
Chapter 8
Miscellaneous

Ya’acov Ritov

8.1 Introduction to Four Papers by Peter Bickel

8.1.1 General Introduction

We introduce here four paper coauthored by P. J. Bickel. These papers have very
little in common. Two of them can be considered mainly as papers dealing with
concepts, while the two others are mainly tedious hard technical work that aims in
developing complicated probabilistic results, which can be applied to the asymptotic
theory of estimators.

8.1.2 Minimax Estimation of the Mean of a Normal
Distribution When the Parameter Space Is Restricted

The paper “Minimax Estimation of the Mean of a Normal Distribution when the
Parameter Space is Restricted”, Bickel (1981), discusses mainly a very simple
problem, which is almost a textbook problem. Suppose that X ∼ N(θ ,1), θ should
be estimated with a quadratic loss function. So far, this is the most trivial example of
an estimation problem, where X is the minimax decision. However, when it is known
a priori that |θ | ≤m, for some m∈ (0,∞), the problem is not anymore trivial. In fact,
prior to 1981, the answer was known only m small enough (slightly larger than 1).
The minimax decision then is the Bayes decision with respect to prior which puts
all its mass on the two end points of the interval.
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Now, the following claims are relatively simple.

1. We consider the “game” between the statistician and Nature, in which Nature
selects θ ∈ [−m,m] according to some π . The statistician observes X ∼ N(θ ,1),
selects a real d(X), and then he pays Nature

(
d(X)−θ

)2
. This game has a saddle

points (π ,d). Clearly, given π , d should be δπ , the Bayes with respect to π . The
existence of π follows from a general argument involving continuity, convexity,
and compactness.

2. Since π is a maxmin strategy for Nature. Its support is included in A(d) = {s :
|s| ≤ m,Rs(δπ) = maxt Rt(δπ )}, where Rs(d) is the risk of the decision d at s.

3. A(d) is a finite set. This follows since for any d, R·(d) is analytic in s, and hence
there cannot be a dense set in which R·(δπ ) achieves its maximum. On the other
hand the support of π cannot be too sparse, because then it would be likely that
θ is the support point closest to X .

Peter makes these observations precise, and then characterizes the asymptotic
behavior of π . He shows that if π = πm, then mπm(ms) converges weakly to the
distribution on (−1,1) with density g(s) = cos2(πs/2). Moreover the asymptotic
risk is 1−π2/m2 + o(m−2).

This result is generalized to the multivariate case, where the prior is restricted to a
ball. It would be generalized then further by Melkman and Ritov (1987) to a general
real distribution, but notably by Donoho et al. (1990) for a very general asymptotic
result.

8.1.3 What Is a Linear Process?

The paper “What is a linear process?” (Bickel and Bühlmann 1996) shows that
modeling an empirical phenomena may be tricky. Testing for abstract notion like
stationarity is, essentially, impossible. Looking on a long time series and say,
‘Clearly, it is not stationary’, is not necessarily possible.

A linear process, or a moving average, is defined to be the stationary process

Xt =
∞

∑
j=0

ψ jεt− j , t = . . . ,−1,0,1, . . . ,

where εi are i.i.d., with mean 0 and finite variance, and ψ1,ψ2, . . . are given
constants with a finite sum of squares. Since the authors consider an infinite moving
average, their model includes the causal autoregressive process. The authors define
some natural topologies over these process, and consider the closure of this set. The
closure includes all objects that naturally should be there like MA process and all
mean 0 Gaussian process. But it includes a surprising type of processes. To describe
this set, we consider independent processes: ξ...,i, j, where, for each i, ξ·,i,1,ξ·,i,2, . . .
are i.i.d. copies of a stationary process, and then consider the set of all processes that
can be described as X· = ∑∞

i=1 ∑Ni
j=1 ξ·,i, j, where N1,N2, . . . are independent (non-

identical) Poisson random variables.
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This latter type of limit is what makes the paper exciting. In Fig. 1, ten realization
of a MA process with a finite window size. In the different graphs a realization of
sample size which is ten times the window size is given. The realization of the same
process look impressively different. Recall that different realizations behave like far
away pieces of the same process.

How all this related to testing? Fact 1.3 of the paper is very clear: “In testing the
hypothesis HO about MA representation against any fixed one-point alternative HA

about a nonlinear, stationary process, there is no test with asymptotic significance
level α < 0.36 having limiting power 1 as the sample size tends to infinity.”

8.1.4 Sums of Functions of Nearest Neighbor Distances,
Moment Bounds, Limit Theorems and a Goodness
of Fit Test

It is simple to see that if X1, . . . ,Xn are i.i.d. from a the uniform U(0,1) distribution,
the spacing between the observations behave like a sample from exponential
distribution. More generally, if they are a sample from a distribution with a
smooth density f (·), and Ri = min |Xj −Xi|, j �= i, then Ri is a the minimum of
two independent exponential random variables with mean 1/ f (Xi), that is 2Ri is
asymptotically like an exponential random variable with mean 1/ f (Xi).

This was relatively simple, because, we could use the probability transformation
to assume WLOG that the random variables are uniform. And then it is well known
that the time of the events of a Poisson process divided by the time of the n-th event
are distributed like the order statistics of a sample from the U(0,1) distribution. But,
how much can this results extended to the general case of m > 1 dimension?

The somewhat surprising result, given by Bickel and Breiman (1983), is that
this is true. If, similarly to the above, Ri = min‖Xj −Xi‖, j �= i, and V (r) is the
volume of the m-dimensional ball of radius r, then Wi = exp

(−n f (Xi)V (Ri)
)
,

i = 1, . . . ,n behave like a sample from the uniform distribution. In fact, the paper
shows that if Ĥ is the empirical cumulative distribution function of W1, . . . ,Wn,
then Zn(t) =

√
n
(
Ĥ(t)−EĤ(t)

)
converges weakly to a zero mean Gaussian process

whose covariance does not depend on the f . It makes sense that Ĥ is asymptotically
normal, since although the Wi’s are not independent, there is enough mixing and far
away points are almost independent. The actual proof is hard and a long complicated
paper was needed.

8.1.5 Convergence Criteria for Multiparameter Stochastic
Processes and Some Applications

In the fourth paper of this section, Bickel and Wichura (1971) generalized a
univariate result of Billingsley (1968), in which weak convergence of D(0,1)
processes. They took the ideas from Billingsley, and prove results which may be
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not the stronger, and may lead to not to the most elegant prove, but they are
typically cheap and based mostly on moments on the fluctuation of the functions.
The difficulty is as above in moving from the well ordered world of the real line, to
the general Euclidean space, where boundaries are not finite.

To get the general feeling of the result we quote Nielsen and Linton (1995), which
gives a simplified result:

Lemma 8.1. Let X(t) be a stochastic process with t = (t1, . . . , td) ∈ [0,1]d. For any

t ∈ [0,1]d and v ∈ [0,1], let t j,v = (t1, . . . , t j−1,v, t j+1, . . . , td). If for C > 0: X(t)
p→ 0

for all t ∈ [0,1]d, and E
(
X(t)−X(t j,u)

)2
< C(t j − u)2 for all t ∈ [0,1]d and j =

1, . . . ,d. Then sup |X(t)| p→ 0.

Nielsen and Linton then go and prove the uniform convergence of the hazard rate
estimate in a nonparametric setup with time dependent hazard rate, with multivariate
regressors.
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