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Abstract. Digital controllers found in many industrial real-time sys-
tems consist of a number of interacting periodic tasks. To sustain the
required control quality, these tasks possess the maximum activation pe-
riods as performance constraints. An essential step in developing a real-
time system is thus to assign each of these tasks a constant period such
that the maximum activation requirements are met while the system
utilization is minimized [3].
Given a task graph design allowing producer/consumer relationships
among tasks [4], resource demands of tasks, and range constraints on
periods, the period assignment problem falls into a class of nonlinear
optimization problems. This paper proposes a polynomial time approx-
imation algorithm which produces a solution whose utilization does not
exceed twice the optimal utilization. Our experimental analysis shows
that the proposed algorithm finds solutions which are very close to the
optimal ones in most cases of practical interest.

1 Introduction

Real-time systems often consist of a number of interacting tasks. Most of these
tasks execute periodically at fixed rates reading data from producer tasks and
writing data to consumer tasks. A typical example is a feedback control system.
A control task periodically samples input data, computes control laws, and gen-
erates output for actuators, and all these activities should be done periodically.

In order to sustain the required quality of control, each real-time task pos-
sesses as its timing constraint the maximum activation period that is derived
from a given performance specification. An essential step in developing a real-
time system is thus to assign each task a constant period such that the maximum
activation requirements are met while the system utilization is minimized. Where
intermediate tasks are shared by several others that run with different rate con-
straints, the problem falls into a class of nonlinear optimization problems.
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In [3] Gerber et al. addressed this problem as part of the real-time system
design problem and formulated it into a nonlinear optimization problem in their
design methodology. They proposed a set of heuristics which can be used to
reduce the search space of the problem. Unfortunately, these heuristics possess
only limited utility, since they may still leave a inhibitively large search space
even for a problem with a modest size. To the best of our knowledge, no polyno-
mial time approximation algorithm with a known performance bound has been
proposed to address this period assignment problem.

A similar problem was addressed by Seto et al. [9] for the design of real-time
control systems. Given that the control performance requirement and the schedu-
lability constraint determine the ranges of sampling periods, their proposed algo-
rithm derives schedulable sampling periods that optimize the performance index
of the control system. However, the application model in [9] is rather simple: in
[9], all tasks in a system run independently, while the task graph in [3] allows
producer/consumer relationships and data sharing between tasks.

In this paper, we propose a polynomial time period assignment algorithm
for the real-time design problem formulated in [3]. Our algorithm makes use of
two effective heuristics, namely (1) optimal GCD assignment; and (2) harmonic
period assignment among tail tasks. In the first heuristic, a producer task is as-
signed as its period the greatest common divisor of the periods of its consumers.
In the second, tasks with no consumers (tail tasks) are assigned harmonic peri-
ods. We formally prove via the worst case analysis that the proposed algorithm
with these heuristics yields a solution whose utilization does not exceed twice
the optimal utilization. In reality, our experimental analysis shows that the algo-
rithm produces solutions which are very close to the optimal ones in most cases
of practical interest.

This paper is organized as follows. In section 2, we give a formal specification
of the period assignment problem by defining a task graph design of a real-time
system, along with the constraints and the objective function of the problem. In
section 3, we propose two heuristics and present the approximation algorithm.
In section 4, we make a formal analysis of the proposed algorithm and prove
its worst case performance bound. In section 5, we experimentally evaluate the
algorithm by comparing it with an optimal algorithm using exhaustive search.
Section 6 concludes the paper.

2 Problem Formulation

A real-time system in our problem is represented by a directed acyclic graph
G(V, E) where V is a set of tasks {p1, p2, . . . pn} and E is a set of directed edges
between two tasks. Each task has a bounded execution time ei which can be
estimated in various ways [7]. An edge pi → pj denotes a producer/consumer
relationship in that pi produces data that pj consumes [4].

Let Ti be the period of pi. Each producer/consumer pair 〈pi, pj〉 is con-
strained to have harmonic periods such that Tj is an integer multiple of Ti,
which is denoted “Ti|Tj”. Figure 1 shows an example task graph with their
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assigned harmonic periods. If these tasks ran with arbitrary periods, task execu-
tions would get out of phase resulting in large latencies in communication. The
harmonicity constraint ensures that the two tasks stay “in-phase,” thus reduc-
ing communication latencies [3]. It also guarantees predictable data flow from a
common producer to multiple consumers. For example, in Figure 1, it is guar-
anteed that p4 receives every data item p3 generates while p5 gets every third
item of what p3 produces. In the remainder of the paper, we use the following
additional notations.

notation description

Ptail A set of tasks having no outgoing edges.

Pi
tail A set of tail tasks pj which are reachable from pi.

Pi
succ A set of tasks having an incoming edge from pi.

Every output task pi ∈ Ptail possesses a range constraint on Ti such that
1 ≤ Ti ≤ T u

i where T u
i is the maximum period constraint which is derived from

the performance requirement. Due to harmonicity constraints, each non-tail task
pj is also subject to a period constraint such that 1 ≤ Ti ≤ T u

i where T u
i is the

smallest maximum period of all consumer tasks. Therefore, T u
i of non-tail task

pi is determined such that T u
i = min{T u

j | pj ∈ P i
succ} = min{T u

j | pj ∈ P i
tail}.

The objective function of this period assignment problem is to maximize the
chance of the system being schedulable. As in [3], we adopt, as the objective
function, minimization of utilization U =

∑n
i=1

ei

Ti
. There have been a number

of vastly different measures of schedulability depending on real-time scheduling
algorithms such as nonpreemptive, calendar-based scheduling [11], and preemp-
tive, static and dynamic priority scheduling [6]. In this paper, we assume a pre-
emptive priority scheduling strategy. Note that in preemptive priority scheduling
such as RMS and EDF, utilization is proven to be a sufficient measure of the
schedulability of real-time systems [6,5].

Finally, the problem at hand is stated as follows.

“Given a task graph and the range constraints on task periods, assign
each task a harmonic period such that the range constraints are met and
the system utilization U is minimized where U =

∑n
i=1

ei

Ti
.”

3 Period Assignment Algorithm

Due to the harmonicity constraints and the objective function, the problem is
nonlinear optimization problem. To find solutions in a reasonable amount of
time, we propose an approximation algorithm which consists of two heuristic
steps to minimize the utilization.
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Fig. 1. Task graph.

3.1 Optimal GCD assignment

Our first heuristic is the optimal GCD (greatest common divisor) assignment. It
is a backward period assignment method in that a non-tail task pi gets period Ti

such that Ti = GCD{Tj | pj ∈ P i
succ}. Such period assignment starts from those

non-tail tasks that are the immediate predecessors of tail tasks, and is iteratively
applied to their predecessors until all non-tail tasks are assigned their periods.
As a result of the optimal GCD assignment, a producer task always gets the
largest possible period which is harmonic to the periods of its consumer tasks.

Theorem 1 proves that the optimal GCD assignment is a necessary step to
obtain the optimal period assignment of a whole system.

Theorem 1. If all tail tasks are given the optimal periods, the GCD assignment
always finds the optimal period assignment for the whole tasks.
Proof. We prove the theorem by contradiction. Suppose that the optimal solu-
tion has an intermediate task pi which has a non-GCD period Ti. Let T GCD

i =
GCD{Tj | pj ∈ P i

succ}. Due to the harmonicity constraint, Ti is a common divi-
sor of the periods of tasks in P i

succ, and thus Ti|T GCD
i . Hence, Ti can be replaced

by T GCD
i without affecting the periods of other tasks, and this yields a lower

utilization. This contradicts the assumption. Therefore, the optimal solution is
obtained by the GCD assignment method. ut

Theorem 1 helps significantly reduce the problem size, since it allows us to
focus only on tail tasks for the optimal period assignment.

3.2 Harmonic Period Assignment for Tail Tasks

Our second heuristic is the harmonic period assignment for tail tasks. In order
to minimize the utilization, it is desirable to assign tail tasks the largest possible
harmonic periods so that large GCD values are assigned to non-tail tasks. To do
so, the algorithm introduces additional harmonicity constraints among the tail
tasks. It then assigns tail tasks harmonic periods to satisfy this extra constraints.
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This heuristic step works as follows. First, tail tasks are sorted in nonde-
creasing order of T u

i . Second, a harmonicity constraint is established on each of
the two adjacent tasks in the list. We can represent this additional harmonicity
constraint by slightly modifying a given task graph. Figure 2 shows a modified
task graph of Figure 1 after it is extended with extra harmonicity constraints.
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Fig. 2. Modified task graph with harmonicity constraints between tail tasks.

Due to the harmonicity constraints between tail tasks, the original problem
is reduced into the problem of assigning a period to only the tail task with the
smallest T u.

The entire algorithm is presented below. In Step (1), it sorts tail tasks in the
nondecreasing order of their maximum period constraints. In Step (2), the algo-
rithm chooses a period value for the tail task with the smallest maximum period
constraint. In order to bound the worst case performance of the algorithm, it is
required to choose T1 between dT u

1 /2e and T u
1 . This requirement will be proved

shortly in the subsequent section. In Step (3), the algorithm assigns the largest
harmonic periods to other tail tasks according to the extra harmonic constraints
imposed on them. Finally, in Step (4), it performs GCD period assignment for
non-tail tasks.
Period Assignment Algorithm
{

(1) Let 〈p1, p2, . . . , pm〉 be a sorted list of Ptail

such that T u
1 ≤ T u

2 ≤ . . . ≤ T u
m.

(2) Choose any T1 such that dT u
1 /2e ≤ T1 ≤ T u

1 .
(3) Ti = b T u

i

Ti−1
c · Ti−1 for 2 ≤ i ≤ m.

(4) Perform GCD assignment for non-tail tasks.
}
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4 Algorithm Analysis

In this section we make the worst case analysis of the proposed algorithm and
summarize it in Theorem 2. It states that the algorithm, even in the worst case,
yields a solution whose utilization does not exceed twice the optimal utilization.

Theorem 2. Let Ualg be utilization computed by the algorithm, and Uopt the
optimal utilization. Ualg is always less than 2Uopt.
Proof. Let 〈p1, p2, . . . , pm〉 be a sorted list of Ptail. Suppose that (T1, . . . , Tm)
is a period assignment for tail tasks. Due to Theorem 1, the period of non-tail
task in V can be represented with some combination of {T1, . . . , Tm}. Thus,
utilization U can be generally written as follows.

U =
ê1

T1
+

ê2

T2
+ . . . +

êm

Tm
+

êm+1

GCD(T1, T2)
+

êm+2

GCD(T2, T3)
+ . . . +

ê2m−1

GCD(T1, T2, . . . , Tm)
(1)

where êi =
∑

pj∈Qi
ej and Qi is the set of tasks pj which has a path to every tail

task appearing in the ith denominator, but to no other. Clearly, if Qi is empty,
êi is zero.

For the analysis of the algorithm, the lower bound Ulow of U is derived from
Eq.( 1) by replacing its denominators with maximum possible periods, as follows.

Ulow =
ê1

T u
1

+
ê2

T u
2

+ . . . +
êm

T u
m

+

êm+1

T u
1

+
êm+2

T u
2

+ . . . +
ê2m−1

T u
1

(2)

Since the proposed algorithm imposes the harmonicity constraints on Ptail,
GCD(Ti, . . . , Tj) = Ti for 1 ≤ i < j ≤ m. Thus, utilization Ualg computed by
the algorithm can be derived from Eq.(1), as follows.

Ualg =
ê1

T1
+

ê2

T2
+ . . . +

êm

Tm
+

êm+1

T1
+

êm+2

T2
+ . . . +

ê2m−1

T1
(3)

Now Eq.(2) and Eq.(3) are compared term by term. Let ualg
i and ulow

i be the
ith terms in Ualg and Ulow, respectively.

(a) For i = 1: ualg
i ≤ 2ulow

i , since T1 is assigned a period no less than T u
1 /2 in

the proposed algorithm.
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(b) For 2 ≤ i ≤ 2m − 1 and ulow
i 6= 0:

ualg
i

ulow
i

=
T u

j

bT u
j /Tj−1c · Tj−1

for some 1 < j ≤ m. Since x
bxc < 2 for x ≥ 1, ualg

i < 2ulow
i .

The above comparison leads to Ualg < 2Ulow. Let Uopt be the optimal utilization,
then it is obvious that Ulow ≤ Uopt. Combining these, we have

Ualg < 2Uopt.

This proves the theorem. ut
For a task graph with n sorted tasks (tail tasks are sorted in nondecreasing

order of T u
j and non-tail tasks are topologically sorted), O(n) period assignment

steps are required for the proposed algorithm. Note that the GCD assignment
step in the algorithm is simplified through mathematical manipulation shown in
Eq.( 3). For a GCD assignment, GCD(Ti, . . . , Tj) = Ti can be used.

5 Empirical Performance

From the previous discussion, we know that the performance ratio of the pro-
posed algorithm to the optimal one is less than 2.0. However, this result is derived
via an analysis made for the worst case. In this section, we perform an empirical
study to show that the performance of the algorithm is very close to the optimal
one in most cases of practical interest.

To do so, we have implemented both the proposed algorithm and an optimal,
exhaustive search algorithm. Then, we have generated artificial workloads using
five types of representative task graphs that are commonly encountered in algo-
rithmic structures of control applications. The task graph structures considered
here are in-tree, out-tree, fork-join, Laplace equation solver [10], and FFT (fast
Fourier transform) [2] types. Figure 5 pictorially shows these task graph types.
For each of them, we generated three distinct task graphs by varying the num-
ber of tasks and their maximum period constraints. For the in-tree, fork-join,
and Laplace equation solver task graphs that possess only one tail task, we have
added two or more tail tasks to the task graphs to prevent the algorithms from
generating trivial period assignments. Due to the inherent time complexity of the
exhaustive search algorithm, the experiments were carried out with small-sized
problems possessing 10 to 20 tasks.

To generate the workloads, we varied task execution times and maximum
period constraints for each task graph type. For the maximum period constraints
T u

j for tail tasks, we used the normal probability distributions N(µ, σ2) with
mean µ and standard deviation σ. For each task graph type, three distinct test
cases were generated using N(600, 3002), N(500, 2502) and N(400, 2002). Task
execution times ei were generated using N(10, 52) in all test cases.
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(A) (B) (C)

(D) (E)

Fig. 3. Task graph types: (A) in-tree, (B) out-tree, (C) fork-join, (D) Laplace
equation solver, and (E) FFT.

Figure 4 summarizes the results of our experiments. As is clear from Figure 4,
the proposed algorithm yields solutions which are very close to the optimal
ones in all cases. On the average, the performance ratio Ualg

Uopt
is 1.0330 in our

experiments.

6 Conclusion

We have presented a period assignment algorithm which requires O(n) period
assignment steps and is capable of finding solutions close to the optimal ones.
We have formally proved that the proposed algorithm has a performance ratio
Ualg

Uopt
≤ 2 and experimentally showed that it yields almost optimal solutions in

practice. During the experiments, the performance ratio was Ualg

Uopt
= 1.0330 on

the average.
The proposed algorithm can be used as an essential component of the real-

time system design methodology formulated in [3]. Since the methodology is
currently applicable to a real-time system design built on top of a distributed
platform, we are currently extending our algorithm for this purpose.
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Fig. 4. Performance comparisons: (A) in-tree, (B) out-tree, (C) fork-join, (D)
Laplace equation solver, and (E) FFT.
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