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Abstract. We investigate crossing minimization problems for a set of
permutations, where a crossing expresses a disarrangement between ele-
ments. The goal is a common permutation π∗ which minimizes the num-
ber of crossings. This is known as the Kemeny optimal aggregation prob-
lem minimizing the Kendall-τ distance. Recent interest into this problem
comes from application to meta-search and spam reduction on the Web.

This rank aggregation problem can be phrased as a one-sided two-
layer crossing minimization problem for an edge coloured bipartite graph,
where crossings are counted only for monochromatic edges.

Here we introduce the max version of the crossing minimization prob-
lem, which attempts to minimize the discrimination against any permuta-
tion. We show the NP-hardness of the common and the max version for k ≥
4 permutations (and k even), and establish a 2-2/k and a 2-approximation,
respectively. For two permutations crossing minimization is solved by in-
specting the drawings, whereas it remains open for three permutations.

1 Introduction

One-sided crossing minimization is a major component in the Sugiyama algo-
rithm. The one-sided crossing minimization problem has gained much interest
and is one of the most intensively studied problems in graph drawing [8, 15]. For
general graphs the crossing minimization problem is known to be NP-hard [13].
The NP-hardness also holds for bipartite graphs where the upper layer is fixed,
and the graphs are dense with about n1n2/3 crossings [10], or alternatively, the
graphs are sparse with degree at least four on the free layer [17]. The special
case with degree 2 vertices on the free layer is solvable in linear time, whereas
the degree 3 case is open.

The rank aggregation problem finds a consensus ranking on a set of alterna-
tives, based on preferences of individual voters. The roots for a mathematical
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investigation of the problem lie in voting theory and go back to Borda (1781) and
Condorcet (1785). Rank aggregations occur in many contexts, including sport,
voting, business, and most recently, the Internet. ”Who is the winner?” In gym-
nastics, figure skating or dancing this is decided by averaging or ranking the
points of the judges. In Formula 1 racing and similarly at the annual European
Song Contest the winner is who has the most points. Is this scheme fair? Why
not deciding the winner by the majority of first places?

Also, the organizers of GD2005 are confronted with our crossing minimization
problem. They have to make many decisions. For example, which beer (wine,
food) shall be served at the GD conference dinner? What is the best choice for
the individual taste of the participants? Or, more specific: which beer is the best?

In their seminal paper from the WWW10 conference, Dwork et al. [9] have
used rank aggregation methods for web searching and spam reduction. A search
engine is called good if it behaves close to the aggregate ranking of several
search engines. Besides experimental results they have investigated the theo-
retical foundations of the rank aggregation problem. One of the main results is
the NP-hardness of computing a so-called Kemeny optimal permutation of just
four permutations, here called PCM-4. However, the given proof has some flaws,
and is repaired here. In addition, we show a relationship to the feedback arc
set problem and establish a 2-2/k approximation, which is achieved by the best
input permutation.

The common rank aggregation methods take the sum of all disagreements over
all permutations. Here we introduce the maximum version, PCMmax-k, which
expresses a fair aggregation and attempts to avoid a too severe discrimination
of any participant or permutation. With the optimal solution, nobody should
be totally unhappy. We show the NP-hardness of PCMmax-k for all k ≥ 4 and
establish a 2-approximation, which is achieved by any input permutation. This
parallels similar results for the Kemeny aggregation problem [1, 9] and for the
Coherence aggregation problem [5]. The case PCMmax-2 with two permutations
is efficiently solvable, whereas the case k = 3 remains open.

Besides the specific results, this work aims to bridge the gap between the
combinatorics of rank aggregations and crossing minimizations in graph drawing,
with a mutual exchange of notions, insights, and results.

In Section 2 we introduce the basic notions from graph drawing and rank
aggregations, and show how to draw rank aggregations. In Section 3 we state the
NP-hardness of the crossing minimization problems for just four permutations,
and prove the approximation results, and in Section 4 we investigate the special
cases with two and three permutations.

2 Preliminaries

Given a set of alternatives U , a ranking π with respect to U is an ordering of
a subset S of U such that π = (x1, x2, . . . , xr) with xi > xi+1, if xi is ranked
higher than xi+1 for some total order > on U .
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For convenience, we assign unique integers to the items of U and let U =
{1, . . . , n}. We call π a (full) permutation, if S = U , and a partial permutation,
if S ⊆ U . A permutation is represented by an ordered list of items, where the
rank of an item is given by its position in the ordered list, with the highest, most
significant, or best item in first place.

The rank aggregation or the crossings of permutations problem is to combine
several rankings π1, . . . , πk on U , in order to obtain a common ranking π∗, which
can be regarded as the compromise between the rankings. The goal is the best
possible common ranking, where the notion of ‘better’ depends on the objective.
It is formally expressed as a cost measure or a penalty between the πi and π∗;
the common version takes the sum of the penalties, the max version is introduced
here. Several of these criteria have a correspondence in graph drawing.

A prominent and frequently studied criterion is the Kendall-τ distance [3, 5, 9,
16]. The Kendall-τ distance of two permutations over U = {1, . . . , n} measures
the number of pairwise disagreements or inversions, K(π, τ) = |{(u, v) | π(u) <
π(v) and τ(u) > τ(v)}|. This value is invariant under renaming, or the application
of a permutation σ on both π and τ , and such that τ becomes the identity.
For a set of permutations P = {π1, . . . , πk} this generalizes by collecting all
disagreements, K(P, π∗) =

∑k
i=1 K(πi, π

∗).
The value K(P, π∗) can be expressed in various ways. For every pair of distinct

items (u, v), the agreement AP (u, v) is the number of permutations from P which
rank u higher than v, and the disagreement is DP (u, v) = k − AP (u, v). Clearly,
the agreement on (u, v) equals the disagreement on the reverse ordering (v, u).
For every (unordered) pair of items, let ∆(u, v) = |k − 2AP (u, v)| express the
difference between the agreement and the disagreement of u and v.

There is an established lower bound for the number of unavoidable crossings
for the permutations of P , which is the sum over the least of the agreements and
disagreements,

LB(P ) =
∑

u<v

min{AP (u, v), DP (u, v)}.

Then the disagreement against a common permutation π∗ is

K(P, π∗) = LB(P ) +
∑

π∗(u)<π∗(v) and DP (u,v)>AP (u,v)

∆(u, v).

Thus ∆(u, v) is added as a penalty if π∗ disagrees with the majority of the
permutations. If there is a tie for the ranking of u and v in P , then just the term
from the lower bound is taken into account.

Recall that for the crossing minimization problem of two layered graphs the
agreement and disagreement of two free vertices u and v is the crossing number
of the edges incident with u and v and placing u left of v, or vice versa. The so
obtained lower bound is often ‘good’ and close to the optimum value [14].

Another popular measure for the distance between permutations is the Spear-
man footrule distance, which accumulates the linear arrangement or the length
between two permutations over {1, . . . , n} by f(π, τ) =

∑
i |π(i) − τ(i)|. Again

this extends to a set P of permutations by summation f(P, π∗) =
∑k

j=1 f(πi, π
∗).
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These measures can be scaled by individual weights, and they can be ex-
tended to partial permutations π1, . . . , πk, where each permutation operates on
its subset of the universe, see [9].

Given a set of (full or partial) permutations P = {π1, . . . , πk} on a universe
U = {1, . . . , n}, the crossing number of P is the number of crossings against
the best permutation π∗ with respect to the Kendall-τ -distance, i.e., CR(P ) =
minπ∗ K(P, π∗). The crossing minimization problem is finding such a permuta-
tion π∗. We will refer to the crossing minimization problem of k permutations
as the PCM-k problem.

A new cost measure is the max crossing number, which attempts to minimize
the number of crossings for any permutation. For a set of k permutations P
and a target permutation π∗ let Kmax(P, π∗) = max{K(πi, π

∗) | πi ∈ P} and
define the max crossing number of P by CRmax(P ) = minπ∗ Kmax(P, π∗). The
permutation π∗ giving the value CRmax(P ) is a solution to the max crossing
minimization problem. This problem is referred to as the PCMmax-k problem.
One could similarly consider a maximum version for the Spearman footrule dis-
tance; we have not investigated the latter further.

The following fact is readily seen.

Lemma 1. For a set of k permutations P = {π1, . . . , πk},

CRmax(P ) ≤ CR(P ) ≤ k · CRmax(P ).

The crossing number represents an aggregation, which is the best compromise
for the given lists of preferences and minimizes the number of disagreements.
The minimal number of crossings does not necessarily distribute them uniformly
among the given permutations; one can construct examples where CRmax(P ) ≥
�CR(P )/2� and not CRmax(P ) = �CR(P )/k� as one would hope. The latter
equation holds for k = 2. The objective behind the max crossing number is
an aggregation, which is fair and treats every permutation equally well and
minimizes the discrimination of each participant. Clearly, both objectives can
be combined to the best possible permutation π∗ which minimizes the sum of
crossings and then balances their distribution.

2.1 Drawing Permutations

We now translate rank aggregations to graph drawing. Two permutations π and
τ on a universe U = {1, . . . , n} are drawn as a two-layer bipartite graph with the
vertices 1, . . . , n on each layer in the order given by π and τ and a straight-line
edge between the two occurrences of each item v on the two layers.

A set of k permutations π1, . . . , πk and a common permutation π∗ are repre-
sented by a sequence of pairs of permutations, where the lower layer is fixed in all
drawings. For convenience, we let the lower layer be the identity with π∗(i) = i.
We can merge the permutations into the coloured permutation graph G, which
is a bipartite graph with k edge colours, such that there are vertices 1, . . . , n on
each layer. There is an edge in the i-th colour between u on the upper layer and
j on the lower layer if and only if πi(u) = j. See also Fig. 1.
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1 2 3 4 5 6

Fig. 1. Coloured permutation graph for π1 = (6, 3, 1, 4, 2, 5) (green and solid), π2 =
(3, 5, 2, 6, 1, 4) (blue and dashed), and π3 = (4, 1, 5, 3, 6, 2) (red and dotted)

Obviously, for two full or partial permutations π and τ , the Kendall-τ dis-
tance K(π, π∗) is the number of edge crossings in a straight-line drawing of their
bipartite graph. It ranges between 0 and n(n − 1)/2 and can be efficiently com-
puted either by accumulating for every i the number of items, which are greater
than i and occur to the left of i in π, provided π∗ is the identity, or by techniques
from counting crossings in two-layer graphs in [21].

Lemma 2. The Kendall-τ distance K(π, π∗) of two permutations over U =
{1, . . . , n} can be computed in O(n log n) time.

2.2 Penalty Graphs

There is a direct relationship between the crossing minimization problem and the
feedback arc set problem, which has been established at several places. Recall that
the feedback arc set problem is finding the least number of arcs F in a directed
graph G = (V, E), such that every directed cycle contains at least one arc from
F , i.e., the graph G′ = (V, E − F ) is acyclic. In the more general weighted
case, the objective is a set of arcs with least weight. In the two-layer crossing
minimization problem, the penalty graph has arcs with weights corresponding to
the difference between the number of crossings among the edges incident with
two vertices u and v, if u is placed left of v, or vice versa.

In their seminal paper, Sugiyama et al. [20] have introduced the penalty di-
graph for the two-layer crossing minimization problem, and in [2] it is used for
voting tournaments. Demetrescu and Finocchi [6] have used this approach for
the two-sided crossing minimization problem and have tested several heuristics.
Recently, Ailon et al. [1] have established improved randomized approximations
for aggregation and feedback arc set problems.

For the crossing minimization problem for permutations, the penalty graph
can be applied in the same spirit, but we use the difference in the majority counts
∆(u, v) as edge weights. Thus, for a set of permutations P over {1, . . . , n} the
penalty digraph of P is a weighted directed graph H = (V, A, w) with a vertex for
each item u and an arc (u, v) with weight ∆(u, v) if and only if a strict majority
of permutations rank u higher than v, i.e., if (u − v) · (DP (u, v) − AP (u, v)) <
0. Let w(FAS(P )) denote the weight of the optimum feedback arc set in the
penalty digraph.



6 T. Biedl, F.J. Brandenburg, and X. Deng

First, we establish the connection between the crossing number and the feed-
back arc set of the penalty graph. For the two-layer crossing minimization
problem it was first observed by Sugiyama [20], and used in various places,
[1, 6, 10, 17]. As a consequence, the crossing minimization problem can be re-
duced to a feedback arc set problem.

Theorem 1. Let P = {π1, . . . , πk} be a set of permutations. Then the crossing
number of P equals the lower bound plus the weight of the feedback arc set

CR(P ) = LB(P ) + w(FAS(P )).

Proof. For any permutation π there are LB(P ) unavoidable inversions or cross-
ings and K(P, π) = LB(P ) +

∑
π(u)<π(v) and DP (u,v)>AP (u,v) ∆(u, v). Now, the

deletion of all arcs (u, v) with u < v and π(u) > π(v) from the penalty digraph
of P leaves an acyclic digraph, since there are no cycles in a single permutation
π. If π is such that K(P, π) is minimal, then the set of arcs removed from the
penalty graph is a feedback arc set.

Conversely, consider the penalty graph of P and remove any set of arcs F to
make the remainder acyclic. Consider any permutation π which is in conformity
with a topological ordering. Then K(P, π) ≤ LB(P ) +

∑
f∈F ∆(f), and if F is

such that its weight is w(FAS(P )), then π is such that K(P, π) is minimal.

3 Complexity of Optimal Permutations

In this section we study the complexity of finding an optimal permutation for
the common and the max crossing numbers. There are strong similarities to the
one-sided crossing minimization problem, which go through to the number of
permutations and the degrees of the free vertices.

Crossing minimization in graphs is NP-hard. This holds true for general
graphs [13], and even for two-layer graphs with the upper layer fixed. These
graphs may be dense [10] or sparse with degree k = 4 for the vertices on the free
layer [17]. The case of degree 3-graphs for the free layer is still open.

Correspondingly, there are NP-hardness results for permutations. For many
partial permutations with just two elements the crossing minimization problem
is in one-to-one correspondence with the feedback arc set problem, where every
two element permutation represents an arc, and thus is NP-hard [11, 12]. By a
different reduction from the feedback arc set problem, Bartholdi et al. [3] have
proved the NP-hardness of Kemeny optimal permutations for many permuta-
tions. In [2] the first NP-hardness proof is credited to Orlin (1981, unpublished
manuscript).

A major strengthening has been claimed by Dwork [9] with a reduction from
the feedback arc set problem to just four permutations. However, the construc-
tion in [9] has some flaws and needs some minor corrections.

Theorem 2. The (common) crossing minimization problem PCM-k is NP-hard
for k full permutations, where k ≥ 4 and k even.
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Proof. (Sketch). We follow the construction in [9] and reduce from the feedback
arc set problem. We only explain the case k = 4 here; for k ≥ 6 use the technique
of [9]. Let G = (V, E) be a directed graph with |V | = {v1, . . . , vn} and |E| = m
in which we want to find the smallest feedback arc set. For every vertex v let
out(v) be the sequence of outgoing edges in any order, and let in(v) denote the
sequence of incoming edges. Finally, for a sequence x let xr denote its reversal,
reading the elements right-to-left. Now, construct two pairs of permutations from
the vertices and edges of G.

π1 = v1, out(v1), v2, out(v2), . . . , vn, out(vn),
π2 = vn, out(vn)r, . . . , v2, out(v2)r, v1, out(v1)r,

π3 = in(v1), v1, in(v2), v2, . . . , in(vn), vn, and
π4 = in(vn)r, vn, . . . , in(v2)r, v2, in(v1)r, v1.

In [9] the incoming edges are listed to the right of their vertices in π3 and π4,
but then the construction does not work.

Let K ′ = 2
(
n
2

)
+ 2

(
m
2

)
+ 2m(n − 1). The claim is now that G has a feedback

set of size at most f iff CR(P ) ≤ K = K ′ + 2f . Dwork et al. [9] use a different
value for K. We omit the (straightforward) proof of this claim for space reasons.

For the common crossing minimization problem we sum the number of cross-
ings of monochrome edges. In the max problem we wish to minimize the maxi-
mal number of such crossings, i.e., we wish to treat every arrangement as fair as
possible.

Theorem 3. The max crossing minimization problem PCMmax-k is NP-hard
for any k ≥ 4 (full or partial) permutations.

Proof. (Sketch) Consider the permutations π1, . . . , π4 from Theorem 2, and con-
struct four new permutations over four copies of pairwise disjoint elements,
namely

σ1 = π1 ·π2 ·π3 ·π4, σ2 = π2 ·π3 ·π4 ·π1, σ3 = π3 ·π4 ·π1 ·π2, σ4 = π4 ·π1 ·π2 ·π3.

One can show that the permutation that minimizes the maximal number of
crossings to σ1, . . . , σ4 solves again the feedback arc problem.

3.1 Approximation Algorithms

Since the crossing minimization problems are NP-hard for any (even) k ≥ 4, we
cannot hope to find the best solution in polynomial time, and hence study other
ways to attack the problem. One easy way is to use integer programming; the
problem can be formulated, in a relative straightforward way (we omit details)
as a 0/1 program with O(n4 + k) variables and constraints. Another way is to
consider approximation algorithms, which we study next.

There is a close connection between the number of crossings, i.e., the Kendall-
τ distance and the Spearman-footrule distance, as established in [7]. For a pair of
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permutations, every move induces a disarrangement and each crossings implies
that at most two elements must move each by one position. Hence, K(π, τ) ≤
f(π, τ) ≤ 2K(π, τ) for full permutations π and τ . The optimal permutation for
the Spearman-footrule distance can be computed by solving a weighted perfect
bipartite matching problem, as explained in [9].

An alternative 2-approximation is obtained by choosing the best among the
given permutations, see [1], and there is a simple 2-approximation for the coher-
ence complexity [5]. We now show that the technique of choosing the best among
the given permutations in fact gives an even better approximation, in particular
for small values of k.

Theorem 4. There is a (2− 2
k )-approximation for the (common) crossing min-

imization problem PCM-k.

Proof. Let P = π1, . . . , πk be the input permutations. For a > d and a + d = k,
let Ea,d be those arcs u → v for which AP (u, v) = a and DP (u, v) = d, i.e.,
u comes before v in a permutations, and after v in d permutations. Denote
ma,d = |Ea,d|.

Consider the k vertex orderings defined by the k permutations, and count the
number of arcs that are reversed in them. For a > d, each arc in Ea,d must be
reversed in exactly d of the permutations, hence the total number of reversed
arcs is

L = mk−1,1 + 2mk−2,2 + · · · + jmk−j,j + . . . 1 =
∑

a>d,a+d=k

dma,d. (1)

By the pigeon hole principle, therefore in at least one of the permutations (say
in π1), the number of reversed arcs is at most 1/kth of Equation 1. Denote by
ra,d the number of arcs in Ea,d that are reversed in π1, then we therefore have

rk−1,1 + rk−2,2 + · · ·+ rk−j,j + · · · ≤ 1
k

(mk−1,1 + 2mk−2,2 + · · · + jmk−j,j + . . . )

Each arc in Ea,d has weight a − d in the feedback arc set problem, so the weight
of the feedback arc set solution defined by π1 is

w(FAS) = (k − 2)rk−1,1 + (k − 4)rk−2,2 + · · · + (k − 2j)rk−j,j + . . .

≤ (k − 2)rk−1,1 + (k − 2)rk−2,2 + · · · + (k − 2)rk−j,j + . . .

≤ (k − 2)
1
k

(mk−1,1 + 2mk−2,2 + · · · + jmk−j,j + . . . ) =
k − 2

k
L

Now note that L of Equation 1 also exactly equals the lower bound LB(P ), since
we only consider edges in Ea,d with a > d. Therefore, the number of crossings
obtained with π1 is

LB(P ) + w(FAS) ≤ L +
k − 2

k
L = (2 − 2

k
)L ≤ (2 − 2

k
)OPT,

where OPT is the number of crossings in the optimal solution.
1 The series ends for j = �(k − 1)/2�, but in order not to clutter the equations, we

will not write this explicitly here.
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We note here that if the target permutation is taken from the given set of
permutations, the (2− 2

k )-approximation is best possible for PCM-k. Namely, let
σ1, . . . , σk be k permutations (over distinct elements) of length N = n/k, and
consider the following k permutations:

π1 = σr
1 · σ2 · σ3 · · · · · σk

π2 = σ1 · σr
2 · σ3 · · · · · σk

π3 = σ1 · σ2 · σr
3 · · · · · σk

...
...

πk = σ1 · σ2 · σ3 · · · · · σr
k

Then π∗ = σ1 · σ2 · · · · · σk achieves k
(
N
2

)
crossings. However, any πi disagrees

with any πj on the directions of both σi and σj , and hence creates 2(k − 1)
(
N
2

)

crossings, which is 2k−2
k = 2 − 2

k times the optimum.

Now we turn to approximation algorithms for the max version of the problem.
Here, choosing any of the input permutations yields a 2-approximation, and
again, this cannot be improved.

Theorem 5. There is a 2-approximation for the max crossing minimization
problem PCMmax-k.

Proof. Let π1, . . . , πk be a given set of permutations. We claim that any of these
permutations is a 2-approximation, and prove this for π1.

Let π∗ be the optimal permutation for the PCMmax-k problem, and let j∗

be the index of the permutation where the maximum is achieved in the optimal
solution, i.e.,

K(πj∗ , π∗) ≥ K(πi, π
∗) for all i.

Note that the optimal value OPT equals therefore K(πj∗ , π∗). Now for any
permutation πi, we have

K(πi, π1) ≤ K(πi, π
∗) + K(π∗, π1) ≤ K(πj∗ , π∗) + K(π∗, πj∗) = 2OPT,

so maxi K(πi, π1) ≤ 2OPT, and therefore π1 is a 2-approximation for the max
crossing number problem.

Clearly, if the target permutation is taken from the given set of permu-
tations, the 2-approximation is best possible for PCMmax-k. To see this use
any permutation π and its reversal πr. Then CR(π, πr) = n(n − 1)/2 and
CRmax(π, πr) = �n(n − 1)/4�.

It remains open whether the approximation bound could be improved by
choosing some other permutations. Note that for the one-sided two-layer crossing
minimization, the best approximation bound long stood at 2 as well [22], but
was recently improved to 1.4664 [19]. Some randomized approximations have
been established in [1].
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4 The Small Cases

We now consider PCM-k and PCMmax-k for small values of k. Clearly, for k = 1,
a single user will take his preferences for the optimal arrangement, and then there
are no crossings.

Consider the case k = 2. For bipartite graphs with vertices of degree 2 on the
lower layer the one-sided crossing minimization problem is solvable in linear time
by the barycenter heuristic, and due to the nesting structure of the neighbours
on the upper layer determines the left-right positions in an optimal layout, see
[17]. The main ingredient here is that the penalty digraph is acyclic.

Similarly, the permutation crossing number can be found easily for two per-
mutations π1 and π2; π1 itself is optimal with value c = K(π1, π2). Many optimal
permutations can be found from a straight-line drawing of π1 and π2, see also
Figure 2. Consider an arbitrary poly-line from left to right that crosses each
straight line (v, v) for v = 1, . . . , n exactly once (we call such a line a pseudo-
line.) This yields a permutation π∗ by listing the elements in the order in which
they were crossed. Any permutation obtained in such a way is optimal for
PCM-2.

For example, for π1 = (6, 3, 1, 4, 2, 5) and π2 = (3, 5, 2, 6, 1, 4), π1 and π2
themselves and also (6, 3, 5, 2, 1, 4) are optimal, see Fig. 2.

6 3 1 4 2 5

3 5 2 6 1 4

Fig. 2. Crossings for 2 permutations

Using these “intermediate” permutations, the max crossing problem can be
solved in polynomial time by a sweep-line technique. Since the sum of the num-
ber of crossings c is determined, the max crossing minimization problem is solved
by distributing these crossings uniformly to either side such that CRmax(π1, π2) =
�c/2�. An optimal permutation—which is best possible both for the sum and for
the maximum—can be computed in O(n + r) log n time by a standard sweep-line
technique, where r is the number of crossings, by searching among all pseudo-lines.

Now we address the case k = 3. Here, the complexity is open, both for permu-
tations and for one-sided two-layered graphs with degree k on the free layer [17].

There is a 3-D drawing of the crossing minimization problem, where the per-
mutations are represented on three piles in parallel to the Z-axis, and for every
item i there is a triangle between the three occurrences of i. Whether such a
drawing can be used to find the optimal solution (or even a good approxima-
tion), similar as for k = 2, remains open.

For the crossings of permutations problem the case with odd numbers is spe-
cial. For every pair of items u and v there is a clear winner. There are no ties
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and the penalty graph is a complete tournament, i.e., there is exactly one di-
rected arc (u, v) or (v, u) between each pair of vertices. Then every cycle c has a
subcycle of length three [18]. There are simple permutations including a cycle,
e.g. (1, 2, 3), (2, 3, 1) and (3, 2, 1). The feedback arc set problem in tournaments
has been discussed at several places, see e.g. [1, 4]. It is NP-hard in the weighted
version, and still open in the unweighted case.

5 Conclusion

In this paper, we investigated the problem of rank aggregation, which corre-
sponds to find a permutation that minimizes the number of crossings with a
given set of permutations. We introduced a variant that instead considers the
maximum number of crossings among those permutations. We investigated com-
plexity results and approximation algorithms.

This problem is a one-sided two-layer crossing minimization problem in an
edge-coloured bipartite graph, where only crossings between equally coloured
edges are counted. As such, it is not surprising that the complexity results for
our problem mirror the ones for one-sided two-layer crossing minimization. We
end by mentioning some of the numerous open problems that remain in this field:

1. How do the common techniques from one-sided two-layer crossing minimiza-
tion, such as barycenter and median heuristics, sifting, or ILP approaches
perform for the crossing minimization of permutations?

2. How can the Spearman footrule distance be used for the one-sided two-layer
crossing minimization problem? How does it relate to sorting the barycen-
ters?

3. Investigate the max versions, e.g., max Spearman footrule distance and the
maximum number of crossings for any edge in the one-sided two-layer cross-
ing minimization problem.

4. Improve the approximations and establish bounds for partial permutations.
5. The case k = 3 remains wide open. Is it NP-hard or polynomial?
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