5 Mechanical systems on Riemannian
manifolds

5.1 The generalized Newton law

Let (Q,(,)) be a Riemannian manifold, ¢ = ¢(t) be a C?-curve on @ and
V be the Levi-Civita connection associated to the given Riemannian metric
(,). The acceleration of ¢(t) is the covariant derivative of the velocity field
G = q(t), that is,
Di
acceleration of ¢(t) ! d—f (5.1)
If V is any (local) vector field extending ¢ = ¢(¢), we also write, for simplicity,

% = V44 = V4V. When ¢(t) # 0, there exists such a V' in a neighborhood

of q(t).
In local coordinates (£2;q1,. .., gn) of @, the functions g;; = <8%-’ 8%»> and
T J
the I 5 given by V = 8%7‘, =3 Fﬁ-%, are well known C'-functions on

2 and the expressions 3.20 give each FZ;- as a function of the g;;(q1,--.,qn)
and their derivatives, hence as a function of qi,...,q,. If (¢;,q;) are the
corresponding natural coordinates of TQ on 771(£2) (recall that 7: TQ — Q

is the natural projection), one can write:

n
o)
2o o
and so, we have along ¢ = ¢(t) (see 3.7):
Dg _ 5~ | i
Dq _ | 5.3
= ; qk+;qq] 5| 9ar (5.3)

The kinetic energy associated to the Riemannian metric (,) is the C*-
function K : TQ — R given by K(v,) = 1(vp, vp).

As we will see in some examples, the masses appear in the definition of
the metric (,); the Legendre transformation (see Appendix A) or mass
operator p is a diffeomorphism from 7'Q) onto 7@,

pw:TQ —T7Q (5.4)
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62 5 Mechanical systems on Riemannian manifolds

given by u(v,)(.) = (vp,.) for all v, € TQ. TQ is also called the phase space
of velocities and 7@ is called the phase space of momenta. Since (, ), is non
degenerate, we see easily that p takes the fiber T),@ onto the fiber 7},"Q and
w identifies, diffeomorphically, TQ with T*Q. A field of (external) forces
is a Cl-differentiable map

F:TQ—T*Q (5.5)

that sends the fiber 7, into the fiber T%,Q, for all p € Q.

We remark that, by definition, F is not necessarily surjective but sends
fibers into fibers. When F(v,) is constant (for all p € Q and v, € T,Q) the
field of forces is said to be positional. As an example of a positional field of
forces one defines

Fu(vp) = —dU(p) Yo, € T,Q,p € Q,

where U : Q — R, the potential energy, is a given C?-differentiable func-
tion. In that case one says that Fy is a conservative field of forces. It is
clear that Fy; is a positional field of forces. The map p~! o Fyy : TQ — TQ
defines, in this case, a vector field X’ on the manifold @Q:

X:peQr—pu ! o Fu(vy) € T,Q,

that does not depend on v, € T),Q, but on U and p € @, only. In fact X is
equal to —grad U (- gradient of U); take w, € T,,Q) and so:

(X(p),wp) = <N71’7'—U(Up)va> = N(Nil}—U(vp))(wp)
= Fu(vp)(wp) = —dU(p)(wp), that is X(p) = —(grad U)(p).

Exercise 5.1.1. Show that in local coordinates we have
D " (dOK 0K
—) = ——— — — | dg;. 5.6

A mechanical system on a Riemannian manifold (@, (,)) is a triplet
(@, (,),F) where F is an (external) field of forces. The manifold @ is said to
be the configuration space and the corresponding generalized Newton
law is the relation

Dq .
—) =F(q). 5.7
plg) =F(a) (5.7)
A motion ¢ = ¢(t) is a C%-curve, with values on @, that satisfies

the Newton law (5.7). A conservative mechanical system is a triplet
(Q,(,),F = —dU) where U : Q — R is its potential energy. The function
FE,, = K + U o 7 is the mechanical energy.

Proposition 5.1.2. (Conservation of energy) In any conservative mechani-
cal system (Q, <, >, —dU) the mechanical energy E,, = K+ U o1 is constant
along a given motion q = q(t).



5.2 The Jacobi Riemannian metric 63

Proof:
—(dU(q))q + (dU(q))q = 0.

5.2 The Jacobi Riemannian metric

Let (@,{,),—dU) be a conservative mechanical system on a Riemannian
manifold (@, (,)) and U be a C?-potential energy. Let v, € TQ be a crit-
ical point of the mechanical energy E,, = K+ Uo7 : TQ — R, that
is, dE, (vp) = 0. In local coordinates we have v, = (¢;,¢;) and E,,(vp) =

3 2245 965 (P)did; + U(q1(p), - -, 4 (p)), s0

n

az n
m Ql7Qz Z Z aij% ]‘i‘% ko+;

k=1

Zgikqi] dgy =0

i

and that implies the following equations:

> girgi =0, k=1,...n, (5.8)
6ng c’)U
Z aq =0, k=1,...,n. (5.9)

By (5.8) and (5.9), and since det(g;;) # 0, v, € TQ is a critical point of

E,, if, and only if:
ou
qIL 9 1 3 9 n? an aqk ( )

This means that v, is a critical point of E,, if, and only if, p € @ is a
critical point of U and v, = 0, € T),Q.

Let h € R be a (not necessarily regular) value of the mechanical energy
E,, with E1(h) # 0 and consider the open set of Q:

n={peQ[U(p) <h}. (5.10)

On the manifold @} one can define the so called Jacobi metric g; associ-
ated to (,); for each p € Qp, define gx(p) by
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9n(P) (s vp) = 200 — U (D)) (up, vy), (5.11)

Since (h—U(p)) > 0 for p € Qp,, one sees that gy is a Riemannian metric
on Qh-

Proposition 5.2.1. (Jacobi) The motions of a conservative mechanical sys-
tem (Q,(,),—dU) with mechanical energy h are, up to reparametrization,
geodesics of the open manifold Qp with the Jacobi metric associated to {,).

Before proving the 5.2.1 one goes to show the following (see [54]):

Proposition 5.2.2. Let (Q,{,)) be a Riemannian manifold, p : Q — R to
be a C? function and grad p denote a vector field on Q, the gradient corre-
sponding to {,) of the function p. Let V and V be the Levi-Civita connections
associated to {,) and €%/ (,), respectively. Then, for all X, Y € X(Q) we have:

VxY =VxY +dp(X)Y +dp(Y)X — (X,Y)gradp (5.12)
Proof: By the definition of V and making <, >= e2?(,), formula (5.19) gives

2« VXY, Z3>=Y <X, Z>+X < Z,Y > -Z< XY >
—< V2, X> -<[X,Z,Y > -<[V,X],Z>.

On the other hand we have

Y < X,Z>=Y(*(X,2)) =e*Y(X,Z) + (X, Z)Y (%) =
= *[YV(X, Z) + (X, 2)Y (2p)],
so,
2K VxY, Z > =P {Y(X,Z)+ (X, Z)Y (2p) + X(Z,Y) +
+(Z,Y)X(2p) — Z(X,Y) = (X,Y)Z(2p)
- <[K Z}>X> - <[X7 Z]7Y> - <[Y7X]7Z>}
From (3.19) one obtains
2« VxY,Z> =2e% < VxY,Z >+ {(X,Z)Y (2p)
+(Z,Y)X(2p) = (X,Y)Z(2p)}
=2 VXY, Z>+<X,Z>Y(2)
+ < Z,Y > X(2p)— < X,Y > Z(2p).
Since Y (2p) = 2Y (p) = 2dp(Y) we have

< VxY,Z>=<VxY,Z>+< X, Z>dp(Y)
+ <K Z,Y > dp(X)- < X, Y > dp(2).
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The definition of grad p gives
dp(Z) = (grad p, Z)
for all Z, thus

(VxY,Z) = (VxY, Z) + (X, Z)dp(Y) + (Z,Y )dp(X)
— (X,Y)(grad p,Z) for all Z.

So, one obtains (5.12). n

Proof: (of 5.2.1) One defines p : Q, — R by the equality €2’ = 2(h — U) so
e??dp = —dU and then

e*grad p= —grad U  with respect to (,), (5.13)

that is
2(h = U)dp = —dU. (5.14)

Let v = ~(t) be a motion of (@, {(,), —dU) with mechanical energy h and
contained in Q. By (5.7) we have

Viy = —(grad U)(v(t)). (5.15)

As
2K (%) = (4,4) = 2(h = U(y(t)) = >0,

that implies 4 () # 0 for all ¢ in the maximal interval of ~.
Using (5.12), (5.15), (5.13) and (5.14) one can write

Vv = Vi +2dp(y)5 — (¥, %) grad p

~(grad U)(7(1)) + 2dp(3)§ — 0 Dgrad p, so

Vg = 2dp()7. (5.16)
Let s and § be the arc lengths in (,) and <,>> respectively. Call u(s) =
A(t(s)) and o5) = p(s(3). So () = (t(s(5)) and ¢(5) = L& —
3(t(s(8))) 45 (5(8)) = 3(t(s(3))). 422 252, Bug

=

dt(s)\o _ ds(t) o o 1 op(y(t(s))
() =) =0 =e
and then dt(s)
PS) _ =p(1(1(9))) 17
s e . (5.17)

Analogously
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(dd”) _ (dd“) —< i (3), 1 () >

T At T >

= < A(t(s))

-2
B (diz(j )) < AH(5), A(t(s) >

that gives

<dz(§§)> ‘ <dtd(;)> = < A(H(s)), ¥(t(s)) >/
= e PO G a(s)), 3(2()) 2

).(M) = ¢—20(7(t()) and

¢ (5) = A(t(s(3))).e 2P0, (5.18)

Now compute @C,(g)c’(é) using (5.18) and obtain

Ve = Ve (e_zp"y) = 6_2”@4, (e_QP"y) = 6_2”[6_2”@#’% +d(e” ) ()]
= e VIVyi = 2dp(7));

from (5.16) we get Vo =0, so ¢(8) = ~(t(s(5))) is a geodesic in the
Jacobi metric. n

5.3 Mechanical systems as second order vector fields

Let (Q,(,),F) be a mechanical system on the Riemannian manifold
(@,(,)) and ¢(t) a motion, that is, a solution of the generalized Newton

law () = p (F (@) -
In local coordinates we have (see (5.3)):
- 0 - L 0
+ i a. - yqd) 5
> | Z b did; Far ’;fk(q Dgar

k=1

where the fi(q, ¢) are the components of p~1(F(4)), that is, the Newton law
is locally equivalent to the 2nd order system of ordinary differential equations:

Z Faid + fele, @), k=1,...n,

or, to the first order system of ordinary differential equations:
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dk = Uk
) ) 5.19
{Uk ==, T (@)viv; + fil(a, ), o

k=1,...,n
Using (5.6) we also have
d 0K 0K
— - j=1,... 5.20
dt 5(]] aqj Zgjkfk Q7 7 ] ) ,yn ( )

which are called the Lagrange equations for the system (the free external
forces case can be seen in Appendix A taking K as the Lagrangian function).

This way, in natural coordinates (q,q) = (q,v) of TQ we have, well de-
fined, the vector-field

E:(g,0) — ((¢,v), (¢, 0))

where the (¢,v) are given by (5.19). The map above is a vector field E on

TQ,
E:v,eTQ+— E(vp) € T(TQ).

The tangent space T'Q is called the phase space and the vector field F
defined on T'Q is said to be a second order vector field because the first
equation (see (5.19)) is ¢ = v. This is equivalent to say that any trajectory of
E = E(v,) is the derivative of its projection on Q. In the special case where
F =0, the vector field F reduces to the geodesic flow S of (,), (see (4.21)),
given locally by

S: (g, v) — ((q,v), (v,7))

where v = (y1,...,7) is given by v, = =3, ; rk SViV;

In order to write an explicit expression for E E (vp), let us introduce
the concept of vertical lifting operator . It is an operator denoted by C,,
associated to an element v, € T,Q. C,, is a map

Cy, : T,Q — T, (TQ)

defined by

d
£(vp + swp) |s=0 - (5.21)

C,, takes w, € T,(Q) into a tangent vector of T(7'Q) at the point v, € TQ.
This tangent vector C,, (w,) is vertical, that is, is tangent at the point v,
to the fiber T,,Q since the curve s — v, + sw), passes through v, at s = 0
and has values on T,(Q) for all s. In local coordinates, if v, = (¢;,v;) and
wp = (¢s, w;), we have

Cy, (wp) =

P

C, * (qi;wi) — ((¢i,v3), (0, w;))

because the curve v, + sw, is given, in local coordinates by v, + sw, =
(gi,vi + sw;) and its tangent vector at s = 0 is written as ((g:, vi), (0,w;)).
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The map C,, is linear and injective so is an isomorphism of 7,Q onto its
image

Cvp (TpQ) = Tvp (7-71 (p))

So, the vector field E = E(vp) is given, in local coordinates, by the expression

E(vp) = E((gi,vi)) = ((qi, i), (vi, i + fi))

where v; = — 3 I'},v,vs and the (f;) are defined by

MWWM=Z£%@~

i=1

Then
E(vp) = ((gi,v4), (visvi)) + ((gi>vi), (0, fi)), or
E(vp) = S(vp) + Co, (1~ (F(vp)))- (5.22)

Proposition 5.3.1. The second order vector field E = E(v,) defined on
TQ and associated to the generalized Newton law of the mechanical system
(Q,(,),F) is given by the expression (5.22) where S = S(v,) is the geodesic
flow of (). The trajectories of E are the derivatives of the motions satisfying
1(B8) = F(¢). When F(vy,) = —dU(p), and h is a reqular value of Ey,, the
manifold E,. () is invariant under the flow of the vector field E = E(vp).

5.4 Mechanical systems with holonomic constraints

Let F: TQ — T*Q be a C'-field of external forces acting on a Riemannian
manifold (Q, (,)).

A holonomic constraint is a submanifold N C @ such that dim N <
dim Q. A C?*curve ¢ : I C R — Q@ is said to be compatible with N if
q(t) € N for all t € I. In order to obtain motions compatible with N we
have to introduce a field of reactive forces R : TN — T*(@Q depending
on @, (,), N and F only, and to consider the generalized Newton law

Deé

W= = (F+R)(@): (5.23)
The constraint N is said to be perfect (with respect to reactive forces)
or to satisfy d’Alembert principle if, for a given F, the field of reactive
forces R is such that x4~ 'R(v,) is orthogonal to T,N for all v, € TN. Here
orthogonality is understood with respect to (,), p is the mass operator and V
is the Levi-Civita connection associated to the Riemannian structure (@, (, ).
Using the decomposition v, = v,7 + v,* for all ¢ € N and v, € T,Q, that is

7,Q =T,N & (T,N)*, q€N,
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one obtains from (5.23), assuming ¢ # 0, the following relations:
(Ved)" = [ (F(@)]" =0 (5.24)

pHR)G) = (Ved) ™ — [ (F (@) (5.25)

Denoting by D the Levi-Civita connection associated to the Riemannian
metric <,> induced by (,) on N, Exercise 5.4.1 shows that if N is per-
fect, the C? solution curves compatible with N are precisely the motions of
the mechanical system (without constraints) (N, <, >, Fn) where Fn (vq) =
pn (w1 F (vy))T], vy € T,N, un being the mass operator of (N, <, ).
In fact, since Dyg = (V44)T (by Exercise 5.4.1) one obtains from (5.24)
that
pn(Dgd) = Fn(d) = pn (' F(@)]") (5.26)

which is the generalized Newton law corresponding to (N, <, >, Fy).
Also, from (5.25) we see that

T (RY(G) = Vad — (Ved)" — [u™ ' F()I,

that is,
P R)(G) = Vi — Dy — [ ' F (@) (5.27)
If X,Y are local vector fields on N and X,Y be local extensions to Q, we

have -
B(X,Y)=VxY —DxY (5.28)

where B is bilinear and symmetric with B(X,Y)(¢) depending only on X (q)
and Y (q); B is called the second fundamental form of the embedding
i: N — Q (see [17]) So, from (5.27) and (5.28) we can write = }(R)(¢) =
B(4,q) — [u"YF(4)]*, suggesting that

R(vg) = pu[B(vg,vq) — [/i_l}—(”q)]ﬂ S e (5.29)

for all ¢ € N and v, € T;N. The last expression gives the way to compute
the reactive force introduced in (5.23) when the constraint is perfect.

Using (5.6) for un(Dyg) with ¢ # 0, in local coordinates of IV, and also
(5.26), we obtain the so-called Lagrange equations for obtaining the mo-
tions compatible with the perfect constraints without computing the reaction
force of the constraints.

Exercise 5.4.1. Let N be a submanifold of a Riemannian manifold (Q, (,))
with Levi-Civita connection V. For any pair of vector fields X,Y on N we
define DxY as the vector field on N that at the point p € N is equal to
(DxY)(p) = [(VgY)(p)]T where X,Y are local vector fields that extend X
and Y in a neighborhood of p € Q, respectively, [(V5Y)(p)]T being the or-
thogonal projection of (VY )(p) onto T, N, under (, ). Show that (DxY)(p)
does not depend on the chosen extensions and that
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D:X(N)x X(N)— X(N)

has the properties of an affine connection. Verify also that D is symmetric
and compatible with the pseudo-Riemannian metric <, >> induced by (,) on
N. So, D is the Levi-Civita connection associated to the pseudo-Riemannian
manifold (N, <, >>).

5.5 Some classical examples

The study of a system of particles with or without constraints starts, in
classical analytical mechanics, with the consideration of a manifold of config-
urations @) endowed, in general, with two metrics, (,) and (,); the first one
is called the spatial metric and the second is the one corresponding to the
kinetic energy that defines the mass operator p : TQ — T*Q. With the two
metrics one introduces the tensor of inertia I : X'(Q) — X (Q) characterized
by the relation

(I(X),2) =(X,Z) (5.30)
for all X, Z € X(Q). It is clear that:

i) I is non degenerate with respect to (,) so I~! exists.
ii) I is symmetric with respect to (, ), since:

(I(X),2) =(X,2) = (2, X) = (1(2),X) = (X, 1(Z)).
iii) I is symmetric with respect to {,). In fact,
(I(I(X)), Z2) = (I(X),Z) and
(I(I(X)), 2) = (I(X),1(2)) = (I(I(2)), X) = (I(Z), X)
iv) I~!is symmetric with respect to (,) and (,):
(I7HX),2) = (X,2) = (X, I(I7'(2))) = I(I71(2)), X) = {I7(2), X)
and

(I7H(X), 2) = (I7H(X), I(I71(2))) = (I (X), I7(2))
=(I(I71(X),I71(2)) = (X, I7(2)).

v) Assume (,) and (,) are positive definite. Then I and I~! are positive
definite with respect to the metrics:

(I(X)’X) = <X’X>;

(I(X),X) = (I(X), "1 (I(X))) = (I(X), [(X));
<171(X)’X> :(X’X)a
(I7HX), X) = (T HX), I(IH(X))) = (I H(X), IH(X)
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In the applications, the usual forces are given by a map F : TQ — TQ
which is fiber preserving, that is, F(T,Q) C T,,Q for all p € @Q; the notion of
work is introduced using the spatial metric. So, the work of F'(v,) along w,
is defined as (F'(vp), wp). To obtain the external field of forces F : TQ — T*Q
from F we write

FY urr (5.31)

and, then, the generalized Newton law can be written under one of the two
equivalent forms:

D¢ ., Dg .

7 (@) or I(—)=F()
(In (5.31), as in the last formulae, I is considered as a fiber preserving map
I1:TQ —TQ.)

Ezample 5.5.1. The system of n mass points

Let k be a three dimensional oriented Euclidean vector space also con-
sidered as affine space associated to itself. A pair (¢g;,m;) such that ¢; € k
and m; > 0 is said to be a mass point and m; is the mass of point ¢;,i =
1,...,n. To give n mass points is to consider ¢ = (q1,...,¢,) € k™ and
(my,...,my) € RL™.

Assume that at each point ¢; € k acts an external force f;**' =
fi*(¢,4) € k and (n — 1) internal forces fi; € k,j € {1,...,n}\{i},
due to the action of ¢; on ¢;. The laws, in classical mechanics, determining
the motions ¢;(t) of the mass points (¢;,m;) are the following:

I - Newton laws:

n
. d .
mlqz:fl éf (fiezt+Zfij)7 Z:1,...,’I'L.
iz
IT - Principle of action and reaction:
fi; and (g; — g;) are linearly dependent and f;; = — fj;.
The two laws above imply the following:
(a) Zgzl migi = Y0y fi . .
(b) >y madi X (g —c¢)=>_1 [i"" x (g; — ¢) for any ¢ € k.
(here x means the usual vector product in k).

In fact, case (a) is trivial. Using Newton’s law one proves case (b) under
the hypothesis ¢ = 0, provided that ), j fij xqi = 0; but since fi; x (¢;—q;) =
0, we have

Zfij X q; :Zfij X g :_iji X g :_Zfij x q; =0.
i i i i

The case (b) for arbitrary ¢ € k follows from case (a) and from case (b)
with ¢ = 0.



72 5 Mechanical systems on Riemannian manifolds

/ (q5,m )
f

ext 31

ext

Fig. 5.1. System of n = 3 mass points.

The kinetic energy of a motion is K = 137" | m;(¢;, ¢;) where (,) is
the inner product of k. The manifold ) = k™ is the configuration space that
can be endowed with two Riemannian metrics: (u,v) = (ug, v1)+. . .4 (Un, vp),
the spatial metric, and (u,v) = mi(ui,v1) + ... + my(un, v,), the metric
corresponding to the kinetic energy, where the masses appear.

The Levi-Civita connection V associated to (,) has the g;; as constant
functions, so the Christoffel symbols are all zero (see 3.2.6) and then

The mass operator u : Tk™ — T*k™ is defined by p(w,)(.) = (wy,.) for
all w, € T,k™ = k™. If the usual forces are given by F' : Tk™ — Tk™ with
F = (f1,...,fn), one defines F : Tk™ — T*k"™, the field of external forces,
using the formula F = pI~'F where [ is given by (5.30). Then one can write:

F(ve)uz = (ﬂIilF)(vz)uz = (IﬁlF(vf),uﬁ
= (IOI?lF(Uw)vuw) = (F(vz), uz),

S0,

n

Floe)ue =Y (filve),us'),  where ug = (uz',... uz"). (5.32)

i=1
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Then F (v, )u, is the total work of the external forces fi(v,) along u,".
From the generalized Newton law (5.7) we have

n

Vg = p(§)uy = (G, u,) = Z(miéjiauwi)

=1

Dq

]:(Q)uw = M(E

and (5.32) implies F(¢)u, = > iy (fi(g,d), us’); so, since u, is arbitrary in
k™ one obtains the classical Newton’s law:
quZ:f’L<Q7q)7 i:L...,n,

and conversely.

Fig. 5.2. Planar double pendulum.

Ezxample 5.5.2. - The planar double pendulum One may consider two
mass points (q1,m1) and (g2, ms2), ¢; € R%,i = 1,2, in the configuration
space @ = R? x R? = R* and a holonomic constraint N defined by the
conditions:

=0 =07 (5.33)
|2 — a1 | = &2, (5.34)
where 0 € R? is the origin. If a,b € R?, a.b denotes the usual inner product
of R2. Let u = (u1,uz2) and v = (v, ve) vectors in R%, that is, u;, v;, € R?,i =

1,2.
The spatial metric in R* is given by

(u,v) = uy.v1 + ug.va,

and
(u, v) = myu1.v1 + Matg.vg
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is the metric corresponding to the kinetic energy

K(¢) = §[m1Q1-LI1 +mage.¢o], ¢ =(41,42) € R*.

The Levi-Civita connection V associated to the metric (,) gives the acceler-
ation of ¢(t) = (q1(t), q2(t)) € R* with Christoffel symbols equal to zero:
Dq
24 _ i = (i) 535
di G =(q1,G2) ( )

The usual external forces acting on ¢; and gs are
F, =(0,myg) and Fy = (0,mag),
respectively. As in the previous 5.5.1, one defines the field of external forces
F :T(R? x R?) = T*(R? x R?)
using the total work of the physical external forces:

F(q)(ur, uz) = (F1(q),u1) + (F2(q), u2) (5.36)

where F;(¢) = F; = (0,m;g), i=1,2.

Assuming that the submanifold N defined by (5.33) and (5.34) is a perfect
constraint, that is, satisfies the d’Alembert principle, we have by (5.23) that
for any C? curve compatible with N,

R(@) = n(5h) ~ Fl@),  R() € Tj)Q,

is such that the vector p='(R(q)) is, at the point ¢(t) € N, orthogonal to
T, N with respect to the metric (), for all ¢; that is,

(™ 'R(G), (v1,02)) =0 (5.37)

for all (v1,v2) € TyyN. But (v1,v2) € Ty N means that vy and vy in R?
have to satisfy:

U1.(ql — 0) =0 (538)

(v2 —v1)-(@2 —q@1) =0 (5.39)

where (5.38) and (5.39) were obtained by differentiation, with respect to time,
of (5.33) and (5.34), respectively. If one denotes

1 R(9) Y (Ri(4), Ra(d)), (5.40)

condition (5.37) and the definitions (5.30) and (5.40) give

0= (b 'R(q), (v1,v2)) = (I~ 'R(q), (v1,v2))
= ((R1(9), R2(q)), (v1,v2)) = (R1(q)).v1 + (R2(q))-v2
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0, R1(¢) and Ra(q) defined in (5.40) satisfy
(R1(4))-v1 + (R2(q)).v2 =0 (5.41)
for all vy, ve in R? that verify (5.38) and (5.39).

From (5.35), and the definition of p we obtain

U(%)(UMUZ) = (%, (u1,u2)) = (1, d2), (ur, u2))

= migi.u1 + Mag2.us. (5.42)
From (5.23), (5.36), (5.40) and (5.42) we have

midi.uy +meda.uz = (F1(q4))-ur + (F2(q))-ua + R(q) (w1, uz)
= (F1(9))-ur + (F2(q))-u2 + (R1(q))-u1 + (R2(q))-u2;

in fact,

R(G)(ur,u2) = uI " (R1(4), Ra(q)) (u1, uz)
= <171(R1(Q)’R2(Q))7 (u1’u2)>
= ((R1(9), R2(q)), (u1,u2))
= (R1(q))-u1 + (R2(q))-u2

and then

madrur + magius = (F1(q) + R1(d)).u1 + (F2(9) + Ra(q)).uz ;
since (u1,uz) € R? x R? is arbitrary (see (5.24)) we have

miGr = F1(q) + R1(q)
mada = Fa(q) + Ra(q). (5.43)

Equations (5.43) are the classical Newton law for two mass points;
R1(4), R2(q) are the constraint’s reactions that have to satisfy (5.41) for all
(v1,v2) such that (5.38) and (5.39) hold, that is, "the virtual work of the
reactive forces is equal to zero (classical d’Alembert principle)”.

One can also show that (5.41) for all (vy,vs2), under the hypotheses that
(5.38) and (5.39) hold, is equivalent to

Ra(q) = plaz — q1)
Ri(¢) + R2(q) = a(q1 — 0), (p,a € R).

Let us derive now the Lagrange equations (5.20) corresponding to the

generalized Newton law (5.26) for the planar double pendulum. From (5.36)
the field of external forces is given by
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F(4)(ur,ug) = (F1(4), w1) + (F2(q), u2) = (myuj + mauy)g

provided that u; = (uf,uy) and us = (ug, ul).
The function U : R? x R? — R defined by

Ulqr,q2) = —migyr — magya,

where ¢1 = (z1,31) and g2 = (x2,¥2), are such that F(v,) = —dU(p), v,

S

T,R*. So, F is a conservative field of forces. The manifold N is a torus
with coordinates (i, #), so, the potential energy U and the kinetic energy K

restricted to N are U and K respectively:

U = —mygl cos — mag(fy cos 6 + 62 cos ®)

— 1
K= 2[m1(Q17Q1)+m2 G2, 42)] Zmz &7 +97)

where ¢ = (4&1,91) and QQ (Z2,92) for z1 = £1sinb, y1 = {y cos 0,
/1 siI}G + Lo sin @, Yo = = {(1cos6 + lycosp. Then 27 = ¢16cosb,

To =

h o=

—010sin6, iy = 616’ cost + lapcosy, Yy = 7810 sinf — €2g0 sin ¢ and con-

sequently:

oUu
20 = (m1 4 mg)gly sin,

= magls sin y;

ou
dp

a—K mma. +m 8' —|—mx8 +m 3y2
121 90 115, 20 222 90 2U2 - 90

= mql10 cos 0(—610 sin ) + mq 010 sin 9(619605 )
+ ma (10 cos 0 + L2 cos @) (—¢10 sin )
+ ma (010800 + L2 sin @)1 6 cos 6,

— = mgflﬁgcpé sin(p — 6);

% = Moy —— Ot + Moy —— il
© I dp
= mgy (€10 cos 8 + Ly cos ) (—Lap sin )
Mo (€10 sin 0 + L sin p)la cos p,

ie.,
oK L
% = mal1a0sin(0 — p);
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m10126 cos® 0 + mql20sin? 0 + m2(€19 cos 6 + Uy cos p)lq cos 6
+ mo (Klé sin + £ sin )y sin 6,
ie.,

mali26 + mgﬁfé + malylap cos(f — v);

= My (619 cos 0 + Uy cos p)ls cos @
i.e.

+ ma(£10sin 0 + L2 sin @) lo sin @,

K .
6—_ = mals?p + maolils0 cos(f — )
op
The two Lagrange’s equations are
doK 0K _ _oU doK 0K _ _oU
at 99 00 00’ dt 0  0p  Op’
ie.

dt

[mlflzé + moli260 + malilapcos(6 — )] — mgﬁlfggbé sin(f — )

= —(my + mag)gly sin 6
dt

[m2€22¢ + m2€1€29c05(9 — )] — mal1la0 sin(f — )
= —mogls sin .

These two equations determine a second order system of ordinary differ-
ential equations on the torus of coordinates (6, ¢)

(my +m2)l30 + malyla[@ cos(8 — ) — p(6 — @) sin(0 — )] —
— 777,26162@0. sin(@ - (,0) +
+ (mq + ma)gly sind = 0,

(5.44)
mal2$ + molils[f cos(6 — ) — (6 — @) sin(f — )] —
— malylapfsin(f — @) + magly sin g = 0.

(5.45)
One can compute § and @ in (5.44) and (5.45) and get a system of two
ordinary differential equations in the normal form; in fact the matrix
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(my + my)? mal1ls cos(f — p)

mal1ls cos(f — ) maol3
is positive definite, with determinant equal to
mimalils + m20202 sin? (0 — ) > 0.

The mechanical energy E,, = K + U is a first integral of system (5.44),
(5.45) (see 5.1.2) expressed as:

1 . 1 ;
E, = 5(ml +ma)l36% + §m2€§¢72 + malila0p cos(0 — ) —

— (mq + ma)gly cos O — magls cos .

The critical points are the zero vectors 0, € T,N such that dU(p) = 0,
that is, %—g(p) = g—g(p) = 0, or, equivalently, p = (6, ) such that sinf =
sin ¢ = 0; so, one has 4 critical configurations on the torus N:

b1 = (070)7 b2 = (O,’/T), p3 = (*7(’0) and Pa = (’/T,ﬂ').

5.6 The dynamics of rigid bodies

Let K and k be two oriented Euclidean vector spaces also considered as
affine spaces associated to K and k, respectively. Assume that both spaces
have dimension 3 so, each one has well defined the vector product operation
(denoted by x) corresponding to the inner product (,).

An isometry M : K — k is a distance preserving map, that is, | X =Y|| =
|IMX — MY for all X,Y € K. The induced map M* : K — k is defined by:
(0 € K is the zero vector)

M*X = M(X)— M(0), for all X eK (5.46)

Proposition 5.6.1. Let M* be the induced map of an isometry M. Then
one has the following:

1. M* is modulus preserving.

M* preserves inner products and is linear.

M* is a bijection, so M is an affine (bijective) transformation.
The inverse of M is an isometry.

If M* is orientation preserving then M™* preserves vector product.

Crds o o

Proof:
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L[ M*X|| = [M(X) - M©O)| = [|X —0[ = [IX]|.
2. One has

(M*X, M*Y) = S(IM*X|* + | MY — [ M*X — M*Y|?)

1

2
1

= SUXIP+ Y] = 1X = Y]%) = (X, 7).

So, M* preserves inner product. Moreover M* is linear: for any o € R
and X € K we have

|M*(aX) — aM*X|?
= |M*(aX)|? + 2| M*X|? = 2(M*(azx), aM* X)
= |aX|® 4+ ?| X||* = 2a(M*(aX), M*X)
=207 X|]? - 2a(aX, X) = 0;

and

IM*(X —Y) — (M*X = M*Y)|]?
= |M*(X -YV)|? + ||[M*X — M*Y|* = 2(M*(X —Y),M*X — M*Y)
=X -Y|P+|X-Y|?-2(X-Y,X)+2(X -Y,Y)=0.

3. Since M™* is linear, it is enough to prove that M* is an injection; but if
M*X =0 (0 € k is the zero vector) one has |M*X| = || X]|| = 0, so
X =0 and M* has an inverse (M*)~L.

4. The map N : k — K defined by

N(z) = (M*)" Yz — M(0)) for all z €k, (5.47)
is the inverse of M since by (5.46) and (5.47) we have:
M(N(z)) = M(0) + M*(N(x)) = M(0) + (z — M(0)) = =
But (5.47) gives N(0) = —(M*)~*(M(0)), so,
N(z) = (M*)" 'z — (M*)"H(M(0)) = N(0) + (M*) "'z (5.48)

and N is an isometry with N* = (M*)~! as induced map. In fact (5.48)
shows that N* = (M*)~! and (5.47) implies:

IN(z) = N(y)|| = (M)~ e — (M) "My
= [[M (M) " e — M (M) Ty = [l =yl

so N preserves distances.

Exercise 5.6.2. Prove property 5. in Proposition 5.6.1.
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An isometry M : K — k is said to be a proper isometry if its induced
map M* : K — k is orientation preserving.
A rigid motion of K relative to k is a C? curve

M :t+— M,

where M; is a proper isometry. If, moreover, M;(0) = 0 for all ¢, then M is
said to be a rotation.

Proposition 5.6.3. Any rigid motion M of K relative to k is such that M;
has a unique decomposition M; = T, o R; where Ry = M, : K — k defines a
rotation and Ty : k — k is given by Tyx = x +r(t), that is, Ty is a translation
in k, for each t.

Proof: From (5.46) we have:

My(X) = M;*X + M(0) = RyX + M,(0)
== Tt(RtX) == (Tt o Rt)X

where T;(z) “oaet r(t) for all z € k,  r(t) = M;(0). If M; = T; o Ry is
another decomposition such that T;(x) = z + 7(t) for all z € k and R0 = o
then T3 (R X) = Ty(M;*X) or Ry X 4+ 7(t) = My X +r(t) for all X € K; in
particular for X = 0 one gets r(t) = 7(¢) and consequently R, = M,*. (]

A rigid motion M is said to be translational if in the (unique) decom-
position My = Ty o M;*, the linear isometry M;* does not depend on ¢, that
is, My* = My, * for some t,. In that case we have My (X) = M; *X + r(¢).

We will derive now, the expression that describes the kinematics of a
rigid motion M of a (moving) system K with respect to a (stationary)
system k, that is, for ¢ in some interval I of the real line, M; : K — k is
the corresponding proper isometry. Let us denote by Q(t) € K a moving C?
radius vector also defined in I and let g(t) = My (Q(t)) be the radius vector,
in k, corresponding to the action of M; on the moving point Q(t). Let us
denote by r(t) € k the vector r(t) = M(0).

Taking into account that My(X) = M,*X + M,(0) for all X € K one
obtains:

q(t) = M(Q(t)) = M7 Q(t) +r(t). (5.49)
By differentiating (5.49) with respect to time one has

q(t) = My Q(t) + My Q(t) + i (t). (5.50)

Special cases:

a) If the rigid motion M is tramslational, that is, M;* = M; * for all ¢,
one obtains from (5.50) that
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qt) = My, " Q(t) + 7(t) (5.51)

and so, the absolute velocity ¢(t) is equal to the sum of the rela-
tive velocity M,;,*Q(t) with the velocity 7(t) (of the origin 0) of the
moving system K.

b) If the rigid motion M is a rotation of the moving system K with respect
to the stationary system k, that is, if (¢) = 0 for all ¢, one obtains from
(5.49):

q(t) = My"Q(t) and  4(t) = My Q(t) + My"Q(t). (5.52)
If, moreover, Q(t) = & = constant, (5.52) shows that
q(t) = M;*¢  for all ¢t (5.53)
and the motion of ¢(t) is called a transferred rotation of .

Exercise 5.6.4. Assume it is given a skew-symmetric linear operator A :
V' — V acting on an oriented 3-dimensional Euclidean vector space V. Prove
that there exists a unique vector w € V such that Ay =w x y for ally € V,
and also that w = 0 if and only if A = 0. We use to denote simply A = wx.

Let us consider the induced linear map M;™ associated to a rigid motion
M :t — M, of K with respect to k. One can construct two linear operators
(with C! dependence on time):

MM :k—k and (M)7'M;: K — K.
From Proposition 5.6.1 (2. and 3.) M,™ is a linear isometry:
(MX, M}Y)=(X,Y), for all X,Y €K. (5.54)
By differentiating (5.54) with respect to time we obtain
(M X, M;*Y) + (M, X, M;Y) =0, forall XY €K. (5.55)
Since (M;*)~! is also a linear isometry one gets from (5.55) that
(MH)™IMFX,Y) + (X, (M) "M Y)) =0, for all X,Y € K (5.56)
and also
(M7 (M), y) + (2, M (M) Yy) =0 for all zyek,  (5.57)

where z = M} X and y = M"Y are arbitrary in k. Then (5.56) and (5.57)
show that (M;)~'M; and M;(M;)~' are skew-symmetric linear operators
acting on K and k, respectively. Using the result of Exercise 5.6.4 above one
can state the following:
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Proposition 5.6.5. Let M : t — M; be a rigid motion of K with respect
to k and M;* its induced linear isometry. Then there exist unique vectors
Qt) € K and w(t) € k such that (M,*) "M} = Q(t)x and M;(M,;*)~' =
w(t)x. Moreover w(t) = M;*Q(t).

Proof: 'We only need to prove that w(t) = M;*2(¢). But from the definition
of £2(t) we know that

(My*)"'M;Y = Q(t) x Y for all Y € K;
so, making Y = (M,*) "'y, one obtains
(M) M7 (M") "ty = Q(t) x (M") ™y,

and then .
M (M)~ 'y = M"[02(t) x (M;*) "'y

The last expression and Proposition 5.6.1 (5.) show that
MM, 'y = [M Q)] xy for all yek,

thus the definition and the uniqueness of w(t) enable us to conclude the
result. u

We will now give the interpretation of w(¢) and £2(t) when we are dealing
with the special cases considered above. We start with a rotation M (r(t) =0
for all ¢) such that Q(¢t) = £ = constant, that is, the motion of ¢(¢) is a
transferred rotation of ¢ € K. We have the following result:

Proposition 5.6.6. If ¢(t) is a transferred rotation of £, to each time t for
which Mt* # 0 there corresponds an axis of rotation, that is, a line in k
through the origin whose points have zero wvelocity at that time. Fach point
out of the axis of rotation has velocity orthogonal to the axis with the modulus
proportional to the distance from the point to the mentioned axis; if, other-
wise, we have Mt* = 0, then all the points in k have zero velocity at this time
t.

Proof: By (5.53) we have )
itt) = Ve, (5.58)
If M; =0, (5.58) shows that ¢(t) = 0. Assume otherwise M; # 0; in this
last case (5.53) and (5.58) imply that
q(t) = My (M:") " *q(t). (5.59)

One sees that the skew-symmetric linear operator J\Z,;*(Mt*)_1 k= k
is non zero: in fact M;(M;*)~! = 0 implies M; = 0 (contradiction). From
Proposition 5.6.5 there exists a unique non zero vector w(t) € k such that
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My (M) = w(t)x; (5.60)
then equations (5.59) and (5.60) imply that

G(t) = w(t) x q(t). (5.61)

The instantaneous axis of rotation at the time ¢ is the line in &
through the origin and direction pw(t), p € R, and (5.61) shows that |§(¢)| =
lw(®)| |q(t)|sinf where |g(t)| sinf is the distance from ¢(t) to the axis of
rotation . u

Another case to be considered is a general rotation (r(t) = 0 for all ¢); so
equations (5.52) imply

q(t) = My (M)~ q(t) + M Q1) (5.62)

and using Proposition 5.6.5 there exists a unique w(t) € k so that equation
(5.62) can be written

Q(t) = w(t) x q(t) + M7 Q). (5.63)

So, for a rotation M, the absolute velocity ¢(t) is equal to the sum of
the relative velocity M,;*Q(t) and the transferred velocity of rotation
w(t) x q(t).

The dynamics of mass points in a non-inertial frame can be studied
by assuming that k£ is an inertial and that K is a non-inertial coordinate
system subjected to a rigid motion M : ¢ — M;. From (5.50) we know that
q(t) = M;Q(t) + My*Q(t) + 7(t). Let us suppose also that the motion of the
point g € k with mass m > 0 satisfies the Newton’s equation

mq = f(g,4); (5.64)

so we have:

F(g,d) = m = m[M; Q(t) + 2M; Q(t) + M, Q(t) + #(t)]. (5.65)
The special case in which M is translational (M; = M; = constant)
implies that )
mM; Q(t) = m(§ —7) = f(q,q) — mi(t)

or
mQ(t) = (My,") " f(a,4) — (My, ")~ "mi ().
The case in which M is a rotation (r(t) = 0 for all ¢) gives from (5.65):
mQ(t) = (M) [f(a,4) — mM; Q(t) — 2mM; Q(1)],
s0

mQ(t) = (M;*) "' f(q,4) — 2me(t) x Q(t) — m(M,") ' M Q(t).  (5.66)
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From the definition of {2(¢) we have
(M)TIMY = Q(t) x Y or
MY = M;*(2(t) xY) for all Y € K; (5.67)
The derivative of (5.67) gives
MY = M} (2(t) x Y) + M (£2(t) x Y)

and so, ) .
(M) MY = Q(t) x (2(t) < Y) + 2(t) x Y
for all Y € K and, in particular, for Y = Q(t), that is,

(M) MQ(1) = £2(t)  (2(t) x Q(t)) + £2(t) x Q1)
and this last equality can be introduced in (5.66) giving, after setting
(M) f(g,4) = F(t,q,4) :
mQ(t) = —maA(t) x (2(t) x Q(1)) — 2mA(t) x Q(t)
—mQ(t) x Q(t) + F(t.q,4)
where one calls
= —mQ (t): the inertial force of rotation,

Fy, = —2m.Q( ) x Q(t): the Coriolis force,
F3; = —mQ(t) x (£2(t) x Q(t)): the centrifugal force.

Q

QxQ

=-mQX (QXx Q)

Fig. 5.3. Centrifugal force.

Thus one can state the following:

Proposition 5.6.7. The motion in a (non inertial) rotating coordinate sys-
tem takes place as if three additional inertial forces (the inertial force of
rotation Fy, the Coriolis force Fy and the centrifugal force F3) together with
the external force F(t,q,q) = (My*)"1f(q,q) acted on every moving point
Q(t) of mass m.
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For the purposes of giving a mathematical definition of a rigid body, we
start by saying that a body is a bounded borelian set S C K, and a rigid
body S C K is a bounded connected Borel set S C K such that during the
action of any rigid motion M : t — M; of K relative to k, the points £ € S
do not move, that is

Q(t,§)=¢ for any t and any €€ S. (5.68)

The distribution of the masses on S will be considered in the sequel.
Without loss of generality one assumes, from now on, that the origin O of K
belongs to S.

A rigid motion M of K relative to k induces, by restriction, a motion of
S relative to k, and, when S is a rigid body, we have from (5.49) and (5.68):

q(t, ) = My(Q(t,€)) = My(§) = My"E +r(t) (5.69)

for any ¢t and any £ € S.
If a rigid motion is a rotation (r(¢) = 0), its action on the rigid body S is
given, from (5.69), by the equation

q(t, &) = My*¢,  for all &€ 8, (5.70)

that is, by a transferred rotation of each £ € S; so, a rotation acting on a
rigid body S is said to be a motion of S with a fixed point, the origin
0 € K, since r(t) = M;(0) = 0. At each instant ¢, either the image M;(S5)
of S has an instantaneous axis of rotation passing through 0 € k, the points
q(t, &) € Mi(S) with velocities w(t) x ¢(t, ), or all the points of M;(S) have
zero velocity, according what states Proposition 5.6.6 above.

If M is translational (M;" = M, * for all t), its action on a rigid body S
is given, from (5.69) by the equation

q(t,€) = My, " +r(t) = My, "€ + My (0)

so, ¢(t,&) = r7(t), that is, the velocity of any point of M;(S) is equal to the
velocity 7(t) of M(0).

We will introduce now the notions of mass, center of mass, kinetic
energy and kinetic or angular momentum of a rigid body S.

A distribution of mass on a rigid body S is defined through a positive
scalar measure m on K; the following hypothesis is often used:

m(U) > 0 for all nonempty open subset U of S. (5.71)

(Here we are considering the induced topology; in particular m(S) > 0 if
S £ 0).

The center of mass of S corresponding to a distribution of mass m is
the point G € K given by
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1
-5 /S cdm(€) (5.72)

where m(.5) is the total mass of the rigid body S which is a positive number
(see the fundamental hypothesis).

Under the action of a rigid motion ¢ — M;, the center of mass describes
a curve in k given by:

o) < M,(G) = ﬁ /S M&dm(€) = ﬁ /5 at,Odm(e)  (5.73)

Proposition 5.6.8. The velocity ¢(t,§) of a point £ of a given rigid body S
under the action of a rigid motion t — My is given by

q(t,€) = g(t) + w(t) x [q(t,§) — g(1)]
where w(t)x = M;(M;*)~1.
Proof: By (5.68) and (5.69) we have for all £ € K:
q(t,&) = M€ +r(t) and &= (M) [q(t,€) —r(1)];

so, by derivative one obtains:

G(t,€) = M7 &+ () = My (My*) Mq(t,§) — r(H)] +7#(t) or
Q(t,€) = w(t) x [q(t,€) — r(t)] + 7(t), for all €€ K. (5.74)

Choosing ¢ = G we get
9(t) = w(t) x [g(t) = r(t)] +7(t); (5.75)

then (5.74) and (5.75) prove the result. n

The kinetic energy of the motion of a rigid body S at a certain time ¢
is, by definition,

/ d(t,€) 2 dm(€) (5.76)
~ The vectors w(t) and £2(t) = (M;)~'w(t) characterized by the equalities
M} (M)~ = w(t)x and (M;)~ 1M”“ = (2(t)x are called the instantaneous
angular velocities relatlve to k and K, respectively.

The angular momentum relative to k of the motion of S at a certain
time ¢ is the vector

p(t) = /S la(t,€) % (¢, Oldm(€) (5.77)

and the angular momentum relative to the body is



5.6 The dynamics of rigid bodies 87
P(t) = (M) ""p(t) (5.78)

Special case: rigid body with a fixed point.
In this case r(t) = 0 for all ¢ and then:

q(t, &) = M€, q(t,&) = w(t) x q(t,§);
K /\w % q(t,€)Pdm(€) /m x ¢2dm(¢)

plt) = /S M€ x (w(t) x ME)|dm();

P(t) = /S (€ % (2(t) x &)dm(€). (5.79)

The last expression (5.79) suggests how to give a definition for the inertia
operator of a rigid body S:

A:XGKH[/ng(Xxg)dm(g)]eK. (5.80)

Proposition 5.6.9. The inertia operator A of a rigid body S C K is sym-
metric and positive with respect to the inner product of K. If, moreover, S
has at least two points whose radii vectors are linearly independent and the
distribution of mass satisfies (5.71), then A is positive definite.

Proof:

(AX,Y) / € x (X x €)dm()) = /S (Y,€ x (X x €))dm(€)

and then
(AX,Y) = / (X x €Y x €)dm(€) = (X, AY), (5.81)
S

so A is symmetric. Assume now that (AY,Y) = [¢ |V x £[*dm(§) = 0. This
implies that the set E = {¢ € S||Y x £ # 0} has measure m(E) = 0.
On the other hand, if there exist a,b € S linearly independent then there
exist neighborhoods U,,U, in K of a and b, such that v;,vs are linearly
independent for all v; € U, and vy € Up. From the hypothesis on the measure
m we have m(U, NS) > 0 and m(U, NS) > 0; so, there exist v € U, NS and
v € Up N S such that u,v ¢ E, that is, |Y x u| = |Y x v| = 0; since u and v
are linearly independent, Y = 0, that is, A is positive definite. n

If we come back to the special case of the motion of a rigid body S with
a fixed point O € K, we have from (5.79):
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P(t) = A(t)
1
K°(t) = S(A2(), 2(¢). (5.82)

In fact,

Ke(t) = 5 [ 196) x ePdm(©) = 5 [ (20,6 x (200) x €)am(©)
= 5(200). [ £ (20) x am(e)

= 5(2(1), AQ(1)).

N —

Another remark on the inertia operator A is the following: since A is
linear and symmetric, there exists an orthonormal basis (Fy, Eq, E3) in K
where E; is an eigenvector of a (real) eigenvalue I; of A; since A is positive,
Ii Z O,i = 1, 2, 3. If Q(t) = Ql(t)El + QQ(t)EQ + Qg(t)Eg we have

Ke(t) = %(11912@) + I02:2(t) + 130232 (t)).

Since AE; = I;E;,i = 1,2,3, and because we had assumed, without loss
of generality, that the fixed point 0 belongs to S, the three lines: 0+ AE;, A €
R,i =1,2,3, are mutually orthogonal, and are called the principal axis of
S at the point 0.

The set {2 € K|(Af2,§2) = 1} is called the inertia ellipsoid of the
rigid body S at the point 0. The equation of such ellipsoid, with respect to
the reference frame (0, E1, Eo, Fs), is

L2} + L0 + 1302 =1
Where Q = QlEl =+ .QgEQ =+ 93E3.

Special case: motion of a rigid body with a fixed axis.
If S C K is a rigid body with a fixed point (r(t) = M¢(0) = 0 for all
t) and if w(t) = w # 0 is constant, we say that S rotates around the axis

e= 1 € k with constant angular velocity w. In this case, the motions

q(t,€) of S satisfy:

q(t,€) = w x q(t,§)
q(0,8) = M.
The solution of that ordinary differential equation, with the initial condi-

tion above, can be easily found. In fact let @ = wx be the skew symmetric
operator corresponding to the vector w # 0; the solution is
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q(t,§) = exp(tw) M€
Since in the present case ¢(t,£) = M;*¢ one has:

M = exp(to)M,*

w

- with con-
[w]

Exercise 5.6.10. Assume that S rotates around the axis e =
stant angular velocity; then show that:

1) The distance p(§) between ¢(t,€) and the axis {\e|]A € R} does not
depend on t.

2) The kinetic energy is given by

Ke(t) = glelol’, whore 1= [ p(€)dm(©

is called the moment of inertia of the rigid body with respect to the axis
{Xe|X € R}.
3) 2(t) = (M;*)"tw = 2 is constant and
1

Ke(t) = 51(2\Q|2, where

o= [ 1B g am(e)

is the moment of inertia of the rigid body with respect to the axis {A\E|X €
R}, E = (&

4) The eigenvalues I, Is and I3 of the inertia operator A are the momenta
of inertia of the rigid body with respect to the principal axis of S.

Exercise 5.6.11. (Steiner’s theorem) The moment of inertia of the rigid
body with respect to an axis is equal to the sum of the moment of inertia
with respect to another axis through the center of mass and parallel to the
first one plus m(S)d? where d is the distance between the two axes.

The dynamics of a rigid body S is introduced for bodies S that have
at least three non-colinear points. Let us fix, from now on, a proper linear
isometry B : K — k. The Lie group SO(k; 3) of all proper (linear) orthogonal
operators of k is a compact manifold with dimension three. The configura-
tion space of a rigid body is a six-dimensional manifold, namely kx SO (k; 3).

Proposition 5.6.12. The set of all proper isometries M of K onto k is
diffeomorphic to the siz-dimensional manifold k x SO(k;3).

Proof: Let us consider the map

dp: M — (M(0), M*B™1) (5.83)
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where B is the linear isometry fixed above and M™* is the linear map associ-
ated to M, that is,

M*(X)=M(X)—M(©O) for all X €K.

It is easy to see that @p is differentiable, injective and has a differentiable
inverse ¥p given by

Up:(r,h) €k x SO(k;3) — N

where N is the proper isometry defined by N(X) =r + hB(X).
By (5.69) the motion of S is given by

q(t,&) = M (§) +r(t), r(t) = Mq(0);

taking into account the map @5 (see (5.69)), to the proper isometry M; there
corresponds a pair (r(t), h(t)) € k x SO(k;3) that is:

Dp(My;) = (r(t),h(t) = M;*B™1). (5.84)
So, we can write:
q(t,&) = r(t) + M™ (§) = r(t) + h(t) BE. (5.85)

Let us denote by [ the o-algebra of all Borel sets of K, by A\ a
real-valued measure on (K, () and let f : K — R be a (real-valued)
A-measurable function. The correspondence

viEE s /Ef(g)dx(g) (5.86)

is a real-valued measure on (K, 3). Moreover, for any A-measurable function
g: K — R, one has

def

/ 9(€)du(e) % / 9() F(E)AN(E). (5.87)
E E

Given a vector-valued A\-measurable function G : K — k, one obtains
(taking in k a positive orthonormal basis) its components g;,i = 1,2, 3, that
are (real-valued) A-measurable functions. So, the vector v(E) = [, G(£)dA(€)
has three components:

(B) = [ @i, =123 (55%)
E
It can be also introduced the notion of vector-valued measure on (K, [3)

or measure on (K, 3) with values on k, through the utilization of its three
components. In fact if @ is a measure on (K, §) with values on k and @1, @5, P3
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its components in a positive orthonormal basis of k, and given a $-measurable
(real-valued) function f : K — R, one denotes by [, f(£)d®(€) the vector in
k with components [, f(£)d®;(€),i = 1,2,3. Given a d-measurable vector-
valued function v : K — k, we have that fE v(€).d®(€) is the number given by
([ vi(€)dds(€)) and [, v(€) x dP(€) is the vector in k with components:

/ 02 (€)dbs (€) — / 03(€)dbs (£);
E E

/ v (€)dBy (€) — / o (€)dBs (€);
E FE

/ o (€)dBs (€) — / v (€)d (€).
E

E

eq If v is the vector-valued measure introduced by (5.88) depending on a
A-measurable function G : K — k with components g; : K — R, we have

[ 0©.av9) = [ ((6),6(e)are) and
/E 0(€) X di(€) = /E [0(E) x G(E)]AA().

We want to consider now the notion of (physical) fields of forces acting
on a rigid body S. If S is under the action of the gravitational acceleration
g € k,|g| = g, one understands that each m-measurable subset E C S with
mass m(E), is subjected to an external force m(E)g. So, one can define the
weight field of forces as a vector-valued measure on S:

EcS+— m(E)g= / gdm(§). (5.89)
E
In general, a field of forces acting on S C K is a law
w e T(kx SO(k;3)) — fu

where f,, is a vector-valued measure on S with values on k.

Since q(t, &) = r(t) + h(t) B¢ (see (5.85) and so:
q(t, &) = () + hBE, (5.90)

we see that to each w = (u,s) € T, n)(k x SO(k;3)) there correspond the
maps ¢,v : K — k defined by

q(&) = r+ hB¢, v(€) = u+ sBE. (5.91)

It is usual, in Physics, to consider surface forces, volume forces, etc., in
the following way: one defines on S a (real-valued) measure o and a bounded
function « : k X k — k such that the vector-valued measure on S, with values
on k, given by:
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fulB) = /E a(q(€), v(€))do () (5.92)

for any Borel subset & C S, is well defined.

As in the case of a finite system of mass points, it is usual to consider the
field of external forces f,°“’ and the field of internal forces f,""
Given a rigid motion M : ¢t — M; of K with respect to k, from (5.85) and
(5.90) each proper isometry M; is represented by the pair (r(t), h(t)) € k x
SO(k,3) and, at this point, the tangent vector w(t) = (7(¢), h(t)) determines
the measures

£ = fon™ and £ = fum™,  for each t.

We say that two fields of forces f,, and g,,, acting on a rigid body S C K,
are said to be equivalent with respect to M, if

/S afi(€) = /S dg(¢)  and

[ g <) = [ e x dgi(€) (5.98)
s s

As in the case of a finite number of mass points, the fundamental laws,
in classical mechanics, relative to the motions of a rigid body S, are:

I- Newton law
“The sum of the internal and external fields of forces is, at each time t,
equal to the kinematical distribution Dy (assumed to be well defined)”,
that is:

i) [ ioyime) = [ ano+ [ aro.

for all Borel subsets E of S.

II - Action and reaction principle:
“The field of internal forces f.,"™ is equivalent to zero with respect to any
proper isometry M; of an arbitrary rigid motion M of K relative to k.”

The general equations for the motion of a rigid body S are the equations
EG1) and EG3) below that follow from I and II:
EG,)

/ (. €)dm(€) = / df.et(e) Y Rt (5.94)
S S
EG,)
/ (at,€) — ) x (1, ©)ldm(€) = / (a(t,€) — o) x dfi4(¢)
S S

def Pt,ce‘rt for all ce€ k.

(5.95)
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Exercise 5.6.13. Prove the following formula that gives the variation of the
kinetic energy K°(t) (see (5.76)):

dlf;t(t) = /S(q'(t,f),dftem(g)) — (g(t)7Ft€It) + (w(t),Pt,g(t)ewt%

where F;** and P, .°** (for ¢ = g(t)) appear in EG; and EG5.

A rigid body S is said to be free under the action of a rigid motion M : t —
M, of K relatively to k if f,*"" is equivalent to zero with respect to M, for
all t. In particular, if f,“** = 0 that is, in the absence of external forces, the
rigid body is said to be isolated; for an (approximate) example we can think
about the rolling of a spaceship.

If G is the center of mass of S, that is, G = ﬁ Js&dm(), then g(t) =

MG = s [ Migdm(©) = =5 [ a(t, €)dm(¢).
Differentiating twice with respect to time one has:

m(8)ii(t) = /S §(t,€)dm(©);

by EG1) and assuming that S is free, one obtains §(t) = 0 for all ¢:

Proposition 5.6.14. If a rigid body S is free under the action of M : t —
My, its center of mass moves uniformly and linearly. Moreover, the kinetic
momentum and the kinetic energy are constants of motion.

Proof: From (5.77) one obtains

p(t) = /S lg(t,€)  ii(t, €)]dm(€)

and EG3) (with ¢ = 0) implies:

B(t) = /S a(t,€) x df; () = /S M (€) x dfi ™ (©):

but the fact that S is free under the action of M : t — M, together with
(5.93), yields p(¢t) = 0. By an analogous argument with the expression of
deLt(t) given by the result of Exercise 5.6.13 we see that dK(;t(t) = 0; so, p(t)
and K¢(t) are constants of motion. More precisely, since p(t) is a vector-valued
constant of motion, one obtains four (scalar valued) constants of motion for

any rigid body S free under the action of M. [ ]

Assume we are looking at an inertial coordinate system where the center of
mass is stationary. Then
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Proposition 5.6.15. A free rigid body rotates around its center of mass as
if the center of mass were fized.

Let us consider the motion of a rigid body around a stationary point,
in the absence of external forces. In this case, there exist four real valued
constants of motion given by Proposition 13.5. One can also consider the
induced functions

T(SO(k;3)) — R p:T(SO(k;3)) — k, (5.96)
defined by

sn € T(SO(k:3)) — K°(sn) / s BE2dm(e
sn € T(SO(k:3)) — psn) = /S (hBE x sBE)dm(E),  (5.97)

respectively. In general (if the rigid body does not have any particular sym-
metry) the four scalar-valued maps (K¢ and the components p; of p in a basis
of k) defined on the six-dimensional manifold T'(SO(k,3)) are independent
in the sense that they do not have critical points, that is, the inverse image
of any value (K,,p,) (if non empty) is a two dimensional orientable compact
invariant manifold, provided that the value K, of K°(s) is positive. More-
over, K, > 0 implies that the vector field induced on the inverse image of
(Ko, o) by (K€, p) has no singular points, that is, each connected component
(K¢, p)~! (K,,p,) is a bi-dimensional torus.

Proposition 5.6.16. The angular momentum P(t) relative to a rigid body
S that is free under the action of M : t — M;, satisfies the Euler
equation: P(t) = P(t) x 2(t). Moreover, Q(t) is given by the relation,
AQ(t) = [AR(t)] x 2(t), A being the inertia operator.

Proof: 1In fact, p(t) = P(t), so by Proposition 5.6.14 we have
p(t) = My P(t) + M; P(t) = 0, and so
Pt) = —(M")" lM P(t) = —0(t) x P(t) = P(t) x 2(¢).
But, since P(t) = Af2(t), we also have A2(t) = [AR(t)] x 2(t). n

Proposition 5.6.17. In the motion of a rigid body S with a fized point,
subjected to a field of external forces, the kinetic momenta p(t) and P(t)
satisfy the equations

(1) = /S (M,7€) x df.c (),

B(t) = P(t) x 2(t) + /S € x (M) Ldf e (©).
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Proof: From (5.77) one obtains p(t) = [s[q(t,&) x G(t,&)]dm(§) and since
there is a fixed point we can write q(t7 ) = M*E; using EGo) with ¢ = 0 we
have the equation for p(t). Since P(t) = (M;*)~!p(t) and using again (5.77)
one can write by differentiating:

z%w:<Mm*{Amu@>x«u@um@r+maﬂ*pm;

but M;*(M;*)~1 = Id implies, by differentiating, that

(Mt*)fl = —(Mt*)ilM:(Mt*)il;
so,

mw=/Exwmrwﬁ“@1
S
—waKMﬂ*/hwoxqmowmm
S

and finally,

Pm:meﬂ®+L£xwﬁfwﬁWm

In order to relate the properties EG1) and EG3) with the abstract Newton
law, we start by defining the metric (,) on kx.SO(k;3). This metric is induced
by the kinetic energy. Since (see (5.90))

alt,€) = r(t) + h(t) B and
(t,€) = #(t) + h(t) BE,

we have

Ke(t) = /S [#(t) + hBE[Fdm(€); (5.98)

We will assume that the origin 0 € K coincides with the center of mass
= ﬁ Js&dm(&); so, we have [¢ £dm(§) = 0, which implies

Ke(0) = gm(S)FO R+ [ 1) Beim(o).

;in

The last expression suggests the introduction of a metric on k x SO(k; 3)
(k; 3

fact, given two tangent vectors (u, s), (@, 5) at the point (r, h) € k x SO
one defines

def

((u9), (&, »M>:mmwm+émmw&mm
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in which the right hand side defines two inner products,
oy =mSwn)  wd (55 = [ (sBEsBOImE). (599)
s

on k and SO(k;3), respectively. Recall that s and § are tangent vectors at
h € SO(k;3). So, we have defined on SO(k;3) a Riemannian metric which
is left invariant, that is, the left translations are isometries. In fact, given
g € SO(k; 3), the left translation L, is defined by the expression Ly (z) = gz,
for all x € SO(k;3) and, since g is a linear transformation acting on k, its
derivative satisfies dL4(x) = Lg; so one obtains

<dLg(h)SvdLg(h)§>gh = <9579§>gh

— [ (gsBe.gsBim() = [ (s 5B dm(e)
S S

= <8, §>h-

The acceleration, in the product metric, corresponding to a vector ¢ =
(7, h) tangent to k x SO(k;3) at the point (r, h), is equal to

D§_ D . . Dh
— = —(r,h) = (¥, —).
dt  dt dt
The mass operator in the product metric acts on % as

P ss) = (Fruds + (ot 5

Let us introduce now an abstract field of forces F : T'(k x SO(k;3)) —
T*(k x SO(k;3)) in a suitable way such that the generalized Newton law

w0 = F(a)

becomes equivalent to the general equations EG;) and EGy), for the motion
of a rigid body. The way we define F is the following: for (@, §) and w = (u, s)
in T, 5 (k x SO(k; 3)) we set:

(Flus)@s) = [

S

(@, dfE7(€)) + / (SBE,df<7(€). (5.100)

S

Recall (see (5.94), (5.95)) the general equations:
EG i(t,€)dm(€) = | df™t(€) = Fe™
0 fatom© = [ ae)
BG:) [ (a(t.€) — o) x e dm(©) = [ (a(t.) - o) x dfH(6) = Pix
s

S
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for all c € k.
It is a simple matter to see that EG1) and EG3) are equivalent to EGy)
and EG’s), where

EG;) : /S(Q(tag) —g(t)) x §(t,£)dm(§) = /(q(t,f) —g(t)) x dfe*t(€)
— Pexft)

with

9lt) = M,G = M, [m(ls) /S sdm@)] -5 /S a(t, E)dm(¢),

G being the center of mass of S, which we already set equal to the origin 0
of K. Thus we can write:

/ gdm(€) = 0. (5.101)
S

The expression of ¢(t, &) = M;(&) is, in this case, q(t, &) = M(0) + M€ =
g(t) + h(t) B¢, with M} = h(t)B. So we have

Q(t,6) = g(t) + ME and  §(t,€) = (1) + MY,
then EG1) becomes equivalent to
[+ 3 [ cimie) = Fi
and, by (5.101), we have EG;) equivalent to
m(S)(§(t),u) = (FF** ), for all uc k. (5.102)

On the other hand EGQ), is equivalent to

pest, = / M7E x (§(t) + BI7€)dm ()

_ ( /S Mt*gdm(f)) < () + / & (M€ x Nt €)ydm(e) =
= M; (/Sgdm(g)) x §(t) + ;t/(M & x M;&)dm(¢);

again by (5.101) EG)  is equivalent to

(d /(M ¢ x M;&)dm(€), > (Peety, @) for all  ack.

dt
(5.103)
From what is said in Exercise 5.6.4 there is a linear isomorphism @ be-
tween k and the space s(k) of all linear skew-symmetric operators of k. In
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fact, for any A € s(k), ®(A) is the unique vector in k such that Av = $(A) xv
for all v € k. With that notation, EG3) being equivalent to (5.103) means
being equivalent to

(Pigto @) = 1 [ (7% Nz (A )
= 5 [ < Mze Nz ame)

thus EGs)’ is equivalent to

d

(Pezty, 2(A) =

g(t)’

/(AM &, MF€)dm(€), for all A€ s(k). (5.104)

There is also a linear isomorphism between the tangent space T, SO(k; 3)
and s(k) (see Exercise 5.6.18 below) through the map

h € ThSO(k,3) —s h h~L € s(k) (5.105)

(which is the derivative of the right translation Rj-: defined as Ry-1(x) =
zh™1, for all z € SO(k; 3)).

Exercise 5.6.18. Prove that h h™! € s(k) in (5.104) and that the map
above is a linear isomorphism.

We recall that M; = h(t)B, so (5.104) and (5.105) imply that EG,) is
equivalent to
d
dt
d
T at

(Pesty @ b (1) = / (h W= (6)h(t) BE, h(t) BE)dm(€)

(hB€ h(t)BE)dm(€)

for all h € T, SO(k; 3).
From (5.99), (5.102) and the last expression, one can say that EG;) and
EG5)" are equivalent to

(FE ) + (Plgly, @(h h™H(t)) =

4
dt

[m<s><g<t>, W+ [ (e i Bgan(e)

for all (ﬂ, il) € T(g(t),h(t)) k x SO(/{i; 3). (5.106)
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Notice that if we extend, by parallel transport, the vector (u, l~1) along the
motion ¢(t) = (g(t), h(t)), one obtains a vector field along ¢(t) still denoted

)) so that 2 (, h) = 0 and then the right-hand side of (5.106) can be
wrltten as

d, = Dj - D, :.  Dj, :
@ k) = (L @) + @ @h) = (@), (5107

Let us recall the field of forces
F:T(kxSO(k;3)) — T*(k x SO(k; 3))

given in the following way: if (u,s) € T(,5)(k x SO(k;3)) then we have
F(u,s) € T(t,h)(k x SO(k,3)) if, and only if (5.100) holds, that is, for (u, s) =
q:

(F(@)(@,h) = (F™, @) + (P, (hh = (1))). (5.108)

The constructions of h~1(¢), Ff®' and P“(t) are possible because given
(r,h) € k x SO(k;3) and (u,s) € T(T7h)(k x SO(k;3)) we are able to find
q(t,€) and so ¢(t,€) that determine h=1(t), FF® and Pez(t) The conclusion
is then the following result:

Proposition 5.6.19. The general equations EG1) and EGs) that govern the
motions of a rigid body S (see (5.94) and (5.95)) are equivalent to the gener-
alized Newton law ,u( 1) = F(q) on the manifold k x SO(3) with the Rieman-
nian metric given by equations (5.99) and the field of forces F characterized
by (5.100).

Proof: As we saw, the equations EG1) and EGs) are equivalent to (5.106);
using (5.106) and (5.107) we see that

<%,v> =[F(@lv for all v e Tyylk x SO(k;3)],
and so Dé
q .
w2 = 7o)

We intend, now, to derive the Lagrange equations for the motion of
a rigid body S. We take a positive orthonormal basis {e1, es,e3} for the
vector space k and denote by (r1,79,73) the coordinates of a vector r € k.
Let (hi, ha, h3) be a local system of coordinates for SO(k; 3) So if (u,5) €
Tirpy(k x SO(k;3)) we have u = X2 u;e; and § = X2, 5 50— 0h (h). The force
F defined in (5.100) has the following expression in those local coordinates
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Flr,h)) (@, 3) = /S (@, df<=t(£)) + / (SBE.dfer(€)) =

S

ia ez,/d ot ( +Zsz/ oz (W) BE A7 (€)) =

h)BE, df ;™ (€)))dhi(5)5.109)

3
_ Z /dfext 1,d7"2

Then if ¢t — (r(t), h(t)) € k x SO(k; 3) is a motion of S under the external
forces f** and being K¢(t) the kinetic energy along this motion, the Newton
law gives

d aKc aKC — ext . .

a o, o f(/ dfe™ (€))i,  1=1,2,3, (5.110)
doK® OK° [, 9 » N
dt oh;  Oh, */S(gh (h)BE, df;™(€)), i=1,2,3. (5.111)

We will relate the right hand sides of equations (5.110) and (5.111) above,
with the physical notions of total force and momentum of external forces with
respect to a point.

Since a%i(h)h_l(t) € T.(SO(k, 3)), it follows that, for each ¢, there exist
vectors w;(t) € k such that

wit)x = —(h)h ™1 (t), i=1,2,3. (5.112)

This implies

d OK® OK° ot
o~ g = L < o Be a4 ©) =

= (w;(t), /thxdfm(f)L i=1,2,3. (5.113)

Introducing the usual notation Feet = [odfe™t(€) (total force at t) and
Pert = Pivty = [sla(t,§) —r(t) x dff™ (&) = [¢ hBE x df™(€) (the mo-

mentum of external forces with respect to r(t) at the time t) we obtain the
Lagrange equations for the motions of a rigid body S:

d 0K¢ 0K°

@on on e =123 (5.114)
d OK®  9K° o
T on " on = Wi, i=1,23. (5.115)

Since K¢(t) = 3m(S)|F]> + 5 [ |hBE|2dm(€) the first Lagrange equation
gives us
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m(S)i(t) = F¢™,

and the hypothesis G = 0 implies 7(t) = g(t) so we obtain the classical
Newton law for the motion of G. If the rigid body moves with a fixed point,
the second of the Lagrange equations are the only ones to be considered.

Exercise 5.6.20. Let S C K be arigid body with fixed point O € S. Assume
K =k, B =1id, (O, ez, ey,e;) and (O, e, ez, e3) orthogonal positively ori-
ented frames fixed in k and in S, respectively. If e, x es # 0, let ey = |Z §§2|
The nodal line passes through O and has direction ey. The Euler angles
(p,0,1) are defined as follows: ¢ is the angle of rotation along the axis (0, e,)
which sends e, to ex; 6 is the angle of rotation along (0, ex) which sends
e, to es; 1 is the rotation along (0,e3) which sends ex to e;. Show that
to each  (p,0,1) satisfying 0 < ¢ < 2w, 0 < ¢ < 27, 0 < 6 < =, corre-
sponds a rotation R(ip,#,1) defining local coordinates for SO(k;3).Denote
by I1, I, Is the moments of inertia of S relative to (e, ez, e3) and prove that
2 = Ae, + Bey + Ces, w = Aey + Bey +Ce,, K¢ = %(IlA2 + I,B? + I3C?)
where A = ¢sin(e)sin(f) + Gcos(yh), B = @cos(h) sin(f) — Osin(yp) and
C = ¢cos(f) + . Compute A, B and C.

horizontal plane

nodal line

Fig. 5.4. Euler angles.
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5.7 Dynamics of pseudo-rigid bodies

The present section corresponds to Dirichlet—Riemann formulation of ellip-
soidal motions for fluid masses (also called pseudo-rigid bodies).

As in the previous section, £ and K are two 3-dimensional Euclidean
vector spaces considered as affine spaces; they represent the fixed (inertial)
space and the moving space respectively.

A motion ¢t — M; is a smooth map where each M; : K — k is an
orientation preserving affine transformation (bijection) such that takes the
zero vector O € K (corresponding to the center of mass) into the zero vector
0€k.

If we fix a ball B, € K of radius r and centered in O, a motion of a
pseudo-rigid body is the motion

t— My(B,) Ck

of a solid ellipsoid.

Given My, we call B = M;—¢ and set Q; = M, o B™' : k — k, so
Q: € GL*(k, 3). The derivative Q; = M, o B~! represents the tangent vector
at the point Q; € GL™ (k,3) to the curve t — Q;. Take a point X € B,; then
q(t,X) = M,X is a curve in k with velocity ¢(t, X) = M, X.

The kinetic energy of the motion of the solid ellipsoid is

1 .
K@) =5 [ 1t dm(x)
where the positive measure m on K is the distribution of mass. So
1 : 1 .
Ke) =5 [ Qo BXPdm(x) =5 [ Qo BXP pav(x)
B, B,

where p is the density and V is the Lebesgue volume. When p = constant,

Ke(t) = g/B 10, 0 BX[? dV (X).

In order to work with matrices, we fix two positive orthonormal bases
(e1,e2,e3) and (F1, Es, E3) in k and K, respectively. For simplicity, we con-
sider the particular case in which the matrix of B is Id, the identity matrix.
We shall denote by @; and X the corresponding matrices of ; and X with
respect to the fixed bases. Then

KC(t) = g/B |Q:X|? dV (X). (5.116)

Proposition 5.7.1. Any real n x n matrix G has a (non unique) bipolar
decomposition G = LDR, that is L, R are orthogonal matrices and D =
diag(\/a,...,\/fﬁ). Moreover o1 > --- > o0, > 0 are the non negative
eigenvalues of GTG (GT is the transpose of G).
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Proposition 5.7.2. The matriz & = p [, XXTdV(X) is given by & =

4’717;7'5 Id = mld. (Note carefully that X XT is a 3 x 3 matriz).

Proposition 5.7.3. The kinetic energy ((5.116)) is given by
1. )
Ke(t) = 5tr(Qi o Q7).

(Here tr A denotes the trace of the matriz A).

From the propositions above it follows that

Ke(t) = %mtr (Q: QD). (5.117)

Exercise 5.7.4. Prove the three last propositions.

Let us assume, from now on, that m = 1.

Remark 5.7.5. The expression ((5.117)) suggests the following Riemannian
metric for the group GLT(3) of all 3 x 3 matrices of positive determinant:

(A, B)g = tr (ABT), (5.118)
for all Q € GLT(3) and all A, B € ToGL™(3).

Assume that a smooth motion has a (not necessarily unique) smooth
bipolar decomposition Q; = T{F' A; S; (i.e. three smooth paths: A; diagonal,
and T3, Sy orthogonal paths).

In the case when @ is analytic, this is always possible; also, if the eigen-
values of Q;Q7 are distinct and @Q; is not analytic, the smooth decomposition
is still possible. However, there are examples of C'°° paths @Q; for which there
is no continuous bipolar decomposition (see Montaldi [50], Kato [34] and
Roberts - S. Dias [57]). We have:

Proposition 5.7.6. From the equation of continuity in hydrodynamics and
p = constant, it follows that a smooth path Q; = M; o B™' corresponding to
an ellipsoidal motion satisfies det Q; = 1, that is, Q¢ is a curve in the Lie
group SL(3).

Proof: Assume Q; = T} A;S; and call
Tr = th(t, X) = TtMtX = TtQtBX

where Ty = (Tk;) means a rotation that takes (e, e, e3) to the orthonormal
3

basis (€1(t), €2(t), 3(t)), that is &;(t) = > Thiex, i = 1,2,3.
k=1
Then u := & = (TtQt n TtQt) BX and BX = Q' T« so,
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u = (Tt TtT + ﬂQththT) T

Auy, . 1 d
and divu = d a—Z: =tr (Q:Q; ") = $t0, (det Q). Finally divu = 0 if
d
and only if pn (det Q) = 0 if and only if det Q; = constant. Thus det Q; = 1
because for ¢t = 0 we have det Qo = det (BB~1) = 1. n

From Dirichlet-Riemann formulation (see Chandrasekhar [15] and Mon-
taldi [50]) the motions of pseudo-rigid bodies are given by a generalized New-
ton law describing a mechanical system on the configuration space GL*(3)
with a holonomic constraint defined by the submanifold SL(3) of GL™(3),
that is: .

D@
P = —dV + Adf, Q € SL(3). (5.119)

Here f : GL(3) — R is the determinant function and A : TSL(3) — R
is the so-called Lagrange multiplier; also, SL(3) = f~1(1) C GL*(3) is an
analytic 8-dimensional orientable submanifold of GL™(3),

w:TGLT(3) = T*GL™(3)

is the mass operator (Legendre transformation) relative to the trace metric,
w(v)(+) == (v, -) (see (5.118)), and ?T? is the covariant derivative of Q(t) (ac-
celeration) along Q(¢) in that metric. The map df : TGL*(3) — T*GL™(3)
is given by

v = df (mv)

where 7 : TGL'(3) — GL™(3) is the canonical bundle projection. We still
denote by df its restriction to T'SL(3). We will show that pu~tdf : TSL(3) —
TGL*(3) satisfies d’Alembert principle. In fact for any A € T'SL(3) we
have

(n~1df) A =w € Tra)GL*(3)

where w is such that (w, ) = [dfx(a)] (-), so w is orthogonal to Ty (4)SL(3).
Then there exists a unique Lagrange multiplier A : TSL(3) — R, yielding
the reaction force . The function

V:GLt(3) >R

is the potential energy and corresponds to the gravitational potential (see
examples below).

Proposition 5.7.7. The generalized Newton law ((5.119)) is equivalent to
the system

.9V of _
Q=55 +V5g detQ=1 (5.120)
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Proof: Here Q, Q, gg, gg are 3x 3 matrices: Q = (gi;), Q (Giz), gg (aaq‘;)

and 8f = (-2L), respectively. We also have that (see Exercise 5.1.1):

0qij
DQ d dK°© dK°©
—==> 1= dgi;
“( dt ) z; th dds; dq,]] i

where 1 )
=5(QQ) =5 [dh + ¢+ + ]
Then
DQ . ( v of )
— | = —dV + \df +—— i’di': + A=— dz
(%) Fm oot =0 gy )
and the proof is complete. [ ]

For the Dirichlet—Riemann formulation (see [15]) one considers, from the
smooth bi-polar decomposition Q; = TF' A; S;, the new variables

o =T1T17T A* = 88T

which are skew symmetric paths because differentiation of 777 = ST =T

glVGS . . . .
TTT + 17T =0 =887 + SS7.

Thus we obtain:
O=1T (Q*TA +A+ AA*) S
and also, from last Proposition 5.7.7:
O =17 (Q*TA +A+ AA*) S+ 1T (Q*TA + A+ AA*) S+
+TTAS +TT [4 (AA* — 2" A)] S =

_ /\a (det Q)} '
[ aq T 9@ Jg_7ras

So, one obtains the equation of motion:

A0 (A A-AN)+ (~2 A+ A+ AN) A5+ & (A2" - 0 4)

_|_ k1% T d(det Q) T
[ T (3Q)Q:TTAS 5+ AT( 2Q )Q:TTAS s } '
(5.121)
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Exercise 5.7.8. Show that
L If f = detQ, Q € GLT(3), then dfg(B) = (detQ) tr(Q~'B) for any 3 x 3

real matrix B.

II. For any function ¢ : GLT(3) — R then g—g = [d¢q(Bij;)] where B;j is

the matrix with 1 at the (ij)—entry and zero otherwise.
L. 7 O(%LCEQ)ST = A71(detA) for any Q € GLT(3) .

IV. If for any Q € GL*(3), V(Q) = V(TTAS) = V(A) depends only on
A = diag(ay,a2,a3), 0 < a1 < as < ag, then

87‘/ ST — @

0Q " g—rr a3 0A

Ezample 5.7.9. (Examples of potentials)
Assume that V : GLT(3) — R is of the form:

T(

V(Q) =V (I(C), I(C), TI(C))

where C = QQT and I(C) = tr C, II(C) = 1 [(tr C)? — tr (C?)], III(C) =
det C.

1. Gravitational potential

e ds
/0 (3 +1(C) 82 +T1(C) s + IT1(C)]/?

V = -21Gp

2. Ciarlet-Geymonat material (see [42])

V= % A(III(C) — 1 — InIII(C)) + %u 1(C) — 3 — In1II(C)).

3. Saint Venant-Kirchhoff material (see [42])

1%

1
3 At (C - 1d))? + p (tr (C — 1d)?).
Remark 5.7.10. For general purposes we write:

V.9V a1(C) N AV BI1(C) N OV OlIL(C)
0Q Ol 0Q oIl oQ oIl 0Q

Proposition 5.7.11. (see [58])

a1(0) _
aq- = 2Q

AL = 2 [1d 4 (QQT) - QQ™] Q

g = 2det (QQT) (7T
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Remark 5.7.12. Using the expression of the gravitational potential and the
results IIT and IV of Exercise 5.7.8, we see that equation (5.121) is precisely
the so-called Dirichlet—Riemann equation (see [15] p.71, eq(57)), provided
that detA =1 and A = 2%

5.8 Dissipative mechanical systems

The results we will present in this section have their proofs in the article
“Dissipative Mechanical Systems”, by I. Kupka and W.M. Oliva, appeared
in Resenhas IME-USP 1993, vol. 1, no. 1, 69-115 (see [38]).

A mechanical system (@, (,),F), is said to be dissipative if the field of
external forces F : TQ — T*Q is given by

F(v) = —dV(p)+ D(v) for all we T,Q;

where V : Q — R is a C"T(r > 1) potential energy and D e C* veri-
fies (D(v))v < 0 for all 0 # v € TQ. D is called a dissipative external
field of forces (or simply a dissipative force) and (—dV) is said to be the
conservative force.

Remark 5.8.1. D(0,) = 0 ¥p € Q (0, is the zero vector of T,Q). In fact,

continuity of D shows that (D(0,))v = limy_0 3 (D(Av))Av < 0 for A > 0

and 0 # v € T,Q implies (D(0,))v = 0 (otherwise (D(ev))v < 0 for small
€ < 0 and then (D(ev))(ev) > 0 which is a contradiction).

Remark 5.8.2. The mass operator p : T'Q) — T*() defines D = w D TQ —
TQ and (D(v))v < 0 is equivalent to (D(v),v) < 0 for all 0 # v € TQ.

It is usual to say that D is a dissipative force when D= uD is a dissipative
force.

Let us denote by DMS the set of all vector fields X € C"(TQ,TTQ)
such that X is defined by a dissipative mechanical system, that is, by a pair
(V, D) as above. If z is a trajectory of (V, D) and g its projection on ), then

z= % = ¢ and the motion ¢ = ¢(t) satisfies the generalized Newton law
Dq .
e —(grad V)(q) + D(q)- (5.122)

It is useful to remark that the mechanical energy F,, decreases along non
trivial integral curves of any mechanical system (V, D). In fact, we have:

= SGl00 + Vi) = (Did)

which shows that E,, decreases on all integral curves not reduced to
a singular point. The singular points of X lie on the zero section O(Q);
moreover 0, € O(Q) is a singular point if and only if p is critical for V.
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A function V € C"1(Q, R) is said to be a Morse function if the Hessian
of V" at each critical point is a non-degenerate quadratic form. It is well known
that the set of all Morse functions is an open dense subset of C"1(Q, R) with
the standard C"*! topology.

A dissipative mechanical system (V, D) is said to be strongly dissipative
if V' is a Morse function and D comes from a strongly dissipative force
that is, satisfies the following additional condition: for all p € @ and all
w# 0, w € T,Q, one has ({(d,D(0,)w, w)) < 0 where d, D denotes the vertical
differential of D.

From now on let us denote by SDMS the set of all X € DMS such that
X = (V, D) is strongly dissipative and by D the set of all strongly dissipative
forces D.

Proposition 5.8.3. Let (V, D) be a strongly dissipative mechanical system.
Then the following properties hold:

i) The singular points of (V, D) are hyperbolic.
it) The stable and unstable manifolds W*(0) and W*(0) of a singular point
0 are properly embedded.
i) dim W*(0) is the Morse index of V at 7(0) € Q.
i) dim W*(0) < dim @ < dim W*(0).

Exercise 5.8.4. Exercise 11.5 Prove property (ii) in the last proposition.

Two submanifolds S; and S of a manifold M are said to be in general
position or transversal if either S1 NS5 is empty or at each point z € S1N.S;
the tangent spaces 1,57 and T,.S3 span the tangent space T, M.

Let us denote by SDMS(D) the set of all C" strongly dissipative me-
chanical systems X = (V, D) with a fixed D. Analogously we introduce the
set SDMS(V).

All the subsets of DM S are endowed with the topology induced by the
C"-Whitney topology of C"(TQ,TTQ).

This topology possesses the Baire property.

Proposition 5.8.5. The set of all systems X in SDMS such that their
stable and unstable manifolds are pairwise transversal is open in SDMS.

Proposition 5.8.6. Assume dim@ > 1, r > 3(1 + dim Q) and let G be
the subset of SDMS(D) (resp. SDMS(V)) of all systems X such that

their invariant manifolds are pairwise transversal. Then G is open dense in
SDMS(D) (resp. SDMS(V)).

As usual, we say that X € SDM S is structurally stable if there exists
a neighborhood W of X (in the Whitney C"-topology) and a continuous map
h from W into the set of all homeomorphisms of TQ (with the compact open
topology), such that:

1) h(X) is the identity map;
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2) h(Y) takes orbits of X into orbits of Y, for all Y € W, that is, h(Y) is a
topological equivalence between X and Y.
If the topological equivalence h(Y) preserves time, that is, if X; (resp.
Y;) is the flow map of X (resp Y) and h(Y)oX; =Y;oh(Y) for all t € R,
then we say that h(Y) is a conjugacy between X and Y.

Recall that the subset of all complete C" vector fields X on a manifold
M (the flow map X; of X is defined for all ¢ € R) is open in the set of all
CT"-vector fields with the Whitney C"-topology.

Proposition 5.8.7. Any complete strongly dissipative mechanical system
where all the stable and unstable manifolds of singular points are in general
position is structurally stable and the topological equivalence is a conjugacy.

If in the last proposition we do not assume the mechanical system to be
complete, the same arguments used in the proof also shows that the corre-
sponding time-one map flow is a Morse-Smale map in the sense presented in
[29], then stable with respect to the attractor A (V, D), which in this case is
the union of the unstable manifolds of all singular points of (V, D).

Example 5.8.8. Let us consider an example of a strongly dissipative mechan-
ical system which does not satisfy the conclusions of Proposition 5.8.6 in
the sense that it does not belong to G; it is the system which describes the
motions of a particle (unit mass) constrained to move on the surface @ of
a symmetric vertical solid torus of R? obtained by the rotation around the
r-axis, of a circle defined by the equations y = 0 and 22 + (2 — 3)2 = 1. The
potential is proportional to the height function of @ and the dissipative force
D is given by D(v) = —cv, ¢ > 0, for all v € TQ. These data define a strongly
dissipative mechanical system with @) as the configuration space. The metric
of @ is the one induced by the usual inner product of R3 and the potential
is a well known Morse function with four critical points. The symmetry of
the problem shows that the unstable manifold of dimension one of a saddle
is contained in the stable manifold of dimension 3 of the other saddle hence
they are not in general position since dim 7'Q) = 4.

A dissipative force D is said to be complete if, for any Morse function
V', the vector field associated to (V, D) is complete, that is, all of its integral
curves are defined for all time.

Ezample 5.8.9. Let us consider a linear dissipative field of forces, that is, a
function D defined by

D(v) = —c¢(r(v))v, for all veTQ

where ¢ : Q — R is a strictly positive C” function and @ is compact. It is a
simple matter to show that D is a strongly dissipative force. We will show that
D is complete. If it were not the case, there would exist a smooth function
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V : @ — R and a motion ¢t — ¢(¢) of (V, D) whose maximal interval of a
existence is ], +0o[ with —oo < @ < 0. We know that < (E,,(¢)) = (D(4), )
is negative and also that

0 < [(D(4),d)| < pld* < 2u(En(q) + k)

where g > 0 is the maximum of ¢ on @ and k = |v|, v being the minimum of
Von Q. For all t, a < t < 0, we may write

—20(Epn(q) + k) < En(q) < — (En(d) +k) <0

=

or

d(Em(q) + k)
R

which implies
En(q) +k < (En(4(0)) + k)e

and then E,,(¢(t)) is bounded and strictly decreasing, so there exists

lim Ep(q(t)) = L < +oc.

t—a_

This shows that |§|> = 2(Emn(4) — V(q(t)) is also bounded, because V is
bounded; now it is immediate that we have a contradiction.
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