
i=2 

I t  is easily checked that  in case 2 X is the distribution of fortunes arising if the 
gambler starts at x and on one turn of the wheel makes bets of amount as on ms 
numbers for all i ----- 2, 3 . . . . .  n, such that  the gambler cannot attain values less 
than 0 or greater than 1. Thus the random variables generated by xgivethe possible 
distributions resulting from one turn of the wheel starting at x, and all allowable 
bets, with the exception of bets where money is placed on every number or bets 
which may result in a fortune greater than 1. 

Suppose, starting at fortune x, a bet is made with money placed on every 
number, say as on the number i for i ---- 1, 2 . . . . .  p, with m = rain a~ > 0. This 
bet generate a random variable X giving the distribution of fortunes resulting 
from this bet. Now suppose, starting at x, a bet is made with (a~ -- m) bet on the 
number i for i ~ 1, 2 . . . .  , p. I t  is clear, if Y represents the random variable giv- 
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lug the dis tr ibut ion of fortunes resulting f rom this new bet, t ha t  Y = X -~ 
-? (p - -  q)m > X everywhere. Hence it is clear t h a t  X is a completely inefficient 
be t  compared to Y, and so no opt imal  s t ra tegy need use bets where money  is 
placed on every number.  Therefore such bets will be ignored in the rest of  the 
paper and it  will be assumed all r andom variables are generated by  bets where 
money  is not  placed on every number.  

I n  a similar manner  it m a y  be easily shown tha t  bets which m a y  result in 
fortunes greater than  1 are inefficient, and will also be ignored. 

Theorem 1. There is exactly one generating po in t / o r  any random variable. 

Proof. Let  X have at tainable values (tl, t2 . . . . .  tn) and weights {ml, ms . . . . .  ran}. 
I f  n -~ 1 the theorem is trivial, so assume n > 2. 

Set 

1 n 
x = t~ + ~ ~ m~ (t~ - t~) 

i~2 
1 

and a~ = ~- (t~ - -  tl) ,  i = 2, 3, . . . ,  n .  

These x and a~ are as required since 

- ~ = m~ (t~ - -  t~) ~(t~ - -  t~) = t~ x ~=2mia~ t l §  ~ -= 

and 

q a l - - ~ m j a r 1 6 2  i = 2 ,  3 , . . . , n .  
]=2 ~ j=2  

Bu t  x and the a~ arc uniquely determined, for subst i tut ion of  (2) in (1) gives 
qa~ - -  x + tl = t~ - -  x, or 

1 
a~ = ~ -  (t~ - t l ) .  

x is then determined by  subst i tut ing for the a~ in (2). Theorem I allows the following 
definition. 

Definition 5. X and Y are related ff both  are generated f rom the same x. 

Thus  this definition allows the set of  r andom variables to be part i t ioned into 
a set equivalence classes. 

Definition 6. A basic r andom variable is a r andom variable having two attain- 
able values t l ,  t2 with tl < t2, 

Prob {X --  tl} - -  p - 1 p ' 

1 
P r o b { X  ----- t2} - -  p , 

and  either tl =- 0, or t2 ~ 1. 

Theorem 2. _For any  random variable not identically 0 or 1 there exists exactly 
one basic random variable related to it. 

Proof. Clearly the x generating the r andom variable lies in (0, 1). Hence f rom 
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theorem 1 it  suffices to show t h a t  any  x e (0, 1) generates  exac t ly  one basic r a n d o m  
variable.  

1 
Case 1. 0 < x < - - .  q 

I n  this ease it  is impossible for the basic X to have  t2 - ~  1 ,  for  

t2 - -  X = ( q  - -  1)a2 and  x - -  tl ~ a2 

would imp ly  1 = qx --  qtl -~ tl which implies tl < 0. Hence  tl = 0 and  t2 ~ qx 
gives the  unique,  basic X genera ted  b y  x. 

1 
Case 2. - - < x < l .  q 

I n  this case tl cannot  equal  0 for  this would similarly imply  t2 ~ 1. Hence  ts : 1 
and  tl ~ (qx -- 1)/(q - -  1), de termining X.  

Theorem 3. I f  Q(x) ~ 0/or  x ~ [0, 1), Q(1) ~ 1, and i / /or  all X generated by x 

l ~ m~Q(t~) ~ O(x), 

where the ti and m~ are the attainable values and the weights of X ,  then Q (x) ~ U (x) 
for all x ~ [0, 1] where U is the utility function giving the probability of attaining 
fortune 1 starting at fortune x. 

Proof. This is t heorem 1 on page 28 of  [1]. 

Theorem 4. Let X be the basic random variable generated by x e (0, 1) having 
attainable values tl and t2 and weights p -- 1 and 1. Then 

( x )  = p - 1 ~ (tl) + 1 ~ ~ (t~). 

Proof. This follows f rom the definition of  ~ as the  ut i l i ty  in roulet te  when bets  
are res t r ic ted to only one n u m b e r  and  the  fact  t h a t  bold play,  i. e. the s t r a t egy  of 
mak ing  bets  which generate  basic r a n d o m  variables,  is op t imal  in t h a t  res t r ic ted 
game.  

Definition 7. The  order of  X is p t imes Prob  {x : tl}, where tl is the  lowest  
a t t a inab le  value of X. 

Theorem 5. For each random variable X of order ~ ( p -  q) there exists a 
random variable Y such that X is related to Y, X has smaller order than Y, and 
P r o b { Y  > z} ~ P r o b ( X  > z} /o r  all z e [0, 1]. 

Proof. Le t  X have  order ]r ~ (p - -  q), a t t a inab le  values (tl, t2 . . . . .  tn) and 
weights {ml, m2 . . . .  , ran}. Let  a~, as ,  . . . ,  an be the  corresponding a~'s of  defini- 
t ion 4. The  genera tor  of  X thus  equals 

n 

x = tl q- ~ m ] a m .  
1=2 

t t t 

Let  Y be defined b y  having  a t ta inab le  values  (t 1, t 2 . . . .  , tn_l) and weights 
{ml, m2 . . . . .  ran-l} where the  t i s, mi s and  the  corresponding a i ' s  o f d e f i m h o n  4 
are defined b y  

a ~ = a i + l - - a 2 ,  i - - - - 2 , 3 , , . . , n - - 1 ,  
t 

m l  = 7 ~ 1  - t -  m 2 ,  
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/ 

mi  ~ rot+i, i ~ 2, 3 , . . . , n - -  1, 
n - - 1  

t 1 ~ x - -  m i a i , 
j=2 

/ �9 

t i = qa,  -4- t~, i =  2, 3 . . . . .  n - -  1.  

F r o m  the construct ion of  Y and definition 4 it is clear t ha t  x generates Y, and 
hence X and Y are related. 

n - - 1  n 

tl < tl since m i aj < m j  a~, 
i=2 j=2 

and 

since 

r 

t2 ~ ti 

t2 ~ qa2 -[- t i  = qa2 ~ x - -  ~ m l a  J 
j=2 

n--I n--I 
/ 

= qa2 + x - -  msa~.--  ~ m ; a  i - - a s 2  
i=5 i=5 

: t  l ~ - a 2  q - - m 2 - -  I = t l + a 2 ( q - - 7 9 ~ - m l )  

~ t~ 

since the order of X is mi. 
Also 

since 

/ 

t, < ti_ l ,  i = 3, 4 . . . . .  n 

n 
I 

tt : qai  ~- tl  ~ q ( a i _ l  ~- a2) -~- x - -  ~ m j a m  
i=2  

n - - 1  n - - 1  
t / ! t 

= q ( a .  + a~) + x - -  m~a2 - -  ~ m j  aj - -  a ~ m j  
j=2 j=2 

�9 , ( i- o? = t l q- q a i _ l  q- a2 q - - m 2  j 

= t~_l + a2(q - p + ml) <_ t~- l .  

F r o m  the  definition of  the m E it is clear t h a t  the order of  Y is greater t han  tha t  
of  X and t h a t  

P r o b { Y > z } ~ P r o b { X > z } ,  all z e [ 0 , 1 ] .  

Theorem 6. / ]  for each basic random variable X ,  V (X)  ~ V ( Y )  for all Y o/ 

order > (19 - -  q) related to X ,  then the bold strategy is an  opt imal  betting strategy. 

Proof .  The fact  t h a t  the inequal i ty  need only be satisfied for all Y of  order 
> (19 - -  q) related to X follows f rom theorem 5 and the remarks following defini- 
t ion 4. Theorem 6 then  reduces to theorem 3 with Q set equal to V and  theorem 4. 
Since the bold s t ra tegy gives payoff  ~, this is then  the ut i l i ty and the bold s t ra tegy 
is optimal. 
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Definition 8. I f  the order of  X with at tainable values (tz, t2 . . . . .  tn) is greater  
than  p - -  q § 2 then X *  is the set of  r andom variables Y such tha t  Y is related 
to X and  either 

1. (a, b, t2, . . . ,  tn) are the non-ordered at tainable values of  Y with 

P r o h  ( i  = t~} = P r o h  ( r  = t~},  i = 2,  3 . . . . .  n ;  

a < t z  < b ;  a,b~:t~,  i - ~ l , 2 , . . . , n ;  and 
1 

P r o b { Y = b } = - -  or p 

2. (a, t2 . . . . .  tn) are the  (ordered) at tainable values of  Y, and for a fixed 
] e (2 ,  3 . . . .  , n)  

Prob{Y=t~}=Prob{X-~t~}§ i----2,3 . . . . .  n a n d a < t l .  

The next  theorem is preceded by  six lemmas. 

L e m m a  1. I / X  has order k ~ p - -  q § 2, is not identically 0 or 1, and Y e X * ,  
then either 

tz - a 1 
1. b - - a  - -  k - - p ~ - q  or 

tl - -  a 1 
2. t j - - a  - -  k - - p + q  

respectively, corresponding to the two cases of de/ ini t ion 8. 
Conversely, i /  X has order m l  ~ p - - q  § 2, attainable values (tl ,  t2 . . . . .  tn), 

and weights {mz ,  m2 . . . . .  ran}, and Y has either 

1. non-ordered attainable values (a, b, t2, t3 . . . .  , tn) and corresponding weights 

{mz ~ 1, 1, m2,  m3 . . . . .  mn}  such that a < tl  < b and 

tz - a 1 
o r  

b - - a  - -  m l - - p ~ q  

2. there exists ] ~ (2, 3, . . . ,  n) such that Y has attainable values (a, t2, t3 . . . . .  tn) 
t ! t r 

with a < t2, and weights {m l  - -  1, m2, m s . . . . .  mn} such that m i -~ mi § (~ij, 

~i  - -  a 1 ]~2,3,...,n, a < t l ,  and 
t j - - a  - -  m l - - p + q  ' 

then Y ~ X *. 

Proo/ .  Let  X have at tainable values (tl, t2 . . . . .  tn) and weights {ml ,  m2 . . . . .  mn} ,  
with ml ~ k. Le t  x generate X.  Then  there exist a2, aa . . . .  , an all > 0 such tha t  

n 
t i - - x : q a ~ - - ~ m i a f ,  i ~ - 2 , 3  . . . . .  n 

and  

x - -  ti -~- ~ mi a i .  
i = 2  

F r o m  these two equat ions follow 

1 
a~ = u (t~ - -  t l ) ,  i = 2 , 3 , . . . , n  
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and  
n 

x = t l  + m j ( t j  - t l ) .  
l j - 2  

Case 1. Le t  x '  genera te  Y e X*  b y  case 1 of  defini t ion 8. Then  

1 n 1 (b - -  a) 
x'  = a @ ~-i_~ml_. (ti - -  a) -}- 

x '  = x ff and  only  ff 

1 n ~ 1 n 
a @ ~ -  ~ mt (t~ - -  a)  q- (b - -  a) = t l  q- ~ -  ~ m~ (tt - -  t l ) .  

n 

Since ~ mi = p - -  k, th is  is equ iva len t  to  
i ~ 2  

a t l  q - l ( b  - -  a) - -  a - - t 1  ( p _ k ) ;  
f f  q 

( t l _ a ) ( ~ _ ~ ) _  + b--aq - - t l - - a ;  

t l - - a ( p - - k  _ 1 ) @ 1  ~ - ~  ~ ~-=o; 
tl --  a 1 
b - - a  - -  k - - p + q "  

Also, ff th is  las t  equa t ion  holds  for Y, then  x = x'  and  hence Y is r e la ted  to  X 
and  Y e X*.  

Case 2. The  analys is  is analogous  wi th  t I t ak ing  the  place of  b. 

L e m m a  2. For any Y o/order k with p - -  q + 1 ~ k ~_ p --  1 there exists an 
X o/order k @ 1 such that Y e X* .  

Proo/. Le t  Y have  a t t a inab l e  values  (tl, t2,. . .  ,tn) and  weights  {ml, m2, . . .  ,ran}. 
I f  ms = 1, t hen  set  

�9 t 2  - -  t l  

t l =  k + l _ p + q q - t l ,  
r 

ti = t l+l ,  i = 2, 3 . . . . .  n - -  1, 
ml  = m l +  ms = k + 1, 

and  
! 

m i = m ~ + l  , i = 2 , 3  . . . . .  n - - 1 .  

Then  l emma 1 clear ly  shows Y e X*.  
S imi la r ly  i f  m2 > 1, 

, t~ --  tl 
t l - -  k +  l - - p + q  -I-t1, 

t i - - - t l ,  i = 2 , 3  . . . . .  n - - l ,  
ml  = k-q- 1, 

p 

/ 2 = / 2 - - 1 ,  
and  

mi = ml ,  i = 3, 4, . . . , n - -  1 

c lear ly  de te rmine  an  X such t h a t  Y e X*.  
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L e m m a  3. For all a, b, t with 0 <= a < b ~ 1 and t ~ [0, 1], 

~(t) < q~(a + t [ b - - a ] ) - - q ( a )  
= ~(b) -- T(a) 

Proo/. The fac t  t h a t  ~ is the  ut i l i ty  of  a casino is p roven  in section 3, p. 101 
of [1]. Theorem 1, p. 64 of [1] then  shows the  desired equat ion holds for all casino 
functions.  (See explana t ion  a t  the  b o t t o m  of p. 69.) 

L e m n l a 4 .  Suppose X has order k with p - - q  ~ - 2  ~ k < _ p - - 1 ,  Y e X * ,  
and V ( Y )  > V ( X ) .  Then V(Z)  > V (W) where W is the basic random variable 
with tl ~ 1/(k --  p -}- q), t2 = 1, and Z is the random variable o/order k --  1 with 
(0, 1/(k --  p -[- q), 1) as its attainable values and {k - -  1, p - -  k - -  1, 2} as its set 
o] weights. ( I / k  = p -- 1, then Z has only two attainable values.) 

Proo/. Suppose Y e X * ,  X having order k ~ p - - q  ~ - 2  and  V ( Y )  > V(X) .  
With  a, b, and tl as in definition 8 we have,  ff case 1 of  the definition applies, 

V(:Y) --  V ( X ) - -  k - -  1 1 k P q ~ ( a ) ~ - ~ q ~ ( b ) - - ~ q ~ ( t l ) > O ;  

(k - 1 )~(a)  + of(b) > k~v(t l) .  

Since (tl --  a)/(b --  a) = 1/(k --  p + q), l e m m a  3 gives 

( 1 ) T( t l ) - - r  . 
~P k- -p-~-q  ~- ~ : q ) ( a )  ' 

1 k ( 1 ) > 1  k q~(tl)--~(a) 
V ( Z ) - -  V ( W ) - ~ - - ~ c f  k - - p - } - q  = p  p cf(b)--q~(a) 

1 
- -  p[ (p(b) -  ~(a)] (q~(b) - -  q~(a) - -  kq~(tl) + kcf(a)) 

1 
> piT(b) _ v(a) ] (~(b) - -  ~(a)  - -  [k - -  1] ~(a)  - -  ~(b) ~- kq~(a)) -~ O. 

I f  case 2 of  definition 8 applies, the  above  analysis with b replaced b y  t I again 
shows t h a t  V (Z) - -  V (W) > 0. 

L e m m a  5. I / X  is a basic random variable then/or no Y ~ X *  is V ( Y) > V (X). 
1 / X '  is o/order p --  1 and related to the basic random variable X ,  then V (X')  ~ V (X). 

Proo[. I f  such a Y e X *  existed, then  b y  l emma  4 V(Z)  > V ( W )  where W 
has values ( 1 / ( q - - 1 ) ,  1) and  weights { p - - 1 ,  1} and  Z has  values (0, 1) 
and  weights (p - -  2, 2). B u t  this W arises f rom s tar t ing  at x ~ 2/q and bet t ing  

q q (q -- 1) on one number ,  while Z arises b y  s tar t ing  a t  x = 2/q and bet t ing  

1/q on each of two numbers .  Since W arises b y  the  bold s t ra tegy,  V ( W )  = ~(x)  
and since the  bold s t r a t egy  has been shown in [1], p. 119, to be op t imal  in uni form 
roulet te ,  V (Z) g ~ (x), and  hence V(Z)  <= V ( W ) ,  giving a contradict ion.  

The  second p a r t  of  the  l e m m a  follows f rom the op t ima l i ty  of  the  bold s t r a t egy  
for roule t te  with bets  res t r ic ted to one number .  

The  following l emma  is the  hear t  of  t heo rem 7. The  proof  is b y  induct ion and  
uses l emma  4 in an  i m p o r t a n t  way.  

L e m m a  6. I / X  is a random variable o/order k with p --  q -~ 2 ~ k ~ p --  1, 
then/or  no Y e X *  is V ( Y )  > V ( X ) .  
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Proo]. Let  k ~ p - -  q -k 2 be the largest/r for which there exists X of  order/r 
and Y E X *  with V ( Y ) >  V(X) .  Then by  lemma 4, V ( Z ) >  V (W) where W 
is the basic r andom variable with tl --~ 1/(/c - -  p -k q), t2 ~ 1, a n d Z  is the  r andom 
variable of  order /c - -  1 with (0, 1/(/c - -  p -k q), 1) as its a t ta inable values and 
{/c - -  1, p - - / c  - -  1, 2} as its set of  weights, and Z and W are related. 

Let  Z1, Z2, . . . ,  Z~-k-1 be defined inductively as follows. Zl,  i =  1,2 . . . . .  p - -  
- -  ]r - -  2, has (st, 1/(Ic -- p + q), 1) as its set of at tainable values where 

1 
s l =  ( k - - p + q ) ~  

and 
1 

k - - p + q  s, 
+s~,  i = l , 2 , . . . , p - - k - - 3 ,  s l+l--  k § 2 4 7  

and has {k - -  1 -~ i, p - -  k - -  i - -  1, 2} as its set of weights. 
Zi e Z/*+ 1, i ---- 1, 2 . . . .  , p - -  k - -  3 f rom lemma 1 since 

Si+ l  - -  s i  1 
1 -- k § 2 4 7  

si k - - p §  

and Zi+I is of  order /c + i. Similarly Z e Z*. Let  Z~-k-1 be defined by  having 
at tainable values (s~-k-1, 1) and weights {p - -  2, 2}, where 

1 
sp-k-2 lr § q 

8P-k-1 ~ q -- 2 ~- 8p-1:-2 �9 

As above, Zp-#-2  e Z*_k_ 1. Also, since Z, W, and all the Z~ are related, definitions 
4 and 8 imply  tha t  Z~-~- I  e W*. 

B y  hypothesis  V(Z1) <= V(Z2) =< V(Za) <= "" <= V(Z~-k-I)  _--< V(W).  

v(z)-v(w)=~-~ ~ _ ~ + q  > 0 ,  

a ( ~ _ ~ + )  k V(Z)- V(ZI) ~-~o I = - ~-  ~ (sl). 

B y  lemma 3 

(Sl) = ~ ( 1 1 ( k - - p  § q)2) ~ ~2 ( -k - -p  § q-) �9 

Therefore 

( ) 1 1 k ~~ 2 -/e V(Z)--V(Z1)<--- -~  q~ k - p §  - - ~  - p + q  

1 
1 l~ ( k _ l o + q ) i < V ( Z  ) V ( W ) .  

Therefore V(W)  < V(Z1), giving a contradiction. 

Theorem 7. For each random variable X ,  V ( Y) ~ V (X) where Y is the basic 
random variable related to X .  

Proo/. For  X of  order p, i.e. constant  X, theorem 4 gives the result. 

For  X of  order p - -  1 lemma 5 gives the result. 

8 Z. Wahrscheinlichkeitstheorie verw. Geb., Bd. 8 
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F o r  X of  o rder  ]c wi th  p - -  q -~ 1 ~ ]c ~ p - -  2, l emma 2 gives the  exis tence 
of  a sequence of  r a n d o m  var iab les  X~, i ~- 1, 2, . . . ,  p - - / c  - -  1 such t h a t  X e XI*, 
Xt  e X~+I, i ~ 1, 2, . . . ,  p - -  k - -  2, and  each Xi  is of  order  k ~- i. L e m m a  6 then  
shows V (X) ~ V (X1) ~ V (X2) ~ "" ~ V (Xp-~-I), and  the  resul t  follows f rom 
the  fac t  a l r e ady  no ted  for  r a n d o m  var iab les  of  order  p - -  1 t h a t  V (Xp-k-1)  ~ V (Y) 
where  Y is the  basic  r a n d o m  var iab le  re la ted  to X and  all  the  Xi .  

F o r  X of  order  less t h a n  p - -  q ~- 1 the  resul t  follows f rom successive appl ica-  
t ions of  t heo rem 5 toge the r  wi th  the  fac t  t h a t  the  resul t  holds  for X of  order  a t  
leas t  equal  to  p - -  q ~- 1. 

The  fac t  t h a t  ~ is the  u t i l i t y  funct ion  of  rou le t t e  now follows f rom theo rem 7, 
t heo rem 3 wi th  Q ~ ~, defini t ion 3, and  the  r emarks  following defini t ion 4. Thus  
the  bo ld  s t r a t e g y  is op t ima l  a t  roule t te .  
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