
Chapter 3
Asymptotic Theory

Qi-Man Shao

3.1 Introduction to Four Papers on Asymptotic Theory

3.1.1 General Introduction

Asymptotic theory plays a fundamental role in the developments of modern
statistics, especially in the theoretical analysis of new methodologies. Some asymp-
totic results may borrow directly from the limit theory in probability, but many need
deep insights of statistical contents and more accurate approximations, which have
in turn fostered further developments of limit theory in probability. Peter Bickel
has made far-reaching and wide-ranging contributions to modern statistics. He is
a giant in theoretical statistics. In asymptotic theory, besides his contributions to
bootstrap and high-dimensional statistical inference, in this paper I shall focus on
four of his seminal papers on asymptotic expansions and Bartlett correction for
Bayes solutions, likelihood ratio statistics and maximum-likelihood estimator for
general hidden Markov models. The papers will be reviewed in chronological order.

3.1.2 Asymptotic Theory of Bayes Solutions

The paper of Bickel and Yahav (1969) deals with the asymptotic theory of Bayes
solutions in estimation and hypothesis testing. It proves that Bayes estimates arising
from a loss function are asymptotically efficient and that the mean of the posterior
distribution is asymptotically normal, which confirms a long time statistical folklore.
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The results also significantly extend some early work of Le Cam. More importantly,
the paper provides asymptotic expansions for the posterior risk in the estimation
problem. The expansion can be viewed in the same sprit of Badahur’s work, which
is now commonly called the Bahadur representation. It is noted that Bickel and
Yahav derived the expansion from an entirely different viewpoint.

The method, setup and results in Bickel and Yahav (1969) have a significant
impact to the later wok in this area directly and indirectly. For example, Yuan (2009)
proposed a joint estimation procedure in which some of the parameters are estimated
Bayesian, and the rest by the maximum-likelihood estimator in the same parametric
model. The proof of the consistency of the hybrid estimate is based on the method
in Bickel and Yahav (1969). The paper of He and Shao (1996) on the Bahadur
expansion for M-estimators follows a similar setup as Bickel and Yahav (1969).
Belloni and Chernozhukov (2009) also follow the setup of B-Y and extend some of
their results. The results of Bickel and Yahav (1969) have considerable applications
in asymptotic sequential analysis. For recent results and extensions on this topic we
refer to Hwang (1997), Ghosal (1999), and Belloni and Chernozhukov (2009) and
references therein.

3.1.3 The Bartlett Correction

The Bartlett (1937) correction is a scalar transformation applied to the likelihood
ratio (LR) statistic that yields a new improved test statistic which has a chi-squared
null distribution to order O(1/n). This represents a clear improvement of O(1) for
the the original LR statistic. A general frame work for Bartlett corrections was
proposed by Lawley (1956). One can refer to Cribari-Neto and Cordeiro (1996)
and Jensen (1993) for surveys on Bartlett corrections. The Bartlett correction is also
closely related to Edgeworth expansions and saddlepoint approximations.

The main contributions of Bickel and Ghosh (1990) are twofolds: (1) it gives a
generalization of Efron’s (1985) result to vector parameters and applies this exten-
sion to establish the validity of Bartlett’s correction to order n−3/2, in particularly,
verifies rigorously Lawley’s (1956) result giving the order of the error in the Bartlett
correction as O(n−2); (2) it gives Bayesian analogues of both of above results that
provide a key to understanding the Bartlett phenomenon.

The Bayesian idea in Bickel and Ghosh (1990) is creative. This enables to
clear up mysteries such as why the Wald’s or Rao’s statistic is not Bartlett
correctible and to explore the duality between the Bayesian and the frequentist
setup. Let X = (X1, . . . ,Xn) be a vector of observations with joint density p(x,θ ),
θ = (θ 1, . . . ,θ p) ∈ Θ open in Rp. For given θ , let θ̂0 be the unrestricted MLE and
θ̂ j be the MLE of θ when θ 1, . . . ,θ j are fixed, i.e.,

l(θ̂ j) = max
{

l(τ) : τ1 = θ 1, . . . ,τ j = θ j}, 1 ≤ j ≤ p.
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Assume that these quantities exist and are unique and define T = T (θ ,X) =
(T 1, . . . ,T p) as the signed square roots of the likelihood ratio statistics, where

Tj = n1/2{2
[
l(θ̂ j−1)− l(θ̂ j)

]}1/2
(

θ̂ j
j−1 −θ j

)
.

The Bayesian route begins with putting a prior density π on Θ . Let P denote the joint
distribution of (θ ,X) and P(·|X) the conditional (posterior) probability distribution
of (θ ,X) given X. The posterior density of

√
n(θ − θ̂) is given by

π(h|x)≡ exp
{

l(θ̂ + rh)− l(θ̂)
}

π(θ̂ + rh)/N(X),

where N(X) =
∫

exp{l(θ̂ + rh)− l(θ̂ )}π(θ̂ + rh)dh. Let πT (t|X) denote the pos-
terior density of T and φ(t) = (2π)−p/2 exp{∑p

i=1(ti)
2/2} be the standard p

variate normal density. Bickel and Ghosh’s (1990) first result is that, under certain
“Bayesian” regularity conditions,

EP

∫
|πT (t|X)−π2(t,X)|dt = O(n−3/2),

where

π2(t,X) = φ(t)
{

1+P21(X,π)n−1/2 +P22(X,π)n−1 +Q2(n
−1/2t)

}
I{X ∈ S}

for t ∈ R
p. Here Q2 is a polynomial in n−1/2t of degree 2 without a constant term

and S is a set such that P(X /∈ S) = O(n−3/2).
The second result in Bickel and Ghosh (1990) is to use above expansion in the

Bayesian setup to establish the corresponding result in the frequentist case. Under
certain frequentist conditions in an analogous fashion, the characteristic function
of the density of T , pT (t|θ ), differs from that of N (n−1/2R1 j, Ip + n−1(2R2i j −
Ri1R1 j)) by O(n−3/2).

In addition, an asymptotic expansion for the distribution of the p deviances
statistics up to O(n−2) is also derived. More specifically, the vectors of deviances
D = (D1, . . . ,Dp) and its Bartlett corrected version D̃ = (D̃1, . . . , D̃p) are given by

D j = (T j)2 = 2n
[
l(θ̂ j−1)− l(θ̂ j)

]

and

D̃ j = D j/(1+ 2n−1Q2 j j).

Then, under regularity conditions, with error O(n−1), the joint distribution of D is
that of p independent χ2

1 , while for D̃ the same claims holds with error O(n−2).
Note that the required assumptions, i.e., the regularity conditions in both

Bayesian and frequentist settings, might appear rather strong. However, by exam-
ining several cases, including independent non-identically distributed and Markov
dependent observations in Bickel et al. (1985) and exponential families in some
regression and GLIM models, they hold quite generally. Indeed, similar type of
regularity conditions were also assumed or served as basic assumptions in different
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problems for the validity of Edgeworth expansions. See, for example, Datta et al.
(2000), Mukerjee and Reid (2001), Fang and Mukerjee (2006) and Fraser and
Rousseau (2008).

Bickel and Ghosh (1990) addressed the rationale that why such accurate
expansions, which hold for the likelihood ratio, would fail for Wald’s or Rao’s
statistic. Moreover, a nice feature of their approach is that calculations are kept to
a minimum such that the phenomena are transparent. Bickel and Ghosh’s Bayesian
results may be viewed as technical lemmas for proving frequentist theorems. This
ingenious Bayesian argument has come a widely used statistical methodology
after the appearance of Bickel and Ghosh’s paper. In particular, Fan et al. (2000)
applied a similar argument to provide a geometric understanding of the classical
Wilks theorem as well as a useful extension of the likelihood ratio theory. For
further extensions and related work, we refer to Dudley and Haughton (2002) and
Schennach (2007).

It is noted that the Bartlett correction provides a measure of absolute error for the
approximation. Since the tail probability of chi-squared distribution is exponentially
decay, it would be interesting to see if a similar result holds for the relative error, or
if a Cramér type moderate deviation with error O(n−2) is valid.

3.1.4 Asymptotic Distribution of the Likelihood Ratio Statistic
in Mixture Model

Mixture models are useful in describing data from a population that is suspected
to be composed of a number of homogeneous subpopulations. The models have
been used in econometrics, biology, genetics, medicine, agriculture, zoology, and
population studies.

Bickel and Chernoff (1993) is the first paper that gives the asymptotic distribution
of the likelihood ratio statistic in normal mixture model. Let X1,X2, · · · ,Xn be i.i.d.
N(0,1) random variables and set M∗

n = supt S∗n(t), where

S∗n(t) = n−1/2
n

∑
i=1

y∗(Xi, t),

y∗(x, t) = (etx−t2/2 − 1− tx)/(et2 − 1− t2)1/2.

Hartigan (1984) proved that M∗2
n is stochastically equal to the logarithm of the

likelihood ratio test statistic based on a normal mixture model (1 − p)N(0,1) +
pN(θ ,1) and that M∗

n → ∞ in probability. Hartigan also conjectured that M∗
n =

O((log2 n)1/2), where log2 n = log(logn). In Bickel and Chernoff (1993), Bickel
and Chenoff confirm the Hartigan conjecture and more importantly, give an explicit
asymptotic distribution of M∗

n as n → ∞

P(Vn ≤ v)→ exp(−e−v), (3.1)
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where

Vn = M∗
n(log2 n)1/2 − log2 n+ log(

√
2π).

The main idea of the proof of (3.1) is to first deal with a simpler process

Sn(t) = n−1/2
n

∑
i=1

(
etX−i−t2/2 − 1

)
e−t2/2,

which can be approximated by a Gaussian process by using the strong approxi-
mation (see Komlos et al. 1975; Csörgő and Révész 1981), and then apply the
asymptotic distribution for maximal of stationary Gaussian process (Leadbetter
et al. 1983). The approach in Bickel and Chernoff (1993) is applicable to other
mixture and change point problems as the strong approximation works not only for
sums of independent random variables but also for a lot of dependent variables. The
paper has also inspired many follow-up studies on this topic, including Chen et al.
(2004) and Charnigo and Sun (2004) and many others.

It is noted that the limiting distribution in (3.1) is called the extreme distribution
of type I. It is commonly believed that the rate of convergence is extremely slow. Liu
et al. (2008) show that an “intermediate approximation” may give a much faster rate
of convergence. We also remark that a useful approach to deal with the asymptotic
distribution of extreme values is Stein-Chen method, see Arratia et al. (1989).

3.1.5 Hidden Markov Models

A hidden Markov model (HMM) is a discrete-time stochastic process {(Xk,Yk)}
such that (1) {Xk} is a finite-state Markov chain, and (2) given {Xk}, {Yk} is a
sequence of conditionally independent random variables. Hidden Markov models
have been successfully applied in various areas of dependent data analysis, including
speech recognition (Rabiner 1989), neurophysiology (Fredkin and Rice 1992),
biology (Leroux and Puterman 1992; Holzmann et al. 2006), econometrics (Rydén
et al. 1998) and medical statistics (Albert 1991) or biological sequence alignment
(Arribas-Gil et al. 2006).

Inference for HMMs was initiated by Baum and Petrie (1966) for the case
when {Yk} takes values in a finite set, where consistency and asymptotic normality
of the maximum-likelihood estimator (MLE) are proved. For general HMMs,
Lindgren (1978) constructed consistent and asymptotically normal estimators of
the parameters determining the conditional densities of Yn given Xn. Leroux (1992)
proved consistency of the MLE for general HMMs under mild conditions, and
Bickel and Ritov (1996) proved the local asymptotic normality, by using a quite
long tedious analysis with more than 20 lemmas. Bickel et al. (1998) is the first
article to establish rigorously the asymptotic normality of the MLE for general
HMMs, which, together with the consistency proved by Leroux (1992), provides
theoretical foundation for the validity and effectiveness of MLE. The impact of their
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paper is substantial. The results are obtained under mild regularity conditions of
Cramér type that could not be weaken markedly and serve as basic assumptions in
most subsequent statistical methodologies related to asymptotic studies for HMMs.
Their results also provide possibilities on inference for a great many HMM related
statistical problems due to the intrinsic nature of MLE.

Let {Xk,k ≥ 1} be a stationary Markov chain on {1, . . . ,K} with transition
probabilities αϑ (a,b), where the parameter ϑ ∈ Θ ⊆ R

q. Also let {Yk} be an
Y -valued sequence such that given {Xk}, {Yk} is a sequence of conditionally
independent random variables with Yn having conditional density gϑ (t|Xn). The
MLE, denoted by ϑ̂n, maximizes the joint density of (Y1, . . . ,Yn), say pϑ (y1, . . . ,yn),
over the parameter set Θ . The true parameter is denoted by ϑ0. Bickel et al. (1998)
showed that under Cramér-type conditions at ϑ0 and ergodicity of {αϑ0(a,b)},

n1/2(ϑ̂n −ϑ0
)→N (0,I −1

0 ), Pϑ0 -weakly as n → ∞,

where I0 denotes the Fisher information matrix for {Yk} and is nonsingular.
In order to establish above main result, they first proved a central limit theorem

for the score function (i.e. Ln(ϑ) = log pϑ (Y1, . . . ,Yn)) at ϑ0 with limit covariance
matrix I0, that is,

n−1/2DLn(ϑ0)→N (0,I −1
0 ), Pϑ0-weakly as n → ∞.

A second result was a uniform law of large numbers for the Hessian of the log-
likelihood, i.e.

n−1D2Ln(ϑ̂n)→−I0 in Pϑ0-probability

as n → ∞. Here D and D2 form the gradient and the Hessian, respectively.
The paper of Bickel et al. (1998) furnishes the mathematical tools to studying

HMMs and also opens a door for developing asymptotic theory of other statistical
objects based on HMMs. For instance, Bickel et al. (2002) gave explicit expressions
for derivatives and expectations of the log-likelihood function of HMMs and
obtain second order asymptotic normality. Douc and Matias (2001) considered the
consistency and asymptotic normality of the MLE for a possibly non-stationary
hidden Markov model. After a relatively mature development on the statistical
inference, Fuh (2004) studied the issue of hypothesis testing for HMM, in particular
the problem of sequential probability ratio tests for parametrized HMMs. More
recently, Dannemann and Holzmann (2009) discussed how the relevant asymptotic
distribution theory for the likelihood ratio test when the true parameter is on the
boundary can be extended from the i.i.d. situation to HMMs. Bickel et al. (1998)
has inspired many subsequent work, including Douc et al. (2004), Vandekerkhove
(2005), Fuh and Hu (2007), Anderson and Rydén (2009) and Sun and Cai (2009),
among others. One can refer to Moulines et al. (2005) for recent developments in
this area.
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