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Strongly Supermedian Functions and Optimal Stopping* 

Jean-Franqois Mertens 

Introduction 

Let E be the state space of a strong Markov process with semigroup Pt. Let f 
be a positive measurable function defined on E. The main problem we consider 
in this paper is the following optimal stopping problem: 

(1) Try to maximize E"(f(Xr)), where T ranges over the stopping times for 
the right continuous Markov process X, which has initial distribution # and 
semigroup Pt- 

(2) What can you expect to get with such an optimal stopping? 

It is well known that a satisfactory answer to the second question allows you 
to describe the optimal or the approximately optimal, stopping times as entry 
times in the set where the difference between what you would get by stopping 
immediately and the best you can still expect is small enough ([11]). Therefore 
we will focus our attention on the second question. 

It is easy to see that most optimal stopping problems in a Markov process 
can be reduced to this standard form. For instance, if one has to maximize 
E u [ f ( X r ) - A  (co, T)], where A is an additive functional for observation costs, it 
is equivalent to maximize E u [ ( f  + h) (Xr)] - S h (x) d/~ where h (x) = E x (A ~) ;  and 
one is back to the standard problem with the function f +  h. 

Similarly, if there is a multiplicative functional for discounting, it is sufficient 
to consider the appropriate subprocess, made Markovian by adding a point at 
infinity. 

Still more general problems can be handled by passing to space-time. This 
problem was solved in [11] for general stochastic processes. In the particular 
case of a Markov process, we must show that the solution is markovian in the 
sense that the best you can expect to get is described by a function on the state 
space, independent of the initial distribution of the process; and that there exist 
memoryless approximately optimal decision procedures - entry times in com- 
pact sets. 

The main results of [11] were announced in [7], [8]  and [9]; those of this 
paper in [10] modulo one or two obvious errors. The results of this paper bear 
very heavily on those of [11]. The main results of that paper which we are going 
to use are Theorem2 and 4; when a reference is given to [11] without further 
specification, it will be to one of these two theorems, or to some easy consequence 
of those. Accordingly, the reader should at least look at the statements of these 
theorems before studying the proofs of this paper. 
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The question raised in this paper has been solved by Dynkin [4] in the case 
that the function f is lower semi-continuous in the fine topology. There are two 
reasons for considering general, nearly Borel measurable functions f. 

Frequently one is interested in getting into a subset of the state space - which 
typically will be assumed to be closed in order to ensure the existence of optimal 
stopping rules. Then the function f would be the indicator function of a closed 
set and would therefore be upper semi-continuous. True, the problem is also 
essentially solved for indicator functions (cf. r6duite), but as soon as there are 
observation costs, you would have to add a (finely continuous) excessive function, 
and then you will need the general case. 

Secondly, conceptually speaking, the added restriction that f is lower semi- 
continuous in the fine topology is irrelevant to the problem and abandoning it 
will lead us to the right solution concept which happens to be the concept of 
strongly supermedian functions (introduced in Section 3), and not the concept of 
excessive functions as in that particular case. 

It was similarly for conceptual reasons that we used only the axioms which 
were obviously needed for this problem; that is, essentially the strong Markov 
property. 

As a result however, the main contribution of this paper is perhaps not so 
much on the practical side since it seldom occurs that all this generality is needed 
in the same problem - ,  but rather in the field of potential theory. 

In this area, the contribution of the paper can be sketched as follows. 
First, the concept of strongly supermedian function is defined. It is a slightly 

stronger concept than that of supermedian function, but it shares all the nice 
properties of the excessive functions. 

Another new concept introduced is the concept of a strictly thin set. Their 
countable unions, the strictly semi-polar sets, are intermediate between the polar 
sets and the semipolar sets, and they have some technical advantages over the 
thin sets (cf. (Th. 2 (b)) and (Th. 5)). In case of the semigroups e-PtPt, they coincide 
with the totally thin sets (p > 0). 

The problem studied here is an extension of the reduite and the balayage 
problems where one only deals with indicator functions. Theorem 1 extends a 
theorem of Dynkin concerning the characterization of the excessive functions by 
means of the reduites ([5], p 7). Theorem 2 implies a somewhat stronger form of 
Doob's extension of the Cartan-Brelot convergence theorem. Theorem 3 extends 
Dynkin's Theorem [4]. Theorem4 gives a decomposition of the strongly super- 
median functions into an excessive part and a purely discontinuous part, and it 
extends to the strongly supermedian functions the properties of the excessive 
functions of left hand behavior on the sample paths. Theorem 5 extends Hunt's 
theorem ([6], 6.4) on the characterization of the reduites. We state Theorem 5 in 
this form because we will need it in this form in a subsequent paper. 

The paper is organized as follows. The first section deals with some technical 
preliminaries, not directly related to our problem, and which should be well 
known. The second section contains the core of the argument. The main results 
are stated in the beginning of Section 3. At this point a reader who is not interested 
in the proofs can immediately find a self contained summary of our results (to 
supplement with Theorem 4 and 5 in the fourth section). 
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Notations and Terminology 
The space E is homeomorphic to an universally measurable subset of a 

compact metric space. Pt is a Markov semigroup transforming the space of bounded 
universally measurable functions on E into itself. It is assumed that Pt is a strong 
Markov semigroup i.e., that axioms A1 and A 3 of [12, XIV] hold. We will use the 
notations of [12]. Terminology will be that of [2] or [12]. 

Each time we refer to a theorem, the reader will be assumed to check that this 
theorem is still valid under our assumptions (cf. also [12, XIV, 7]). 

Two processes which have a.s. the same sample paths will be identified. 

Section 1. Prerequisites 
Lemma 1. Let f be a nearly Borel function. Then, for each right-continuous 

process X(co, t), which is Markov with respect to an increasing right-continuous 
family of a-algebras (~t), the process f ( X  (o3, t)) is well-measurable w.r.t. (4) .  

Proof. Since X(~o, t) is right continuous, the result follows for Borel functions 
f by [12, VIII, T. 16, Remarks (a) and (c)]. Since f is nearly Borel measurable, 
there exists two Borel measurable functions f '  and if ' ,  f'<= f <__ f" ,  such that for 
almost every co, f '  (X(~o, t))--f(X(co, t))--f"(X(~o, t)) for each t. The result follows 
from this. 

Lemma 2. For each compact set K, let reg(K) be the nearly Borel set of regular 
points for K. Then, for each probability distribution #, 

1 = ess sup {reg(K)lK compact in' E}. 

Proof. Consider the canonical realization (2. Let 

T =  0 . . . . .  n + l '  n ' " "  

Let q~ be the canonical projection of • onto C(T, E). Let E' be a compact 
metric space, of which E is a universally measurable subset. C(T, E') with the 
uniform topology is then a separable complete metric space ([3], X, w no 3, Th. 1). 
Since T is countable, the a-field generated by the coordinate projections and the 
Borel a-field for the pointwise topology coincide. Then by ([3], IX, w 6, no 7, Th. 3), 
it follows then that the a-field on C(T, E') generated by the coordinate projections 
and the Borel a-field for the uniform topology coincide. 

Obviously C(T, E) = C(T, E') n E T. 
~o induces a probability on E 'T for each probability P~ on f2. Since C(T, E') 

is Polish, it is a Borel subset of E'T and has probability 1. Since E is universally 
measurable in E' and T is countable, E T is universally measurable in E' T, and it 
has probability 1. So there exists a Borel subset B of E' T, contained in E T, and 
which has probability 1. So B c~ C(T, E') is a Borel subset of C(T, E'), contained in 
C(T, E), and with probability 1. Since C(T, E') with the uniform topology is a 
Polish space, the probability measure on C(T, E) is a Radon measure with respect 
to the uniform topology. 

Now let C be a compact subset of C(T, E), with W-probability > 1 - e .  Let F 
be the canonical map F: C(T, E)x  T---~ E. Then F is continuous ([3], X, w no 4, 
9* 
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Corollary 1). Let K = F ( C  • T): K is a compact subset of E, and obviously, if TK 
denotes the hitting time of K, then # (reg (K)) = pu (T~ = 0) > W (~o-1 (C)) > 1 - e. In 
the next lemma we work on the canonical realization. 

Lemma 3. A) Let T be a stopping time of (4). Denote by M ~ the a-field generated 
by the r.v. Xt^ r and T. Denote by M~. the completion of M ~ for the probability PU 
and let Mr = (") M~-. 

It  

Then f r is the a-field generated by Mr and the elements of f +  which have, 
for each probability W, probability zero. 

B) There exists a family P~'~ of  operators of the space M of bounded f +-measur- 
able functions into itself, such that 

1) Pt ~ is a positive linear operator of  norm 1. 
2) For each countably generated sub a-field o f f + ,  there exists N~_I2 s.t. V# 

W ( N ) = 0 ,  and Vo9, og(~N, Vt: p o~ is a probability distribution on the a-field. 
3) Vf  f e M ,  for each stopping time T of  (~) ,  and V#, we have EU(f(o9)l~u)= 

P~,) (f) W-a. s.; and P'~o,)(f) is Mr-measurable. 
4) Vf  f e M ,  Pt~'(f) is right continuous and has left-hand limits except on a 

negligible set. 
Such a family is quasi-unique, in the sense that for any other such family Pt 1'~ 

and for every countably generated sub a-field of  foo, there exists a set N ~  s 
s.t. V #, P~ ( N)= O, and V o9, o)r N, V t, Pt '~ (.) and Pt 1~ (.) coincide on that sub a-field. 

Remark. We need only Part (A) of the lemma. However, the proof  of this 
part already yields Part (B), with a slight additional effort. 

Proof For each coef2, denote by ogt the restriction of the map o9 to [0, t[, and 
if d~f2 ,  let cot w o9' denote the mapping such that (ogt w co') (s) = og(s) if s < t, and 
(co t w o9') (s) = w' ( s -  t) if s >- t. 

For eachfwhich  is bounded and f~  let (py(t, co, og')=f(ogt w co'). 
Then f(o9)=q~f (t, o9, 0t co). If f (og )=f  is bounded and continuous, then 

+ (t, o9, o9') = I (t > s)f(x  (o9)) + (t < s)f(x _t (o9')). 

By the right continuity of the process X, it follows that q~.c (t, o9, co') is left continuous. 
So q)f(t, 09, o9') is measurable with respect to Pr6v (R+ x(o~~ @ f o  the product 
a-field of f o  _ for co' - and of the predictable a-field on R+ x f2, w.r.t, the 
family of a-fields (~t ~ - for the pair (t, o9). Since the random vairables f of this 
type generate the a-field fro, this measurability property continues to hold for 
all functions q~r w h e n f  is f~  and bounded. Define 

Pt~ ~ q) y(t, o9, o9') dpx<~'t)(og'). 

Obviously P~ is a probability. 
It is easy to check that, for the random variables M considered in [12, XIV, 

pp. 111-114], Pt'~ is equal to the conditional expectation computed there 
(33.4) - after correction of the errors in formula (33.4). It follows from the argu- 
ment there (loco citato, p. 114) that P,'~ is a.s. right-continuous, and is the 
martingale of conditional expectations of M. Since the p,o are probability dis- 
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tributions, and since these random variables generate f io  (pp. 111-112), it follows 
that for each bounded fi~ function f, p(0(f) is well measurable and 
VT, P~o)(f)=E(flfT); by ([11], Th. 2) it follows then that p o~(f) is a right-con- 
tinuous version of the martingale of conditional expectations of f. 

Let f be f~-measurable and bounded. Define Pt~176 where g is 
fr~ bounded and g>f ,  and Bo(f)=supP(~(g), where g is fio_ 
measurable, bounded and g=<f. For each initial distribution/~, there exists two 
fi~ and bounded functions g' and g", such that g'<=f<=g", and 
W{g'~-g"}=O. Thus Pt~176 and for each stopping 
time T, PT~o)(g')----Pr~o)(g") W-a. s. Since P~O(g') and p[o(g,,) are right-continuous, 
there exists a W-negligible set outside of which they agree for each t. It follows that, 
except on a negligible set ~,o(f)=Bo,(f) for each t and is right continuous in t. 

It follows further that, for each stopping time T, Pr~o)(f) and igT~,)(f) are 
NT-measurable, and that Vp 

PT~) (f) = PT~) (f) = E (fl f r )  W-a.s. 

Assume now f is fiT-measurable. Then the above formula shows that f differs 
from the ~r-measurable function fi~,~)(f) - or-PT~o~)(f) -- only on a set which has 
zero probability for each law W. This finishes the proof of Part (A). The proof of 
Part (B) is then finished by an application of the Hahn-Banch theorem. 

Section 2. Construction of the Envelope 
In this section, we work on the canonical realization. For the terminology 

concerning Snell envelopes and their regularization, eft. [J. F. 5]. The aim is to 
prove the following proposition: 

Proposition 1. Let f be a positive, nearly Borel measurable function on E. There 
exists a nearly Borel measurable function g on E, such that, for each initial distri- 
bution #, g(X(~o, t)) is the Snell envelope of f ( X  (co, t)); there also exists an excessive 
function ~, such that, for each initial distribution #, ~,(X(co, t)) is the regularization 
of g t)). 

Definition. g will be called the envelope of f, and ~ will be called, either the 
regularization of g, or the regularized envelope o f f  [cfr. 12, XI, D 18-D44]. 

Proof. Since the proof is rather long, it will be subdivided into six steps. 

Step 1. It is sufficient to prove the proposition in the case when f is a simple 
function. 

Proof. f is the limit of an increasing sequence of nearly Borel measurable simple 
functions f, .  Assume the proposition is proved for each of the f,; let g, be the 
corresponding envelopes and ~, their regularizations. Let g be the limit of the 
increasing sequence g,, and ~ the limit of the increasing sequence ~,. Then 
g(X(co, t))is smaller than the Snell envelope of f(X(co, t)), since each of the 
g,(X(co, t)) is; on the other hand g majorizes f, since g, majorizes .f,; and finally 
the supermartingale inequality for each of the g, passes to the limit to g-using the 
monotone convergence theorem. 
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Since for each initial distribution, g(X(co, t)) is a supermartingale (in the sense 
of [11]) that majorizes f(X(oJ, t)) and that is smaller than the Snell envelope of 
f(X(oJ, t)), it follows that g is the envelope o f f  Similarly, since the limit of an in- 
creasing sequence of excessive functions is excessive, ~ is an excessive function, 
and ~ is smaller than g - .  Further, for any initial distribution/~, 

~, (XT) = lim ~, (XT) > lira E (f, (Xs) [ o~r) = E (f(Xs) l~r), 

when S is a stopping time, S >> T. 

So ~,(Xr)>esssupE(f(Xs)lo~r)- therefore, ~(X(o~,t))is larger than the 

regularization ofg(X(co, t)), and, since it is excessive and smaller than g, the result 
follows. 

Step. 2. Assume f=I(A)  is an indicator function; let ~ be the corresponding 
reduite, ~(X)=P~(TA< + oo), and g = m a x  (~,f). Then the proposition is true for 
f g and ~. 

Proof By [12, XV, T. 15], ~, is excessive, and therefore nearly Borel and right 
continuous on the sample paths. Since f(X(co, t)) is well measurable, you have, by 
[12, VIII, T. 22], that for each initial distribution #, 

eu~ (X) = T>I~SU e~f(Xr (co)). 

Let T be a stopping time. You have, by [12, XIII, T. 18(1)], pu a.s. 

~(XT)=E~({3 t>O; f(XT+,(CO))= 1} IO~T)_--> esssup E"(f(Xs(o~))l~r). 

On the other hand, by [12, XIII, T. 18(2)]: 

EUe~f Xs(e)) = s u  Euf(XT+o~os(@) 

_-<E" ess sup EU(F(XT+o~ os (~))]~r) 
S>O 

Therefore ~(Xr) -- ess sup E"(f(Xs(~))[~). So, for every initial distribution, 
a.s. S >>T 

~(X(o), t)) is the regularization of the Snell envelope of f(X(co, t)). The rest of the 
statement follows from this. 

Step 3. It is sufficient to prove the proposition in the case where f is bounded, 
and where there exists a nearly Borel measurable function J~ such that for almost 
every co, the function f(X(co, t)) has left and right hand limits, and is upper semi- 
continuous from the right; and the function f(x(o), t)) is right continuous and has 
left hand limits, and f(X(co, t))= lira f(X(~o, s)). 

s >~t 

Proof It is sufficient to prove the proposition in the case when f is a simple 
function, by Step 1. 

Let al < a2 <. . .  < a, be the values off ,  and Ai = {f_-_ a~}. Let qh be the envelope 
of aiI(Ai) , and q5 i the regularization of qh- Define q~= max qh and qS= max (~,. 

l<_i<_n l < _ i ~ n  

Then, by the results of [11], each of the pairs ~i and q3 i have along the sample 
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paths the properties required in the statement of Step 3 from f andf  since they are 
Snell envelopes. Therefore (p and ~ also have these properties and obviously 
they are bounded. 

It only remains to show that, for each initial distribution p, the Snell envelopes 
of f(X(~o, t)) and of @(X(e), t)) are equal. 

Since q) majorizes f the Snell envelope of q~ will majorize the Snell envelope of 
f On the other hand, for each i, aiI(Ai, X(m, t)) minorizes f, so its Snell envelope 
(pi(X(co, t)) will minorize the Snell envelope o f f  Therefore the Snell envelope o f f  
will majorize (p (X(e), t)), and therefore it will also majorize the Snell envelope of 
q~(X(m, t)). So the two will be equal. This finishes Step 3. 

From now on, we will neglect the set of points (o, where f(X(e), t)) and 
f(x(og, t)) have not the properties stated in Step 3. 

Step 4. The function ~ (x) = sup ~ E*f(Xr (o))), where T ranges over the strictly 

positive stopping times of (o~), is universally measurable, and the supremum is 
already achieved over a countable set of stopping times. 

Proof For each fixed T, it follows from [12, XIII, T.6] that the function 
E~(f(XT(Og))) is universally measurable. So it is sufficient to prove that there 
exists a countable family N of strictly positive stopping times of.(~) such that, for 
every x, ~ (x) = su E E~f(XT (e))). 

Let 

T~(o))=inf {t,t >O, f(X(o), t))< f(X(m, t ) ) - l } ,  
and 

T L ,  (a)) = ~" (oo) +Orr o T?. 

Then, by the properties o f f  and fa long the sample paths, the Tk" are a sequence 
of strictly positive stopping times of (~tt), which exhausts 

{t > 0 ]fiX(m, t)< f(X(og, t))}. 

Let ~ '  be the countable set of all stopping times, which are either of the form 
Tk" A m, or a constant time with rational nonzero value. Let @" be the set of stopping 
times of (~,) whose graphs are contained in the union of the graphs of the stopping 
times of ~'. Let us show that for each x, ~(x)=sup Exf(Xr(oO)). 

T ~ "  

It will be enough to prove that, for each strictly positive stopping time T of (~t), 
Exf(XT (co)) <= SsU~,,Exf(Xs (oJ)). 

Let A = {a)If(XT((o))q=f(Xr(oo))}. A is ~r-measurable. Define S,--Ton A, and 

S,(m)=inf ~-T(co)__<~- elsewhere. It is clear that S, eN", and obviously 

f(Xs,) -*f(Xr). Since f is uniformly bounded, the result follows. 
We will now show that there exists a countable family ~<=~", such that 

V Te ~", V x, 3 T, e ~: P* (T~ + T) ~ 0. It will follow that 

Exf(XT) = lim Exf(XT ) <= sup E~f(Xs), 
n ~ o ~  n S e i ~  

so that Step 4 will be finished. 



126 J.-F.  M e r t e n s :  

First, consider the subset @'" of 9" ,  containing the stopping times T in 9" ,  
whose graph is in the union of the graphs of the finite number of stopping times 
of 9 ' .  It is then clear that ~ ' "  is dense in 9 "  in the sense stated above. Since the 
set of all finite subsets of ~ '  is countable, we are reduced to the case where ~ '  is 
finite, say 9 ' =  {T1, ..., T,}. 

For each i, let ~r be a countable sub-algebra of ~r , ,  dense in ~-r, for each W 
(using Lemma 3 (A)) - for instance, if 01 . . . .  , 0 , . . .  is a countable set of generators 
of the Borel field of E, then you can take as ~r the algebra generated by 
{ (Xtj ^ Ti ~ Ok} ] tj rational} w { { T~ > t j} [ tj rational} - (X is right continuous). 

Let f~ be the set of stopping times which are equal to T~ on an element of 

~r and to (+  ~ )  on the complement. Let ~ = 0 f#i, and 9 the set of all stopping 
i = 1  

times which are the minimum of a finite subset of f#. Obviously ~ is countable. 
Let us finally show that 9 is dense in 9" .  

Take S e g " ,  and/2 an initial distribution. Let Bi = {S= T/}. Let Ti'= T~ on Bi 
and T/'= + ~ elsewhere. Obviously S = m i n  {T/}. Fix an e and let Vi Aied i  such 

that P"(Aizx Bi)< ~ .  Let T/"= T/on Ai, T/"= + ~ elsewhere; and S = m i n  {T/"}. 
n 

Then S ~ 9  and Pu(S #S)<_Z~ PU(T~" #: T{)<=e. 
This finishes the proof of Step 4. 

Step 5. For each stopping time T, and for each probability PU, 

~, (XT) = ess sup E ( f (X  s (co))] ~-T) -- 
S>> T 

being the function defined in Step 4. 

Proof We will establish the relation only for stopping times of the family (4 ) ;  
the general case of stopping times of the family (~ , )  will follow by [12, XIII, T. 20]. 
We can further assume T is bounded. 

You have 
ao (XT) = sup E x~ (f(Xs)) = sup E (f(XT + oT os) I'~T), 

S ~  S e ~  
and 

a (XT) = sup E xT (f(Xs)) >= ess sup E (f(XT + oT os)I~r) 
S>>0 S>>O ' 

by [12, XIII, T. 18(1)], and therefore, since ~ is countable, 

(XT) = eSSs~>0sup E(f(XT +oT os)lif T) ~ eSsSSUp E(f(Xs)] ~-r) �9 

Conversely, let S~T;  there remains to be shown that 

EU(f(Xs)I~r) <= esvssup Eu(f(XT +oTov) (c~ ] ~T )" 

The same argument that was used in Step 4 shows that S can be chosen with values 
in the union of the graphs of stopping times Ri, where R i=  T +  0TOT~, and T~eg' 
(1 < i<  n) - and the graphs of the T/can be assumed disjoint. 

Lemma 3(A) implies that ~ is generated by {Xt^R, , Ri} , or by {Xt^ T, T} and 
!X(T+s)^Ri,Ri}, as is easy to check. Or, afort iori ,  by ~-T and { O T X s ^ T i  , O T T i } "  ~ 

in other words, ~R, is generated by ~T and 0r  1 fiT,. Let thus d i  be the algebra of 
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sets of the form 

k 
~(Ajc~O~IBj) ,  A j ~ r ,  Bte~r~, and Bhc3Bj= ~. 
j=l 

Then this is the algebra generated by ~ r  and Or ~r, ,  and therefore s~/is dense in 
~R,. Thus, the same argument which was used in Step 4 shows that we can assume 
Ci = {S = R~} r  that is to say Ci = Uj (Air c~ 071 Bit), 

A i j 6 ~ ,  Bije~T,, Bi j~Bik=~.  

Let Tit = T i on Bij, Tit =- + co elsewhere, and Rij = T+ O r o Tit, Cij = { S = Rij } = 
Ci~ 071Bit=Aijc30~ 1 Bij. 

Using one index k for each pair (i,j), one obtains thus: 

Rk=T+OrOTk,  Ck={S=Rk}=AkC~O71Bk, AgenT,  Bk~,~rk 
(Bk= {Tk< + oo})(l__<k__K). 

Let {D1, ..., Din, ..., D~t} be the ~r-measurable partition generated by the AR; this 
means, each index 1 . . . . .  m, ..., M represents a subset of the set {1 . . . .  , k . . . . .  K}, 
and D m = ( ~  Ak)C~((~ CAk). Let Sm=min Tk. 

kam kern k~m 
If coeDs, then co is in one and only one of the Ck(kEm) since the C k form a 

partition. Therefore co is in one and only one set 071 Bk(kem). Therefore there is 
one and only one of the 0to Tk (co) (k e m) which is finite. It follows that, on D~, 
S= T+OroSr,.  

Let F,, (x) = E ~ (f(Xs~)). Then E" (f(Xs) l~r) =Fm (Xr) on D,,. Since ~ (x) > F,, (x) Vx, 
we get ~ (Xr) > E ~ ( ~ (Xs) I J r ) ;  Step 5 is finished. 

Step 6. End of the proof. 

It follows from Step 5 that for each initial distribution/~, and for each stopping 
time T, ~ (Xr) coincides a. s. with the regularization of the Snell envelope off(X (co, t)) 
at time T, and we know [11] this is a right continuous supermartingale. Since 
is universally measurable, it follows that ~ is excessive, and therefore nearly 
Borel measurable and right-continuous on the sample paths. Therefore, for any 
initial distribution #, ~(X(co, t)) coincides for each t with the regularized Snell 
envelope off(X(co, t)). It follows from [11], that if you define g = ~ v f, proposition 1 
is proved. 

Remark. The proof would have been much simpler had it been possible to 
construct the Snell envelope o f f  instead off ,  and then to define g as the maximum 
of f and this envelope: a construction as easy as that in [4] would have been 
sufficient. The following example shows that this is not possible. 

The particle starts at zero; it stays there for an exponential time, and then it 
jumps with probability �89 to (+ 1), where it begins a uniform motion to the right, 
and with probability �89 to ( -  1), where it begins a uniform motion to the left. f is 
the simple function: f ( l ) - -  I, f (  - 1) = 2, f ( x )  = 0 (x 2 .t = 1). 

Thus a t = l  , A ~ = { - 1 ,  +1}, a2=2, A a = { - 1 }  

(p l ( -1 )= l ,  q~t(1)=l, qol(0)=l, (pl(x)=O for x a ~ x ;  
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and 

and similarly 

and 

Therefore 

otherwise, and 

q31(0)=1, (~1(x)=O for x+0 ;  

~o2(-1)=2, q~2(0)=l, (pz(x):-0 for xZ+x:l:O; 

(~2(0)=1, ~2(x)=0 for x:~0. 

q~(-1)=2, (p(O)=l, ~o(1)=1, ~o(x)=O 

q5 (0) = 1, ~ (x) = 0 otherwise. 

It follows that q3 is excessive, and thus its own envelope; nevertheless 
(f  v (~) (0) = 1, while the value at zero of the envelope o f f  obviously is ~. 

Section 3. Optimal Stopping and Strongly Supermedian Functions 
Theorem 1. Let f b e  a positive nearly Borel measurable function i the two following 

properties are equivalent: 

(a) V x, x ~ E, V K, K compact orE, x f~ K : 

f(x)>=P~(x,f) 

where PK(x, ") is the unit mass at x swept out on K. 

(b) For each right continuous process (Xt), markovian with respect to an increasing 
right continuous family of a-fields (N), and which has (Pt) as transition semigroup and 
for each pair of stopping times T, S of(N), such that S>= T, you have 

f(Xr)a> iE(f(Xs)lfgr); 

this means : f ( X  (o~, t)) is, in the sense of [11], a supermartingale w. r. t. (Nt). 

Definition. A function f which satisfies the properties stated in Theorem 1 is 
strongly supermedian. 

Remark. Property (a) shows that many supermedian functions one encounters 
are in fact strongly supermedian. Property (b) and the next theorems will show 
that the strongly supermedian functions have properties as nice as the excessive 
functions. Furthermore, they occur as the natural solution concept for the optimal 
stopping problem (Theorem 3). 

Strongly supermedian functions relate to supermedian functions like the strong 
Markov property relates to the Markov property, or like the definition of a 
supermartingale we use relates to the more usual definition. Therefore they are 
probably a more natural concept when one studies strong Markov processes. 

Remark 2. A strongly supermedian function is in particular supermedian, 
and therefore [12, IX, D. 58, T. 60, T. 65-], has a regularization j~ which is excessive 
and majorized by f 

Definition. A nearly Borel set B will be called strictly thin if there exists a 
constant q < 1 such that for each x~B,  PX(T 8 < + oe)=<tl where T B is the hitting 
time of B. A strictly semipolar set is a countable union of strictly thin sets. 
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Remark. Uniform motion on the circle gives an example of a thin set which is 
not strictly semipolar. 

On the other hand, uniform motion on the line gives an example of a strictly 
thin set, where the inequality PX(TB< + o e ) < q  does not hold outside of B and a 
fortiori B is not polar. 

Obviously any polar set is strictly thin, and any strictly thin set is totally thin 
(cfr. 1-12, X, V, 29]), and therefore thin. 

Theorem 2. Let f be strongly supermedian, and f its regularization. 
(a) Except on a negligible set, the following relations hold for all t: - f ( X  (o9,.)) 

has left and right hand limits, is upper semi-continuous from the right and convergent 

when t---~ oo. - f ( X  (og, t))=li~ f ( X  (c9, s)). 

(b) { f  # f }  is exhausted by a sequence of perfect and exact terminal times 
(hitting times of strictly thin sets) and their iterates. 

The sets of the form { f  # f }  for some strongly supermedian function f are 
exactly the strictly semipolar sets and the function f can always be chosen to be 
bounded. 

Corollary. I f  f ,  is a sequence of strongly supermedian functions, lim inff,  is 
also strongly supermedian - and therefore it differs from its regularization only on a 
strictly semipolar set. 

The particular case where f ,  is a decreasing sequence of excessive functions 
yields a somewhat more precise version of Doob's  extension of the convergence 
theorem of Cartan-Brelot [12, XV, T. 32]. 

Theorem 3. (a) For every positive nearly Borel measurable function g, the 
envelope f of g is the smallest strongly supermedian function which majorizes g. 

(b) f and its regularization fare  linked to g by the following properties: 
(1) f (x)=essrsu p PK(X, g) -- K compact of E, 

and 

f(x)>__ess,sup PK(x, g) - with equality on { f>g} .  

Further f =  max (J~ g). 
(2) For each right continuous process X, markovian with respect to an increasing 

and right continuous family of a-fields (f~t), and for each stopping time T of (f#t) 
and each sub o-field f~ of fqr, you have - where S designates a stopping time of (fqt): 

E (f(Xr) lf#) = esssup E (g (Xs) lff), 
S=T 

and 
E (f(sT) l = e SsSSrUp E (g (Xs) l~). 

This means, in the terminology of [11], f(X(e), t)) is the Snell envelope of 
g(X(o), t)) and f(x(co, t)) is its regularization. 

Proof. Let us first assume Theorem 3 (b) is proved - where the regularization 
f is in the sense of Proposition 1 - ,  and let us show how all the other statements 
follow from it. 



130 J.-F. Mertens: 

For showing the equivalence of the two properties stated in Theorem 1, we 
will prove that each of those is equivalent to the fact that f is its own envelope. 

Assume f satisfies the property of Theorem 1 (a), and let f '  be its envelope and 
f '  the regularization of f ' .  Then (Theorem 3(b)(1)), 

f(x)=esscsup ~(x,f)<f(x) on ~f'>fl, 

which implies i f '  > f} = ~, o r f '  <feverywhere. Therefore, since by Theorem 3 (b)(1) ~, 
f '  =max (f ,f) ,  you get f '  = f  Conversely, i f f  is its own envelope, then 

f(x)>f(x)>Pr(x,f)  for xr  

by Theorem 3 (b) (1). 

Obviously Theorem 3 (b) (2) implies that the functions which satisfy the 
property of Theorem 1 (b) are the functions which are their own envelope. 

So the definition of a strongly supermedian function makes sense, and we 
know further that the strongly supermedian functions are the functions which 
are their own envelope. 

Theorem 2 (a) follows then from this and from the results of [11], when the 
regularization f is understood as the regularization of (the envelope of) f in the 
sense of Proposition 1. There remains to show that f coincides with the regulari- 
zation, say f ' ,  of f in the sense of supermedian functions. Since by Theorem 2 (a) 
f(X(co, t)) and f(x(e), t)) differ only on a countable set of instants, they have the 
same regularization in the sense of supermedian functions. But since fis excessive, 
it is its own regularization in the sense of supermedian functions. So Theorem 2 (a) 
is proved. 

Let B,,m={f/xm>=fAm+l/n}; B,,,, is nearly Borel measurable, and by 
Theorem 2(a), it is thin. It follows also from Theorem 2(a) that the iterates of the 
hitting time of B,,m jump to infinity with probability 1; and thus they exhaust 
{t[X(co, t)eB,,,,}. Finally, it is obvious that the hitting time of a strictly thin set 
is a perfect and exact terminal time (cfr. [2]). Since {f#:f} = U B .... there 

remains to prove that if f is a bounded strongly supermedian function, B =  
{f>-f+ e} is a coutable union of strictly thin sets. Let B =B1; and define cp.(x)= 
PX(TB, < + oe) -- where Tnn is the hitting time of B,. Let Bk, =B, n {(p, < 1 -  i/k}, 
and B,+I = B , n  {q~,= 1}. This defines by induction all the nearly Borel sets B, 
and B, k. Obviously all the sets B, k are strictly thin, and it will follow that B is a 
countable union of strictly thin sets if we prove that 0 B,=J~. Let xe(-] B,. 

n ?1 

An induction on n shows that for every point x in B,, there is probability one that 
a process starting from x will spend at least n instants in B. Therefore, a process 
starting from x e ~ B, will with probability one come back infinitely often to B. 

But this contradicts Theorem 2(a) - either the existence of left or of right hand 
limits will be violated for f(X(co, .)), or the convergence of f(X(co, .)). 

Thus there remains only to show that, if B, is a sequence of strictly thin sets, 
there exists a bounded strongly supermedian function f such that {f@f} = U B,. 

n 

Let f ,  be the envelope of the indicator function of B,, and j~ its regularization. It is 
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o(3 OO 

sufficient to define f = ~  1/2nfn- then f = ~  1/2nj~-  in order to prove the 
theorem. 1 

So the proof of Theorem 2 is finished. 
The corollary of Theorem2 follows immediately from Fatou's lemma. 

Theorem 3 (a) follows immediately from the fact that the strongly supermedian 
functions are the functions which are their own envelope, and from the fact that 
each envelope is its own envelope. This last statement follows from the fact that 
each Snell envelope is a supermartingale (cfr. [11]). 

Theorem 3 (b) then follow from the fact that the regularization of an envelope 
in the sense of Proposition 1 and its regularization in the sense of the supermedian 
functions coincide. 

So there remains only to prove Theorem 3 (b) - where the regularization f is 
understood in the sense of Proposition 1. 

Proof of Theorem 3 (b)(1). The fact that f =  max (J~ g) follows immediately from 
the corresponding theorem for Snell envelopes (cfr. [11]). 

Since for the process starting at x, f(x(~o, t)) is the regularized Snell envelope 
of g (X(co, t)), it follows from the formula in [ 11] for this regularized Snell envelope 
that for each compact K such that xCK f(x)>P~(x, g) - since the hitting time 
of K is then strictly positive - by the right continuity of the process. Therefore, 
for any probability #, f(x)>esssupPr(x,g)- where the right hand member 

should be understood as meaning: esssup I(CK) Pr(x, g). 

Assume for a moment we have proved that equality holds on { f > g }  and let 
us show how the formula f ( x ) = e s s s u p  Pr(x,g) follows. Since f(X(co, t)) is the 

Snell envelope of g(X(og, t)) for the process which starts at x, you get for each 
compact K : f ( x ) >  Px(x, g) from the formula in [11] for the Snell envelope. There- 
fore, for any probability #, f ( x ) > e s s s u p  Pr(x, g). But on the nearly Borel - and 

thus universally measurable - set { f > g }  we have f = f -  since f = m a x ( f  g) - ,  
and therefore f(x)=f(x)= esscsup Pr(x, g)< esssup Pr(x, g). It follows that we 

have already equality on this set. In order to show that we have also equality on 
the complement {f<g}, it is enough to show that g (x )<esssup  Pr(x, g) - since 

on that set we have f =  g, by the formula f =  max (j~ g) - .  This follows immediately 
from Lemma 2. 

There remains only to prove that on { f>  g}, we havef(x) =f(x) < ess sup PK(x, g). 
xCK 

It will be sufficient to prove this for bounded g, since iffn (resp. J~) is the envelope 
(resp. regularized - )  of g ^ n, then { f >  g} is the increasing union of {j~ >g/x n} 
and f = l i m f , .  It is sufficient to carry out the proof on {f>g+e}. Let # be an 
initial distribution carried by that set. Let A =  { g > f - e } ,  and T be the hitting 
time of A. Since #(A)=0,  a.s. Xoq~A and thus a.s. T is also the entry time in A. 
Therefore, it is well known that a.s. f(x) - Exf(Xr) (cfr. [11]), in fact, it is trivial 
when you consider Snell envelopes: Further, T is a.s. finite, since g is bounded 
(cfr. loco cit.). Either XTEA or f(XT)=f(XT), since f =  max (J~ g). Let T2=T if 

XT~A, T~ = T+ 1~ otherwise. Then V n Vco ~ t: T(co)=< t=< T~l(co) and X(co, t)~A. 
n 

Let Sn(co) be a measurable selection of this measurable set of (co, t) (cfr. [1]), and 
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let 2. be the probability induced on A by Xs. (on). Let K.  be an increasing sequence 
1 

of compact sets included in A, such that 2 . (K. )~  1 - - - ;  and let T. be the hitting 
n 

time of K.  - or, equivalently, its entry time, since K.___A and # ( A ) = 0  - .  Then 
1 

T < T . ,  P(T.<  T ~ ) > I - ~ - ,  and X r e K C _ A  as soon as T.< +oo. It follows that 

P ( X r e A  and T.~T)_- < 1 ,  the sequence T. decreases towards T and X r e A .  
n 

Therefore, if X reA,  then 

and otherwise 

Thus, in any case, 

g (XT.) § e >_-- f ( X r .  ) -+f(Xr),  

g (XT.) + e >=f(XT.) ---+f(XT) =f(XT). 

lira inf g (XT,) > f (Xr )  -- e. 
a . s .  

It follows that 

lira inf E (g (Xr,,) r ~o) > E (lim inf g (Xr,)[~o) > E ( f ( X r )  l~o) -- e = f ( x ) -  e; 
and 

E (g ( Xr,,)l ~o)= Pr, (x, g). 
Therefore 

f (x)  -~ < ess sup Pr(x, g) 
K c A  

/t a.e. on CAVIl,  and thus fortiori 

f (x)  < ess sup Pr(x, g). 
- -  x ~ K  

This achieves the proof of Theorem 3 (b)(1) - f  being the regularization in the 
sense of Proposition 1. 

Proof of Theorem 3(b)(2). Remark first that the canonical a-fields ~ are 
contained in the a-fields fit, and that therefore every canonical stopping time is a 
stopping time of the family (fit). 

It will be sufficient to prove that f(X(o~, t)) is the Snell envelope of g(X(co, t)). 
Indeed, since a.s. f(x(co, t))=limf(X(co, s)) on the canonical realization this 

remains true in our case by [-12, XIV, 4], and thus f(x(co, t)) will then be the 
regularized Snell envelope of g(X(co, t)) and the result will follow from the general 
formulas concerning Snell envelopes and their regularization [11]. 

Let us first show that f(X(co, t)) is smaller than the Snell envelope Y(co, t) of 
g(X(co, t)). Let ~" be the regularization of Y. It is equivalent to show that Y(co, t )> 
f(x(co, t)), since we know that f = m a x ( f  g) and r(co, t) = max(~-(co, t), g(X(co, t))). 
Since Y(co, t) and f(x(co, t)) are right-continuous, it is sufficient to show that, for 
each t, t'(co, t)>f(x(co, t)) a.s. - or, more generally, that, for each stopping time T 
of the canonical a-fields, ~'r(CO)>f(Xr(co)). This amounts to prove that 

a . s .  

eSSs~>TS up E (g (Xs (co))lffr) >= eSSsSUp E (g (XT + oTo s) [fir) 

S canonical stopping time. 
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This results trivially from the strong Markov property, which implies that 

E(g(Xr +o~.oS) lfiT)= E(g(XT +o~oS)lO~T) 

whenever S and T are canonical stopping times. 
Indeed, consider [12, XIV, 7 (1)] with S = T +  s; it implies that E (cp (X T + 0T s) I fiT) 

is a function of Xr.  One deduces immediately by recurrence the same property for 
E(cpl (Xr+sl)CP2 (Xr+s2)(P3 (Xr+~3)"" [fiT). A monotone class argument gives then 
the same result for any bounded 0~ lo ~oo-measurable function, and in particular 
for g(Xr+oTos). Since ~r~fir  and since Xr  is ~T-measurable, this achieves 
the proof. 

Therefore f(X(co, t)) is smaller than the Snell envelope of g(X(co, t)). On the 
other hand f(X(co, t))>g(X(co, t)); and thus the proof will be finished if we can 
show that f(X(co, t)) is a supermartingale. Since we already know that the sample 
paths of f(X(co, t)) have left and right hand limits and are upper semi-continuous 
from the right, it will be sufficient to prove that f(X(co, t)) > E (f(XT) lfit) when T_-_ t. 

By the same argument as in the 4-th step of the proposition, we can assume T 
with values in the union of the graphs of T~, 1 ____ i_= n, where T~ are canonical stopping 
times - using the sample path behaviour of f(X(e), t)). We can even assume, by 
defining R=e/x inf{tlt>O,f(Xt)> f(xt)+e}, that To=t, Ti+ 1 =Ti+Or, oR. Thus if 
we show that f(Xr,) > E(f(Xr,+ ~)[fr,), the result will follow by application of the 
stopping theorem of Doob. One is thus reduced to prove that if T and S are 
stopping times of the canonical a-fields, then f(XT(m))>E(f(XT+o~.oS(CO))IfT) 
this follows in the same way as above from the strong Markov property and from 
the fact that f(X(co, t)) is a supermartingale on the canonical a-fields. 

This achieves the proof of Theorems 1, 2 and 3 and of the corollary of Theorem 2. 

Remark I. It follows immediately from Theorem 3 (b)(1) that we also have 
f(x) = esssup P~ (x, g), where the kernel P~ has the same definition as the kernel 

PK, but with the hitting time replaced by the entry time. In fact this result is much 
easier to prove - it does not require Lemma 2 - ,  and is probably more appealing 
in terms of optimal stopping. In fact, we essentially proved a slightly stronger 
result for these kernels: for any initial distribution #, there exists approximately 
optimal stopping times, which are entry times of compact sets. 

The reasons for stating Theorem 3(b)(1) in this form are that, technically 
speaking, it is a stronger result, that in potential theory the kernels Pr are much 
more widespread than the kernels ~ ,  and finally that it corrected an obvious 
error in [10]. 

Remark 2. The following examples show that it is not possible to strengthen 
Theorem 3(b)(1) and to assert that f(x)=esscsup PK(X, g) neither on {f=g}} nor 
on { f <  g}. 

a) On { f=g} :  consider uniform rotation on the circle; g (0)=l ,  g (x )=0  for 
x•0. Then f = f = l ,  but ess sup P~(0, g )=0  

0r 

b) On { f <  g}: consider uniform rotation on the circle, sent to the cemetery 6 
by an exponential lifetime - same function g as in (a). 
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Section 4. Decomposition of Strongly Supermedian Functions 
and Approximation from above 

We work again on the canonical realization. 

Theorem 4. Let f be strongly supermedian, f its regularization. Let A(og, t)= 
Zf (X(co ,  s ) ) - f (x (co ,  s)) - where by definition (+ oo) - (+ oo)=0. Then A(oo, t) 

$ < t  

is a perfect, left continuous additive functional. Let g(x)= E~ Aoo. Then g is strongly 
supermedian, g - ~ =  f - f - again with the convention (+ oo) - (+ oo)=0 - ,  and g 
is the potential of the functional A(co, t)= ~ g(X(~o, s)-~,(X(o~, s)). g is called the 
purely discontinuous part o f f  s<t 

There exists also a unique excessive function h, which is called the excessive part 
o f f  such that f =  g + h and such that for every decomposition f =  g'+ h' o f f  into a 
strongly supermedian function g' and an excessive function h', there exists a strongly 
supermedian function q~ such that g'= g + ~o and h = h'+ ~o. Further, the set of all 
those functions q9 has a smallest element in the strong ordering; and any two such 
functions cp can differ only on the set {g= g' = h= h' = f = + ~ }. 

In particular, in the strong ordering, h is the largest excessive minorant o f f  and 
g is the smallest strongly supermedianfunction which differs from f only by an exces- 
sive function. 

Proof Remark first that the statement of the theorem would be much simpler 
if one considered only finite valued functions f; the proof also is much simpler in 
that case. 

Let us thus first prove the theorem in case f is finite valued. 
In that case, we can use the result of [11, Chap I, w lemma] freely, since it 

requires only X0 ~L1, and we will consider only the probabilities ix .  
The properties of A(e~, t) follow immediately from these results, and also the 

fact that g(x)<f(x) .  Obviously g, and thus h = f - g ,  are universally measurable. 
By [12, XIII, T. 18(1)], we have g(XT)=E(OTAoo [~T), and thus 

g(x)=EXAo~ =E~AT+ EX OT Aoo >=E~OT A~ =EXg(XT). 

Similarly 

E ~ h (XT) = Exf(XT) - E ~ g(XT)) = Exf(XT) - g (x) + E ~ (AT); 

and therefore 

h (x) - E ~ h (Xr) = f (x)  -- E ~ (f(Xr) + A T) = (f(Xo) + A o) - E~ (f(Xr) + A r). 

The above mentioned result of [11] shows that f(X(c~, t))+A(~o, t) is a right- 
continuous supermartingale; therefore h(x)> E x h(XT), and the difference tends 
to zero when T tends to zero: h is an excessive function, and thus nearly Borel 
measurable and right-continuous on the sample paths. It follows that g = f - h  is 
then also nearly Borel measurable, and since g(x) > E x g (XT), g is, by Theorem 1 (a), 
strongly supermedian. Since h is excessive, h=/~, and thus f - f  =g-p, .  

There remains to be shown that, in the strong ordering, h is the largest excessive 
function which minorizes f Let thus h' be excessive, and g ' = f - h '  strongly 
supermedian: we have to show that h -  h' is excessive. Since h' is excessive, we have 
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f - f =  g'-~'. Therefore, the purely discontinuous part of g', which minorizes g' in 
the strong ordering, is equal to g. Thus h - h ' = g ' - g  is strongly supermedian, 
and therefore excessive, since h and h' are excessive. 

Let now f be arbitrary. Consider the nearly Borel set B = {f<  + oo }. Since 
f(X(~o, t)) is a supermartingale, a process which starts from B will stay in B forever. 
So we can consider the restriction to B of our process, in an obvious sense; and this 
restriction satisfies all the axioms. We can thus apply the result on B, and obtain 
functions g and h defined on B. 

Let B be the fine closure of B. By [12, XV, 16(1)], 5 is nearly Borel measurable; 
and since each process which starts from B stays in B forever, and each process 
which starts from B \ B  hits B immediately, one concludes that each process 
which starts in B stays in 5 forever (use the selection Theorem M, VIII, T. 22 and 
the strong Markov property). So we can also consider the restriction of our process 
to B. The functions h and ~ have a unique extension by continuity to B. Indeed, 
consider on B the strongly supermedian function equal to (+  ~ )  on B \ B  and 
resp-equal to h and to ~(g) on B, and apply Theorem 2 to these functions. We can 
thus assume h and ~ to be defined and excessive on B. Define g on 5 by g = 
~ + ( f - f )  - w h e r e f - f =  0 i f f = f =  + oo. It is then clear that, on B, g(x)=EX(Aoo) 
and is strongly supermedian, and that it is, in the strong ordering, the smallest 
strongly supermedian function such that there exists an excessive function h such 
that f =  g + h - indeed, let g' and h' be different; then we know that, on B, h - h ' =  
g ' - g  is excessive, say ~0. Let q3 be the excessive continuation of ~0 to B: we have 
h = h' + ~ and ~' = ~ + ~ by continuity. Further, on B \ B, we have f =  ~' + h', 
s i hce f=  g' + h'. Thus, if f <  + m, we have g ' - ~ '  = f - f = g - ~ ,  and thus g' = g  + q3; 
if f =  + oo, then g = ~ and g' > ~': thus - by defining g' - ~' = 0 if g' = ~' = + oo - g' 
= g + [~ + (g' - ~')]. Define q~ = q3 on { f <  + oo }, and~o = ~ + (g' - ~') on B n { f =  
+ oo }. Obviously ~o is strongly supermedian, and on B we have g' = g + ~o. We have 
also shown that, on B, h---h'+(o -bu t  since {q34:~0}___{h'= +oo}, we get also 
h = h' + ~0. Finally we have obviously f-f= g -  ~ - again with the convention 
(+oo) - ( +  o o ) = 0 .  

The fact that the function r we have constructed is the smallest possible in the 
strong ordering is obvious. This proves the theorem on B. 

Define now, on CB, h (x) = + oo and g (x) = E x g (XT~) - where T B is the hitting 
time (or the entry time) of/~. Obviously g is the envelope of the nearly Borel 
function g- I(B) - and therefore g is strongly supermedian, and on CB, we have 
g = ~, since g - I ( 5 ) =  0 there. It is also obvious that h is excessive and that g + h =f .  
Finally, on CB, f = f =  + oo, and thus, on one hand we have f - f = g - ~  every- 
where - again with the convention (+  oo) - (+  oo)=0, and on the other hand 
g(x) = E~(A~) everywhere. 

Let f =  g' + h', g' strongly supermedian and h' excessive. Let r be the correspond- 
ing strongly supermedian function just defined on B, such that h =  h '+  ~0 and 
g '=g+~0. 

It is clear that, for x~CB, g'(x)>g(x)- since g'(x)>EXg'(Xr~)>EXg(Xr~) 
=g(x)  - ,  and that h(x)>h'(x). 

Let D be the nearly Borel set B u {g < + oo}. Again we can consider the restric- 
tion of our process to D. Let, for x e D \ B, ~0 (x)= g ' ( x ) - g  (x). Since g (X (co, t)) is a 
martingale until time T~, and g'(X(~o, t)) a supermartingale, one concludes that 
10 Z. Wahrscheinlichkeitstheorie verw. Geb., Bd. 26 
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~o (X(co, t)) is a supermartingale until time TB, and since it is also a supermartingale 
after that time, one concludes that ~o is strongly supermedian. Since on B we have 
g'=g+q~, we obtain g'=_g+q~ on the whole of D. On B we have h=h'+q). On 
{q~ = + oo} also. On D \ ( B  u {q~ = + oo}) we have q~ =g '  - g <  + o% thus g '<  + o% 
and therefore h '=  +oo (since + oo = f = g ' + h ' ) .  So we have also on the whole of 
Dh=h'+q). On {h'< +oo} \ D ,  define ~o(x)= +oo. Then on E=Dw{h'< +oo}, 
which is a nearly Borel set to which we can also restrict the process, we still have 
g' = g  + q~ and h = h '+  ~o, and q0 is strongly supermedian. We can then define q~ 
everywhere by saying that q~ is the envelope of ~0. I(E) - and this proves the 
theorem. 

Remark. Since A (o), t) is left continuous, it follows that the purely discontinuous 
part o f f  is "regular", and that the theorems about  the left hand behaviour of the 
excessive functions along the sample paths remain true for the strongly super- 
median functions [cfr. [12, XIII, 32, 33, 34, 46] for instance]. 

Proof Indeed, if T, is an increasing sequence of stopping times, T, T T, then, by 
the left continuity of At, Or. Ao~ $ Or Ao~, and 

g(Xr,)=E(Or, Aoo [ ~ , ) ,  g(XT)=E(OTA~ I ~ ) .  

Therefore by the theorem on the a.s. convergence of conditional expectations 
[11, T. 12], 

g(Xr )- ,  E g(Xr) n a . s .  n 
n 1 

o n  

B = {(o,, t) l 3 s < t: g(X( o, s)) < + oo}. 

The set B is predictable. Under axiom A; (cfr. [12, XIV]) it follows that 
g(Xr,)~.~.g(Xr) on B. By Theorem 2 we know that (g(X~)) exists, and, being left 

continuous, it is predictable. By axiom A~ we have that Xt_ exists and is left con- 
tinuous for t<~a ,  and by A; that for any predictable stopping time T < ( a ,  
X r ~ X r _ .  So g(Xr)_~.g(Xr_) on B for every predictable stopping time T, 
on T <  (A" Since (A is predictable, B n [0, (a[- is predictable, and the twonprocesses 
g(Xt)_ and g(Xt_) are defined and predictable on that set, and agree a. s. for every 
predictable stopping time; so they have a. s. the same sample paths. 

Let T=inf{tlg(X(co, t))<+oo}: we have shown that, a.s. on ]T,([ ,  Vt, 
g(Xt_)=g(Xt). Since (A is predictable and g((a) is constant, we get immediately 
the same result on ] T, + oo [. 

In fact, it can be shown that this holds everywhere on [0, + ~ [, except maybe 
at {(co, t)[ t = T(co), X T _  = S T ,  g(XT) < "t- OO},  (Approximate g by a sequence of 
bounded purely discontinuous strongly supermedian functions which increases 
in the strong ordering, as in Theorem 5, and use the fact that V, g,(x) = EXg,(Xr) - 
the details are left to the reader.) 

That this exception is actually possible is shown by the following example. 

Example. The state space E consists of a positive real line, say R+ = T =  [0, oo [, 
and the product of ]0, 1] x T. Thus E = R + w ( ] 0 ,  1] x T). The particle starts at 
zero of R+.  On each of the lines (x,-) with xe]0 ,  1], the particle describes a 
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uniform motion to the right O n . +  also, except that at each point ( 1 -  

there is a trap which holds the process for an exponential time with parameter 2", 
n(n+2) 

after which time the particle continues with probability (n + 1) - - - - - - T  on R+ and goes 
1 1 1 

with probability . . . .  z with the uniform distribution to {t=0} x ] ~ , - - ] .  
tns- l) 1 " j n +  l n_l 

Define, for x ~ ]0, 1], g (x, 0) =-=,  g (x, t) = 0 for t > 0, and, for x ~R+, g (x) = + 
if x < l, g(x)=O if x > l. x 

Obviously g is a purely discontinuous strongly supermedian function for this 
Hunt process on a locally compact space, and when the particle crosses the point 
{1} of R+ (with probability �89 g (X  O_ = + ~  and g(Xr_)=g(1)=O. 

Particular Case. For the symmetric stable processes on R", the semipolar and 
the polar sets coincide, and therefore the strongly supermedian functions differ 
from their regularization only on a polar set, and their excessive part is equal to 
their excessive regularization. It follows that they are left- and right continuous 
on the sample paths, except maybe a jump downwards at time 0. 

Theorem 5. Every strongly supermedian function f is the essential infinum of the 
excessive functions which majorize it as soon as this is true for the envelopes of  the 
indicator functions of the very thin sets. 

Remark. Hunt's theorem ([6, 6.4], [2, III,w 6], [12, XV, 18]) gives conditions 
under which this last property holds. 

Proof By Theorem 4, we can assume f purely discontinuous. Let h be the posi- 
tive nearly Borel measurable function f - f  - with the convention (+ ~ )  - (+ oo) 
= 0. By Theorem 2(b), there exists a sequence of strictly thin sets B, and a sequence 

of positive numbers 2. such that h = ~ 2, I (B,). 
1 

Let a(co, t)= Z h(X(co, s)), Ah(co, t)= Z I (B,) (X (co, s)), f . (x)=EX(A~).  Then 
s < t  $ < t  

f '  (x) is strongly supermedian (in order to show that f" (x) is nearly Borel, show that 
f" (x) = E x (A~ - A~ +) is excessive, and thus nearly Borel, and that f f  = j~ + I (B.)); 

oo 

and f ( x ) = ~ 2 , f f ( x ) .  So if the theorem is true for each function i f (x) ,  it will 
1 

follow for f(x).  

Let thus B be a strictly thin set; let 

a(~o, t)= Z I(B)(X(~o,s)), and f ( x ) = E ~ ( A J = f ( x ) + I ( B ) ( x ) .  
$ < t  

Ao~ (~o) is the number of times the sample path co spends in B. Let f ,(x) = P~ (A~ > n). 

T hen f ( x )  = Z f ,  (x). 
1 

Define DB as the entry time in B. Obviously f,+ i (x)= E x (f,(XoB)), - assuming 
that we have shown that f ,  is strongly supermedian. Since fo is strongly superme- 
dian, this formula shows by recursion that f.+l is the envelope off,  on B, and there- 
fore strongly supermedian. So again, if we can prove the theorem for each of the 
f , ,  it will be proved for f 
10" 
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By assumption the theorem is known for f~. Let q~ =f~. Let # be a probability 
distribution, such that /~(B)=0. Let q~, be a decreasing sequence of excessive 

< 1  
functions 1 > q~, > ~o, such that ~ (q~. - ~0) d# = - - ,  and let 

n 

0 ,={cp ,>  1 - 1 } n  {c~ < l - e } .  

Then 0, is a decreasing sequence of finely open nearly Borel sets, and there exists 
e small enough such that B _  0, - since B is very thin. Let T. be the hitting time 
of 0.. The sequence Tn is increasing, and Vn, T. < TB. Further, 

p~(Tn< +oo)<px(cpn(XT.)>=l l ) <  n ~ < n 
- = n -  1 E q). (Xr . )  ~ ~ (p. (x),  

and thus 

Is 1] , o PU(T~< + ~ 1 7 6  1 q~d#+-n- = n - 1  + n - ~ - I  Pu(TB< +~176 

Therefore, W-a.s., TB= + o o ~ S n :  T,= +oo. But, for each xCB, cp(x)=c~(x)= 
EX(q~(XrB)), and cp(X(co, t)) is a martingale up to time TB. So EXcP(Xr.)=q)(x) 
=EX~o(Xr~)-  and, since cp(Xr.) is a bounded martingale: EUlimcp(Xr.) 
= E ~' q~(XrB). 

But, on TB = + o% we have lim q~ (Xr'.) = ~o (Xr~) = 0, and on T~ < + o% we have 
lira ~o (XT.) <= ~0 (Xr~) = 1. Therefore, a.s. lim q~ (Xr.) = ~o (XrB). But on the set 
where V n, T, < T~ < + 0% we have Xr.  r B, and therefore q~ (Xr.)= o~ (Xr.)N 1 --~ -- 
since ~ is right continuous on the sample paths. Therefore, on that set, lira sup q~ (Xr,) 
_ -< l -e<  l=~0(XrR ). It follows that this set has probability zero. Therefore 
lira PU(T, = TB)= 1. 

Let now 0 be a bounded excessive function. Since 0, is finely open, the envelope 
0,  of 0 . I (0 , )  is excessive, and since O,(x)=ExO(Xr.), we have l i m 0 , ( x ) =  
E x (~ (Xr~,))/~-a. s. So the thorem is proved for each of the f ,  - putting ~k = f , _  x - ,  
and therefore also in general. 
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